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ON THE ABSOLUTE NORLUND
SUMMABILITY OF A FOURIER SERIES

BY
D. S. GOEL AND B. N. SAHNEY

1. Let 3 A, be a given infinite series and {s,} the sequence of its partial sums.
Let {p,} be a sequence of constants, real or complex, and let us write

(1.1) P, = pyt+p1t+-*+pp.
If
1 n
(12) Gn = z pn—ksk -0
P, i=o

as n—o0, we say that the series > A4, is summable by the Nérlund method (N, p,)
to o. The series > 4, is said to be absolutely summable (N, p,) or summable
[N, p,| if o, is of bounded variation, i.e.,

(1-3) zllAanl = zllan_an—ll < oo,

2. Let f be a periodic function with period 2w, and integrable in the sense of
Lebesgue. The Fourier series associated with f, at the point x, is

2.1) la,+ > (a, cos nx+b, sin nx) =Y A4,(x), say.
n=1 n=0

We write

$(1) = ¢u(1) = H{f(x+)+f(x—)—=2f(x)}.

The following theorem has been proved by Hsiang [3].

THEOREM A. Let {p,} be a sequence of positive constants. If (p,—p,_) is mono-
tonic and bounded,

2 n
(2-2) n§=:2 P,(log n)* <@
for some a>0, and
@3 (1oe g1 =0, ast—so+

then the Fourier series of fis summable [N, p,| at x.
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https://doi.org/10.4153/CMB-1973-099-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1973-099-0

600 D. S. GOEL AND B. N. SAHNEY [December

The object of the present paper is to generalize the above theorem of Hsiang
and to give an alternate simple proof.
We shall prove the following theorem.

THEOREM. Let p, be a sequence of positive constants. If (p,—p,_;) is monotonic
and bounded, and if

2.4 2

P H(n)

where H(u) is a positive increasing function such that

[ SR
(2:5) (1 Hay ™= 0(H(n)>
and
2.6) H(%) 6. = 0(1) as 1—0

then the Fourier series of f is summable |N, p,| at x.
3. We shall require the following lemmas for the proof of the theorem.
Lemma 1. [2] If p, >0, {p,—p,_1} is monotonic and bounded, and if the series
t
i<
where t, =2 o (n—k-+1)Ay, then > A, is summable |N, p,|.
LeEMMA 2. If (2.5) and (2.6) are satisfied, then

as n-— o0.

t, = t,(x) = Z(n k+1)4,(x) = O(H( ))

Proof. We have [1, p. 19]

https://doi.org/10.4153/CMB-1973-099-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1973-099-0

1973] THE ABSOLUTE NORLUND SUMMABILITY OF A FOURIER SERIES 601

NOW, . t
Un sin®(n+1) -
il < [ 180 ——2ar
sin® -
sin®(n+1) 5
< sup [40][ ——2ar
0<t<(1/n) ot
sin® =
2
-0(n+1)0( ) 0( ) as n — co by (2.6)
H(n) H(n)
because
- sin®(n+ 1) =
24t = 1,
7T(n +1) Jo
and
sin*(n+ 1) -
= ) ———2ar+oq)
sinz(n + 1) E T 1
—_— dt| < Af 6] r dt, (A is a constant)
t 1/n
<4l 11 dt
H (—) 12
1/n t
= O(H(n ) by condition (2.5)
therefore
12 = 0(—11_) .
H(n)
Hence

t,,=0(;1%1~)).

4. Proof of the theorem. By Lemma 2 and (2.4) we have

112—':,I B O(P,,:I(n))’

where > n/(p,H(n)< .

The theorem now follows by Lemma 1.
9
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