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Abstract In this paper, we establish the existence of infinitely many solutions to a Neumann problem
involving the p-Laplacian and with discontinuous nonlinearities. The technical approach is mainly based
on a very recent result on critical points for possibly non-smooth functionals in a Banach space due to
Marano and Motreanu, namely Theorem 1.1 in a paper that is to appear in the journal J. Diff. Egns
(see Theorem 2.3 in the body of this paper). Some applications are presented.
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1. Introduction

Throughout the sequel, {2 is a non-empty bounded open set of the real Euclidean space
R™, n > 3, with boundary of class C*°, a belongs to L™ (§2), with essinfg a > 0; a(z),
B(z) lie in L'($2) with min{a(z),8(z)} = 0 a.e. in 2, and p € ]n, +oo[. Consider the
following problem

Apu — a(x)|uP?u = ax) f(u) + B(z)g(u) in 2,
ou (Np)

%:0 on 0{2,

where A,u = div(|Vu|P~2Vu) is the p-Laplacian, v is the outer unit normal to 92 and
f,9 : R = R are two locally essentially bounded functions. Denote by Dy (respectively,
D,) the set of all discontinuity points of f (respectively, g).
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Let us recall that a weak solution of problem (N,) is any u € W1?(£2) such that
- [ (9u@P 2 Vu@)Vo@) do ~ [ (a@)ulz)P ua)oo) do
2 7
= /Q(a(ff)f(u(x)) +B(z)g(u()))v(z) dz, Vve WHP(R2).

To the best of our knowledge, no investigation has been devoted to establishing the
existence of infinitely many solutions to such a problem. Actually, we can only mention
the papers [10,13] (see also [1]). Both of them give a positive response to the question
whenever f and g are two continuous functions. Precisely, in [13] the goal is achieved by
a direct application of a general result on critical points due to Ricceri, see Theorem 2.5
of [12]; whereas in [10] the situation is rather different. There, the functions f and g
treated belong to LS. (R). Moreover, Marano and Motreanu extend the above-mentioned
critical-points result to a family of functionals in a Banach space which are possibly non-
smooth (see Theorem 1.1 of [10] or Theorem 2.3 below, see also [11]). In this connection,
thanks to this latter result, the conclusion has been obtained by noting that problem (NN,,)
represents the special case of a variational-hemivariational inequality involving f and g,
provided that f and g belong to C°(R).

The aim of the present paper is to prove Theorems 1 and 2 of [13] assuming, instead
of the continuity of f and g, a more general condition which is compatible with the fact
that the sets D¢ and D,y can be uncountable.

Exploiting the non-smooth framework developed in [10], the proof of our main results
will be performed in three steps. First, reasoning as in the proof of Theorem 2.1 of [10],
and using Theorem 2.3, we show that an appropriate locally Lipschitz functional J admits
a sequence of critical points (in the Chang sense, see [4]). Next, using concepts and results
from the critical-point theory for non-smooth locally Lipschitz functionals developed by
Clarke and Chang, see Proposition 2.1 below, we adapt the technique introduced to
prove Theorem 4.2 of [9] in solving a suitable multivalued version of problem (INV,) (see
also [2,7] regarding the Dirichlet problem). Subsequently, under additional assumptions
in comparison with Theorems 2.1 and 2.2 of [10], we show that each critical point of
the functional J turns out to be a weak solution of the above problem. Finally, to the
end of emphasizing the usefulness of our results in solving several concrete cases, we will
present three examples with ¢ = 0. The first of them deals with a function having an
uncountable bounded set of discontinuities of the first kind. The second one treats the
case of just one point of discontinuity of second kind. A function having a countable and
unbounded set of discontinuities of first kind is investigated in the last example.

The paper is organized in four sections. Notation, basic definitions and preliminary
results are collected in §2. The main results are presented in §3. The last section is
devoted to explaining the examples.

2. Basic definitions and preliminary results

Let (X, | - |I) be a real Banach space. We denote by X* the dual space of X, while (-, -)
stands for the duality pairing between X* and X. A function J : X — R is called locally
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Lipschitz when to every u € X there corresponds a neighbourhood U of u and a constant
Ly > 0 such that
T(w) = ()] < Lyllu— vl Vu,v e U,

Write, if £ € R, é é
Fe) = [ i o= [

It is easy to prove that I’ and G are locally Lipschitz whenever f and g are two locally
essentially bounded functions. If u,v € X, the symbol J°(u;v) indicates the generalized
directional derivative of J at the point u along the direction v, namely

J°(u;v) = limsup J(w+tv) - J(U).

w—u, t—0* t

The generalized gradient of the functional J at u, denoted by 9.J(u), is the set
OJ(u) == {u* € X*: (u",v) < J°(u;v) Yv € X}.
We say that u € X is a critical point of J if it fulfils the inequality
J(u;v) 20 YveX. (2.1)

It is well known that if J is continuously Gateaux differentiable at u, then 0J(u) = J'(u),
J°(u;v) coincides with the directional derivative J'(u;v) for each v € X, and (2.1)
becomes J'(u) = 0. Furthermore, it is easy to prove that each local minimum is also a
critical point of J (see Proposition 2.1 of [9]). In this framework the following proposition
collects some basic properties about the directional generalized derivative.

Proposition 2.1. Let I,.J : X — R be two locally Lipschitz functions. The following
assertions hold.

(p1) (I+ J)°(u;v) < I°(u;v) + J°(u;v) Yo € X.
(p2) If I is continuously Gateaux differentiable at u, then

(I+J0)°(u;v) =TI"(u;v) +J°(us;v) Yo € X.

For a thorough treatment of this topic we refer to [4,5] and the references cited therein.
On the space WP (£2) we consider the norm

Julli= ([ (9uta)aa +a<m>u<x>|p>dx)1/p7

which is clearly equivalent to the usual one, while we equip the space C°(£2) with the
norm ||ullco(g) := sup,eq [u(x)]. Since p > n, we have

w _
c:= sup M < 4o00. (2.2)
wewbr(2)\{0} ]
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Moreover, if {2 is a convex set whose diameter is less than or equal to

1-(1/p)
nl/p (p — n> ’
p—1

then the following upper bounded estimate holds

21)—1 1/p
< . 2.3
¢ (min{l,ess inf a}m(Q)) (23)

For more details on the constant ¢ see [3]. Let E be a subset of R™, from now on,
‘measurable’ always means Lebesgue measurable and m(E) stands for the measure of E.
As usual, a function [ : 2 x R — R is said to be ‘superpositionally measurable’ if, for
every measurable function u : 2 — R, the function I(x, u(x)) is measurable. If for almost
every x in £2, I(z,-) is locally essentially bounded, write

I7(z,t) ;== limessinf I(z,z), IT(z,t) := limesssup I(z, 2)
=0t |t—z|<é §—0F[t—z|<6

for each ¢ € R. It is a simpler matter to see that [~ (z,-) and T (z,-) are, respectively,
lower semicontinuous and upper semicontinuous.

Proposition 2.2. Let u € W1?(2) and let E be a measurable subset of R such that
m(E) = 0. Then A,u =0 at almost all z € u=(E).

Proof. It is well known that there exists a set H of type Gs such that £ C H and
m(H) = 0. Thus, owing to Lemma 1 of [6], one has Vu(z) = 0 a.e. on w~!(H). From
this the conclusion follows at once (see also [2] and the references cited therein). O

Now, for the reader’s convenience, we state a non-smooth version due to Marano and
Motreanu of a very recent result on critical points of Ricceri, which represents the main
tool to investigate problem (N,).

Let X be a real Banach space such that X is compactly embedded in X, letd: X R
and ¥ : X — R be two locally Lipschitz functions. Write, provided p > infx ¥,

f @(U) - infmw 515(1})

e(p) = in :
(°) ueW=1(]-o00,p)) p—¥(u)

where (Z—1(] — o0, p[)),, stands for the weak closure of ¥~1(] — oo, p|),

~ = liminf ¢(p), 0 :=liminf p — (i&f )t o(p).

p—+—+o00

Theorem 2.3 (Theorem 1.1 of [10]). Let X be reflexive and let ¥ be weakly
sequentially lower semicontinuous and coercive. Then the following assertions hold.

(a) For every p > infx ¥ and every A\ > ¢(p) the function & + AW has a critical point
(local minima) lying in ¥~1(] — oo, p[).
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(b) If vy < 400, then, for each \ > ~, either
(b1) @+ AW possesses a global minimum, or

(bg) there is a sequence {uy} of critical points (local minima) such that

lim ¥(uy) = +oo.

k—+o00

(¢) If § < +o0, then, for each X > ¢, either

(c1) @+ A\ has a local minimum, which is also a global minimum of ¥, or

(co) there is a sequence {uy} of pairwise distinct critical points (local minima) of
& + N\, with limg_, 4o ¥(ux) = infx ¥, which weakly converges to a global
minimum of ¥.

3. Main results

We now establish the main results.

Theorem 3.1. Let f,g : R — R be two locally essentially bounded functions, which
are possibly discontinuous in a set having Lebesgue measure zero, namely D¢ and D,
respectively. Assume that the following assertions hold.

(dl) infgeR G(f) 2 0

(d2) There exist two sequences {£x} C R and {rp} C RT with limy_, y o rx = +00 such

that
F(&)= inf F(¢) VEkeN, (3.1)
[€]<e(pri)t/P
1
];HGHLI(Q)KHP + 11821 (2)G (&) <rr Vk €N (3.2)
(ds)
1o F 1 oG 1
timing 1zt @) + 18l ) G(E) < ~Yalo.
|€]—>+00 1€[P p

In addition suppose that the following hold.
(d4) The functions [~ (z,t) and [T (x,t) are superpositionally measurable.
(ds) For almost every x € §2 and every t € Dy U Dy,

I (z,t) <0< I (2, t) = l(z,t) = 0,

where
I(x,t) := a(x)[t|P2t + a(x) f(t) + B(x)g(t) V(z,t) € 2 xR.

Then problem (N,) admits an unbounded sequence of weak solutions.
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Proof. We begin by taking X = W'?(£2), X = C°(2). Since p > n, X is compactly
embedded in C°(£2). Set

ﬂw:[fWW(mN%
B(x)G(u(x)) dz

u
() = ~ul]? +
u) == —||lu
p N
and

J(u) := P(u) + ¥(u)

for each v € X. Clearly, f,g € LS (R) ensures that the above functionals are locally
Lipschitz on X. So, it makes sense to consider their generalized directional derivatives ®°,
¥ and J°, respectively. We claim that the functional J admits an unbounded sequence
{ur} C X of critical points (local minima). To this end, we apply Theorem 2.3 (b). It is a
simple matter to verify that ¥ is weak sequentially lower semicontinuous on X. Bearing

in mind that G(z) > 0 a.e. in {2, by (d;) one has
1
U(u) > 2;|\u||P Yu € X. (3.3)

Hence, ¥ is coercive and infx & = ¥(0) = 0.

Now, using the notation of Theorem 2.3 and arguing as in the proof of Theorem 2.1 of
[10] we obtain that v = 0. For this purpose, taking into account that limy_, 1 o 7 = +00
and ¢(p) = 0 Vp > 0, it is enough to show that

o(ry) =0 VkeN. (3.4)
Clearly, through (3.3) one has that
@0 =00 D) € {v € X o < (o) 7}

consequently,

@(u) — lIlf” I<(pp)/P @(U)
0< < inf LS PP
#0) uew=1(]—oc0,p)) p—¥(u)

Vp > 0.
As the embedding constant ¢ is finite, ||v| < (pri)/? produces
lu(z)] < e(pri)/?  in 2.

Equation (3.1) then implies that F'(v(z)) > F (&) for each « € 2. Moreover, owing to
(3.2) one has & € ¥~1(] — o0, 7%[). Thus,

D(&x) =

inf
ol <(pre)t/®

(a(z) = 0 a.e. in §2). Therefore, (3.4) holds.
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In applying Theorem 2.3 the last step is to verify that J is unbounded below. To do

this take el L1y F (&) + 18]l 12 ()G ()
1 e el F(E) + 11BNl o)
cl2lla ,— liminf
n € | Slallzie), = liminf €17

and choose a sequence {01} C R such that

lim |og| = +4oco, |allzie)F(ox) + 18l (2)G(or) < —nlok’ VEk € N.

k—4oc0

Bearing in mind that [|o%||” = |lal/z1(@)|ox|P, an easy computation shows that

1
J(ow) < (puamm - n)mvﬂ.

Therefore, limy_ 1o, J(0k) = —00. Choosing A = 1, Theorem 2.3 gives a sequence {uy} C
X such that limg_, 4o P(ug) = +00, as well as, for each point ug,

J?(ug;v) =20 Yo e X. (3.5)

Furthermore, ¥ is bounded on bounded sets, so {uy} is unbounded. At this point, pick
k € N and take into account that the functional

1
h(u) := EHUHP Yue X

is continuously Gateaux differentiable with
b (u)(v) = /Q(IVUk(w)I”_QVUk(w)W(w) + a(@)uk ()P Pur(z)o(z)) dz. (3.6)
Then the preceding inequality (3.5) implies
- [ (9@ V@) Vo) ds < [ (o)) 2udeu@) de + o),

(3.7)
for each v € X, where T is the locally Lipschitz functional defined in X by putting

T(u):= /Q </OU(w) a(x)f(t) + B(x)g(t) dt> dz YueX.

On the other hand, the integral

/ (a() Jup ()P~ 2up (x)o(x)) da
(9]

represents the derivative at ug of the continuously Gateaux differentiable functional

I () = /Q dz /0 o)t P2t dt
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for each u € X. Thus, owing to Proposition 2.1, the right-hand side of (3.7) becomes the
generalized derivative of the following locally Lipschitz functional H, defined in X by

setting .
H(u) ::/ (/ l(x,t)dt) dz VYue X.
2 \Jo

—/(Z(|Vuk(x)\p_QVuk(x)Vv(x)) dz < H°(ug,v) Yo e X,

Hence,

which actually means
—Apuk S 8H(uk)

Moreover, through standard arguments on regularity (see for instance Theorem 6.1 of [8])
one has

—Apup € WH(02),

while Theorem 2.1 of [4] yields

—Apug(z) € [I7 (@, u(2)), 1T (2, ur(2))]  ae. in £2.
Finally, by continuity we have

—Apug(x) = Uz, ug(x)),
whenever z € 2\u, '(D U D). Whereas Proposition 2.2 produces
—Apug(z) =0 ae. inug'(DyUD,).

So, according to (ds) one has

—Apug(z) = 0 = l(z,ur(x)) ae. inuy ' (DyUD,).
In any case we achieve

—Apug(x) =z, up(z)) ae. in 2.

This completes the proof. (I

Now, arguing in the same way as in Theorem 3.1, by Theorem 2.3 (c) and replacing
both r;, — 400 with r, — 07 and |¢] — 400 with |£] — 0T it is possible to prove the
following theorem.

Theorem 3.2. Let f,g : R — R be two locally essentially bounded functions, which
are possibly discontinuous in a set having Lebesgue measure zero, namely Dy and D,
respectively. Assume that the following assertions hold.

(d}) infeer G(£) = 0.
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(d3) There exist two sequences {&x} C R and {ry} C R™ with limg_, 4o 7 = 0T such

that
F(¢)= inf F(¢) VkeN, (3.8)
[€|<c(pri)t/P
el el€al? + 8010 Gl < vk €N (3.9)
) el @) F (&) + 118l 21 ()G (§) 1
fim i & <l

In addition suppose that the following assertions hold.
(d) The functions I~ (z,t) and I*(z,t) are superpositionally measurable.
(df) For almost every « € §2 and every t € Dy U Dy,

I (z,t) <0< T (2, t) = l(z,t) = 0,

where
I(x,t) := a(x)[tP 2t + ax) f(t) + B(x)g(t) V(z,t) € 2 xR.

Then problem (N,) admits a sequence of non-zero weak solutions which strongly con-
verges to 0.

Remark 3.3. We now explicitly observe that Theorems 3.1 and 3.2 extend the main
results of [13].

4. Examples

Here, we give three examples which show how the results presented in the preceding
section are successfully applied in solving problem (V) in several concrete cases.

Example 4.1. Let C be a closed subset of |0, 7/2[ such that m(C) = 0. Then the
set ]0, 7/2[ is non-empty and open. So, it has at most countably many connected (open)
components, namely {|ag, bi[}ren. Without loss of generality we can assume that by <
ap+1 for each k € N. Define, for every t € R,

el(sint +cost —1)  ift € [7/2,400],
f(t) = Yk ifte ]ak, bk[,
0 otherwise,

where {yi}ren is a bounded sequence complying with infrenyr > 0, and g(¢) := 0.
Moreover, suppose that

lallpr (o) =1/ (4.1)

Then the conclusion of Theorem 3.1 holds.
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Proof. Obviously, one has G(£) = 0 for each £ € R and a straightforward computation

yields
0 if £ €] — o0, agl,
k—1
F(£) y;(bj — aj) + (§ — ar)yx if £ € Jag, bil,
j=0
ef(siné — 1)+ s if € € [w/2,400],
where
+oo
5= Zyk(bk —ag) < +oo.
k=0

Now, setting, for each k € N,
1 p
Nk = %7‘( + 2k, L 1= gﬂ + 2k, TR = — (ﬂk) .

we obtain, for some & € | — nx, 7k,

inf F&) = inf F(&) = F(&),

eictmrre T O = gepms " &) = )

together with limy_, 4 oo 1 = +00. So, by using (4.1), condition (3.2) can easily be drawn.
Thus, (d2) holds. Moreover, we achieve

el 2) F (&) + 18]l (2)G(E) 2™ — s

lim inf < —|la lim
j€l=+oo €l < el B =

= —0Q,

which implies (d3), while (d4) follows from elementary arguments on measurability. Let
us note that
D;=C.
Then, since f(t) > 0, provided ¢ € ]0,7/2[ and f(0) = 0, we obtain I(z,t) > 6 > 0 a.e. in
(z,t) € £2%]0,7/2[ and I(z,0) = 0 for each = € {2. This actually means
(z,0) =0 <1 (z,ar) <17 (z,bg),

for each k € N and a.e. in {2. In any case condition (ds) is fulfilled. This completes the
proof. O

Example 4.2. Let f,g: R — R be defined by setting

t 1 —1) (el — 1 1
Lt — 1)P1<etlsin - (p—1) (e ) cos 1) 140,
F(t) = It 2| p [P [t
0 otherwise,
and ¢(t) := 0 for every ¢t € R. Assume that
1
lallre) = — < llallL (o) (4.2)

cpP

Then the conclusion of Theorem 3.2 holds.
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Proof. Clearly, (d}) and (d}) are trivial. Furthermore, we have

1( It _1)yp sin%
F(t):={P [tlP

0 otherwise.

1 1/p—1 1 1/p—1
aki(mmm) ’b’f:(zm) o RER

inf F(¢)= inf F(§) = F(&)

[€]1<b [€l<ak

if t £ 0,

Thus, writing

results in

for some & € [—ag, ax]. Now, set
1/b, Y
& =0, ro =1, Tk ::<k>, k>1,
p\ ¢

and observe that rp — 07 as k — +o00. According to the above results and bearing in
mind (4.2) we can assert that (d3) holds. Moreover, write, for each k € N,

9 1/(p—1)
=(— . 4.3
Hi <(4k ¥ 3)7r> (4:3)
It is easy to verify that
F F 1
lim inf (©) < lim (l;k) =—-,
N p

from which we obtain (dj). Let us note that Dy = {0}. Next, a trivial verification show
that

-1 -1
I~ (2,0) = —pToz(x), I*(z,0) = pToz(x) a.e. in 2.
So I(x,0) = 0 implies (df). Since all the assumptions of Theorem 3.2 are satisfied, the
conclusion follows. O

Example 4.3. Let {2 be a convex set, whose diameter is less than or equal to

1—(1
(pon (1/p)
p—1 '

Let {ay}ren be a real sequence such that axi1 = 4ay, for each k € N, with ag = 2. Put
a(z) = a(x) = 1 for almost every x in {2 and define, for every t € R,

ft) = a£_2(1 =207 (t — ag) — ai_l if t € [ag, 2ag],
. 0 otherwise,

and ¢(t) := 0. Then the conclusion of Theorem 3.1 holds.
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Proof. It is now evident that (d;) and (d4) are true. An easy verification show that

Ap+1 2p—1 1
/ f@)de = —7+a§.
ay 2

Indeed, we obtain

k—1

“lop-1 41
F(agt1) = F(2ax) = — Ta?.
3=0

Now, let us define, provided that k € N,

1 P
&k = 2ay, TR = — (akﬂ) .
p\ ¢
Clearly, we have r, — +00 as k — +0o0 and, taking into account that F' is non-increasing,
one has
F(&) = inf F(§).
(&) [€1<e(pr)t/P ©
In addition, (2.3) produces m(£2)c? < 2P~1. From this, (3.2) follows. So (d3) holds.
Indeed, it results in
2p—1 41

F(&k) < — 5

ai, VkeN.

Thus, we achieve

F F or—1 41 1
imint &) < (ﬁ’“) = o
|€]—+o0 |f|p k—+o00 fk 2p+1 p

which implies (ds3). Finally, we verify (ds). Let us note that
Dy = Uren{ar, 2ax}. (4.4)
Furthermore, a straightforward computation yields
0=1"(x,ar) =1 (x,2a) = l(z,ar) = l(z, 2a;)

for each £ € N and a.e. z € (2. Since all the assumptions of Theorem 3.1 are satisfied,
the conclusion follows. [l
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