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Abstract

In 1953 P. P. Korovkin proved that if (7,,) is a sequence of positive linear operators defined on the
space C of continuous real 27-periodic functions and lim 7,, f = f uniformly for f = 1, cos and sin,
then lim T,, f = f uniformly for all f € C. Quantitative versions of this result have been given, where
the rate of convergence is given in terms of that of the test functions 1, cos and sin, and the modulus
of continuity of f. We extend this result by giving a quantitative version of Korovkin’s theorem for
compact connected abelian groups.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 41 A 65, 41 A 25; secondary 41 A
36,43 A 70.

Throughout G will denote a compact Hausdorff abelian group, I' its character
group, and C(G) the space of continuous functions on G with the uniform norm
Il - Il. A linear operator T on C(G) will be called positive if Tf = 0 whenever
f=0. It is well known that such an operator takes real functions into real
functions, and | Tf|< T|f| for all f € C(G). In particular T is continuous with
IIT ]} = |IT1ll, where 1 denotes the constant function with value 1.

The so-called Korovkin theory is concerned with deducing convergence proper-
ties of a sequence (7,) of positive linear operators from those of (7, f) for f
belonging to a (small) subset S(G) of C(G). We refer to S(G) as a test set (for
(T,)). Korovkin [6] proved that when G is taken to be the circle group T then
{1, e,} serves as a test set, where e,: ¢’ — e'*. Subsequently this result was given
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in a quantitative form by Shisha and Mond (see [10], Theorem 3 and [11]) in
which the rate of convergence of (T, f) is estimated in terms of that of (7,,1) and
(Te,) and the modulus of continuity of f. Censor (see [3], Theorem 2 and the
remarks immediately preceding it) gave a version of this result for the multi-
dimensional torus T". For other results along these lines, including the case for
algebraic polynomials on the unit interval, see [4], [6], {7], [8], [10] and [11]. In a
new direction Nishishiraho [9] has given a quantitative version of Korovkin’s
theorem for compact subsets of a locally convex Hausdorff space, which includes
the case where the underlying space is real Euclidean space.

In [1] we considered the Korovkin theory on a locally compact abelian group
G, with test set S(G) given by a set of continuous characters generating I'. Here
we shall make use of the ideas of Nishishiraho to recast these results in a
quantitative form. Our results will include those of Shisha and Mond, and Censor
for the periodic case. We shall also derive a corresponding result for the infinite
dimensional torus.

For a nonempty subset A of I' denote by (A) the subgroup of I' generated by
A, and by A(G, A) the annihilator of A in G (see [5], (23.23)). We define the
modulus of continuity of f € C(G) with respect to A by

o(f, A, 8) = sup(|f(x) = f(»)]: [y(x) — v(y)|< S forally € A},

where 8 = 0. It is clear that w( f, A, 8) is a nondecreasing function of 8.

LEMMA 1. For each subset A of I and each f € C(G) the function 8 - w(f, A, 8)
is continuous at 0.

PROOF. Write K = A(G, A) = M {Cy: 8§ > 0}, where

G ={x€G:|y(x) — 1< éforally € A}.

We first show that for any open neighbourhood V of 0 there exists § > 0 such
that C; C K + V. Indeed if not then {C;\(K + V'): § > 0} is a family of closed
sets with the finite intersection property and, since G is compact,

KN(K+ V)= {C\(K+V):8>0} # o,
a contradiction.

Now choose € > 0 and an open neighbourhood ¥ of 0 such that | f(x) — f(y)|
< ¢ whenever x — y € V, and § > 0 satisfying C; C K + V. Then
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w(f, A, 8) < sup{lf(x) —f(W)|:x—y €K+ V)
=sup{[f(x) —fx+y) + f(x+y) = flx +y +2)|:
XxXEG,~y€EK, —z€V)
<sup{|f(x) —f(x+y)l:x€G, —y € K}
+sup{|f(x) —f(x+ 2)|: x € G, —z €V}
<o(f, A,0) +¢

and, since w(f, A, ) is nondecreasing as a function of §, this establishes the
result.

In order to show that w(f, A, &) is subhomogeneous in 8§ we require a
preliminary result concerning characters of compact connected abelian groups.

LEMMA 2. Let G be connected and choose n € N (the set of positive integers).
Then N{y,(&): i =1,2,...,n} is nonempty for every independent subset A =
{Y1» Y25 --» Y.} of T and for every {§,, &,,...,£,} CT.

PROOF. Since A is independent we have that each vy, is nonconstant and, using
the connectedness of G, that y,(G) = T. Choose x, such that y,(x,) = £, and
suppose that x, has been chosen satisfying y,(x,) = ¢, for i = 1,2,...,k. We
show how to choose x, , ; such that y,(x,, ) = § fori = 1,2,... .k + 1.

First note that by [5], (24.10),

k
<Yl’ .Yz""’Yk):A{F’ m ker(Yi)}

i=1

and, since A is independent and its elements have infinite order ([5], (24.25), we
must have v, | & {¥;, Y2,-- -, Yy for all m € N. It follows that for each n € N
there exists z, € ﬂfZI ker(y,) \ker(y;"} ). In particular, since z, & ker(y; ), it
follows that the v, ,(jz,) are pairwise distinct for j = 1,2,...,n. Hence the
subgroup of T generated by {v,,,(jz,): = 1,2,...,n, n € N} is infinite and
thus dense in T. Consequently we can choose a sequence (y,) C ﬂ,’.‘:l ker(y,)
such that lim, v, . (¥,) = &4 1 ¥k+1(x¢)- Using the compactness of ﬂ,',‘zl ker(y,)
we have the existence of y € ﬂ:‘zl ker(y;) and a subnet (y, ) of (y,) such that
lim, y, = y. From the continuity of v, , it follows that v, . \(¥) = &, 1 1 ¥i+ (x4 )s
and v, (¥ + x;) = &4 y- We also have v(y + x,) = v(y)v(x,) = § for i =
1,2,...,k, and thus x, ., = y + x, satisfies the required condition.

It should be noted that if for some compact abelian group G, N {y,”'(§,):
i =1,2,...,n} is nonempty for some subset A = {y,, v;,...,v,} of I" and every
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{£,,§,,....¢,) CT then A must be independent with all its elements having
infinite order. Indeed suppose there exist integers m,, m,,...,m, not all zero such
that y"y;*2 - - -y = 1, and choose £, §,,...,§, € T satisfying £7"£5'2 - - - £t 5=
1. By the assumption on A we have the existence of x € G such that y,(x) = §,
fori=1,2,...,n. Then

L=y oyn(x) = &mége - 40,
contradicting our choice of the £,. Thus the y, do not satisfy any nontrivial
relation, so that in particular each v, has infinite order and A is independent. It
follows that if every finite subset of a generating set of I' satisfies the above

condition then T is torsion free which, by [5], (24.25), implies that G is connected.
We can now prove:

LEMMA 3. Let G be connected and let A be an independent subset of T'. Then, for
any f € C(G),

w(f, Ag, A8) < a(1 +N)w(f, Ay, d)
for all X, 8§ = 0 and every finite nonempty subset A, of A.

Proor. Firstly we show that for any n € N,
w(f, Ay, n8) <wnw(f, Ay, 5).
For n =1 the inequality is evident, so take n = 2 and suppose that x, y € G
satisfy |v(x) — y(y)|<nd for all y € A,. Writing m = [37n] + 2, where [A]

denotes the greatest integer not exceeding A, we can choose £,(v), §,(Y),-..,&,.(Y)
€ T such that §,(y) = v(x), §,(y) = v(y) and

Igj(Y) - £j+l(7)l: n! IY(X) - Y(y) |<8

forj = 1,2,...,m — 1. Using Lemma 2 we have the existence of x,, x,,...,x,, € G
with x; = x, x,, =y and y(x;) = §(y) for all y € Ay and each j = 1,2,...,m
Then

—

If(x) = f(y)l= ‘gl (f(xj+l) —f(xj)’)

<(m—Daw(f, Ay, 8) <mnw(f, A,,85).

Now take any A = 0 and put n = [A] + 1. Since w( f, A, 6) is nondecreasing as
a function of § we have

@(fi Ay, A8) s w(f, Ay, n8) <mnw(f, Ay, 8) <a(l +N)w(f, Ay, 8).
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For any positive linear operator 7 on C(G) and nonempty A C I', write

2 1,2
(A) = sup{ > [le —y(x)|[(x): vy € A] (X € G} )
When T is a convolution operator, given by 7f = u * f for some nonnegative
bounded Radon measure p, then using
2 _ _
ly =v(¥)| =2 = ¥(x)y = v(x)¥
and applying T, we obtain
. . = 1,2
(A)=(3 (28(1) —a(y) —A(F):vy€A}) .
We define the modulus of continuity of f € C(G) with respect to T and A by
(f) = inf{w(f, Ay, 7(Ag)): Ay C A is finite and nonempty}.

For a net (T,) of positive linear operators on C(G), 7, and {2, will be defined as
above with respect to each T,.

LEMMA 4. Let A CT with (AY=T and let (T,) be a net of positive linear
operators on C(G) such that lim7,(y) = 0 for eachy € A. Then im Q,(f) = 0 for
all f € C(G).

PROOF. Let V be any open neighbourhood of 0 in G. We show that there exists
a finite nonempty subset A, of A and § > 0 such that

(1) {x€G:|y(x) —1|<8forally e A} C V.

First note that by the duality of G and T', (1) holds for some 8’ > 0 and finite
subset A’ of I (replacing 8, A, respectively). Now take A to be a finite subset of
A such that A’ C (A,) and § = n~'8’, where

n=max{i:y EAN,Yy=vy, ¥, ¥y € Agforj=1,2,.. i
and some choice of e, = *1};

in the above representation for y a word of minimum length appears. Then (1)
holds for this choice of A, and §, using the inequality

]
IYIYZ R (A 1< 2 |.Yil_ 1.
j=1

Next consider f € C(G), ¢ > 0 and choose an open neighbourhood V of 0 in G
such that x — y € Vimplies | f(x) — f(y)|<&, and then A, C A finite nonempty
and 8 > 0 satisfying (1). Since lim 7,(y) = O for each y € A we have the existence
of p, such that

> {'rp(y): YE A} <8
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for all p = p,, and it follows that for this range of p,
2,(f) < o(f, Ao, (Ag)) S w(f, Ao, T {7,(v): v € A}) <.

Our main result is an estimate of the rate of convergence of (7,( f)) in terms of
that of (2,(f)).

THEOREM. Let G be connected, let T be a positive linear operator on C(G), and
take A to be any independent set generating T'. Then, for f, g € C(G),

) I7f = 72l <IANTY = gl + | 71 + (7)) 2| ( ).

If (T,) is a net of positive linear operators on C(G) such that lim7,(y) = 0 for all
Y€ Aandlim T = g then him T, f = fg for all f € C(G).

ProOF. Choose A to be any finite nonempty subset of A.
If 7(A4) > O then, using Lemma 3, we have for any x,y € G,

1) = fN < w1, Ao (2 (=) = v0): v € A0)) )
< a1+ 7(80) (2 (I100) ¥y € Ao}) ol Ao 7(80))

Now apply T and evaluate at y to obtain

ITf(y) — f()T1(»)|
<2110 + 780 TS (I = 7)1 € 89)) ()] 0l Aeu r(80))
<a[T1(») + (T1(»))" "] £, Ao, 7(A)),

the second step following from the Cauchy-Schwarz inequality for positive linear
functionals. Since these inequalities hold for all y € G,

(3) 17f = fT1| < 7| T1 + (TD) (£, Ao, 7(As)).
If 7(A,) = O then, foranye >0 and x, y € G,
1,2
1)~ fl < a1+ (2 (00 = vy € Ag)) 1. Ao )
Applying T as above we have

1Tf() = TP < 7T1(p)o(f, Ao, €)

and, by Lemma 1, the same inequality holds with 0 replacing €.
Thus (3) holds for all finite nonempty Ay C A, from which (2) follows. The last
statement of the theorem is proved by appealing to Lemma 4.
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Of particular interest is the following special case of the theorem.

COROLLARY. Let G be connected and take A to be any independent set generating
T'. For any net (T,) of positive linear operators on C(G) satisfying T,1 = 1 for all p

we have

(4) |7,/ = Al<278,()

for all f € C(G). In particular if im1,(y) = 0 for ally € A then im T, f = f for all
f € C((G).

There is no possibility of extending the result to groups that are not connected,
as the following example shows.

ExampLE. Consider the Cantor group D = [, Z(2), where Z(2) denotes the
cyclic group of order two, and for each n € N write G, for the open subgroup
given by

G" = {(xi) € D: xX; = 0fori< n}_
Denoting the characteristic function of G, by 1, we see that the
.=2"1,= {y:y € ATy, G,)}

are nonnegative trigonometric polynomials, and 7, f = k, * f defines a sequence
(T,)) of positive convolution operators on C(D). We observe that 7,1 = 1 for all
n € N and, since (k,) is a bounded approximate unit for L'(D), lim 7, f = f for
each f € C(D). We show that there exists f € C(G) and n, € N such that (7))
cannot satisfy (4) for all n = n,,.

It is well known that I'y, = [I32 * Z(2) (the countable weak direct product of the
groups Z(2)). Writing v, for the continuous character of D that (under the above
isomorphism) has 1 in the ith entry and zero elsewhere, we see that A =
{Y1» Y25---} 1s an independent set generating I'p. Put f= 32, 2_‘2yi. Then
f € C(D) and

= 2 2“[2’

i=n+1

ad 2
2 27,

i=n+1

IIT,,f—fll=‘

using the property

T;'Y:{.Yv .YEA('I‘D’G,,)’
0, otherwise.
Furthermore

Q.(FY<o(f, (Y, Yare - Vwir}s T({¥1s Yare o 3 Yms1}))
= “’(f’ {Yl,Yz,...,ynH}Jl/Z).
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But the continuous characters of D take the values =1 only, so that| y(x) — v(»)|
< 2 implies that x — y € ker(y). It follows that

Qn(f)gsup{ E 2_i2(Yi(x) _YI(y)) :x’yED}
i=n+2
=2 3 277
i=n+2
Since lim, 3%, 27(2%,.,,27")™" = o it is impossible for (4) to hold.

Our theorem includes the known quantitative estimates for convergence of a
sequence of positive linear operators on C(T). Indeed A = {e,} is an independent
set generating Z, the character group of T. The modulus of continuity of f € C(T)
with respect to A is

w(f, A, 8) = sup{|f(x) = f(y)]: |x — ¥ <8},

which is just the usual modulus of continuity. Now an easy calculation gives
(e,) = 2sup{T(sin* }(x — 1))(x): x € T}l/z,

and substituting into (2) gives Theorem 3 in [10].

We now consider the convergence of positive linear operators on C(T"). Take
A={v.v---,7,}, where y;: T" = T is the projection onto the ith coordinate,
i =1,2,...,n. Then A is an independent set generating the character group of T".
The modulus of continuity of f € C(T") with respect to A is

w(f,A,8)= sup{\f(x) —f(W): |x, —y|<8fori= 1,2,...,n},
where x = (x,, x5,...,X,). We have

n

1/2
(A) = 2sup{ > T(sinzé X; — ti))(x): x € T"} ,

i=1

and substituting into (2) gives [3], Theorem 2.

Finally we present an application of our results to the infinite dimensional
torus T*, the direct product of countably many copies of T. Take A = {y,, v5,-.. },
where v, is the ith coordinate projection of T* onto T. Let (k, ) be a sequence of
nonnegative continuous functions on T with |k, (I, = 1 for all n € N, and define
(K,) C C(T*) by

K(x) = T ho(x).  x=(x) €T

i=1
for a similar construction see [5], (44.53). We shall examine the convergence of the
positive convolution operators 7, given by T,f= K, * f, f € C(T*). Suppose
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that lim, k,(e;) = 1, so that by Korovkin’s theorem, lim, k(e,)=1 for all
m € Z, where e,, = e[". We have

(s Yoo 1)) =022 = Ky(e) — K, (e 1),

using the property that K,(y,) = k,(e,) for i < n. Thus

1K, * f—l<27Q,(f)
< 27m(f, (Y15 Y205 Yu}> nl/2(2 — Ién(el) - E"(e_l))l/Z)

= 2msup{|f(x) = FO): [x, =yl < n'/2(2 = k,(e)) = kne=)))”
fori=1,2,...,n}.

In particular if (k,) is the Fejér-Korovkin kernel (see [2], 1.6.1) then k. (e)=
k,(e_,) = cosm/(n+ 2)and

IK, £ = fll<2msup{|f(x) — f(W)I: |x, = pl<an™ 2 fori=1,2,....n}.
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