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AN OSCILLATION THEOREM FOR SUBLINEAR ELLIPTIC
DIFFERENTIAL INEQUALITIES

NORIO YOSHIDA

Sublinear elliptic differential inequalities with variable

coefficients are studied. Sufficient conditions are given

that all solutions are oscillatory in exterior domains.

Riccati inequalities are used to establish sublinear

oscillation criteria.

Oscillation of solutions of sublinear elliptic differential equations

has been discussed by several authors, see e.g. [2,3,5,6,8,9] and the

references contained therein. In particular, sublinear elliptic

differential operators with variable coefficients have been studied by the

author [9]. In [5] Noussair and Swanson established an oscillation

criterion by using Riccati transformations. The purpose of this paper is

to solve an open question stated in [5, p.922, (3)] by employing a

Riccati inequality.

We are concerned with the oscillatory behaviour of solutions of the

sublinear elliptic differential operator L defined by

n
L[u] = I D.(a-.(x)D-u) + c(x,u), x e Q. ,

i30=1 ° °

where Q is an exterior domain in if1 , i.e. £1 contains the complement

of some w-ball in It . Points in It will be denoted by

x = (x-,...,x) j and differentiation with respect to x- by D. ,
J. 71 t- "L
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i = la...,n . The notation |x| will be used for the Euclidean length of

x e. K . The domain DT (Q) of L is defined to be the set of all real-

L

valued functions of class U (Q) . We assume that the following

conditions hold throughout this paper:
(A-I) a(XjE,) is a real-valued continuous function in ft K S ;

(A-II) DiPoa- .(x) are locally uniformly Holder-continuous in fiK x. zj

(i,j3k,ll = 1,... ,n) -,

(A-III) the matrix A(x) = (a. •(x)) . .__ is real symmetric and

strictly positive definite in Q, (ellipticity condition);

(A-IV) c(x,E,) > p1(x)<t>1(E.) for all (x, V £ fi x \.0,<*>) , where p1

is continuous in Q t (j)̂  e C (0,°°) and §. (E,) > 0 in

(A-V) c(x,fy < - p2(x)<t>2(-V for all (x,E,) e Q x (-°>,0) , where

p, is continuous in fi } §„
 e 0^(0,°°) and 'Pô '' > " *~n

(A-VI) $'.(V > 0 for all E, > 0 and , 7-. < «> for all t > (7 ,

i = ij2 .

The n-dimensional sublinear Emden-Fowler equation

" , ,Y
I D-(a..(x)D.u) + p(x) \u\ sgn u = 0 , 0 < y < 1 }

is an important special case of L[u] = 0 which satisfies (A-IV)- (A-VI) .

DEFINITION. A function u e Dj-(Tl) is said to be oscillatory in o,

if it has arbitrarily large zeroes. The inequality uL[u] £ 0 is said to

be oscillatory in Q whenever every solution u of the inequality is

oscillatory in fi .

Since £2 is an exterior domain in if , there exists a number e > 0

such that if"Ce; C a , where ^(z) = {x e if1 : |x| > e} . Let xQ be a

fixed point in Fr(e) . Then, there exists a fundamental solution
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E(x) e C (Fp(z)\{xQ}) of the operator P = £ D^.fxjD. with a

singular i ty a t the point Xn (see I to [1, p . 84 ] ) . We assume tha t

lim E(x) = - <*> (n = 2) and lim E(x) = 0 (n > 3) . In the case tha t

P = A (Laplacian), one takes E(x) = (2T\)~ log^xl" ) (n = 2) and

E(x) = (a (n-2)) \x\ (n > 3) , where a denotes the surface area of

the unit sphere in fl" . We define

exp(-2vE(x)) , n = 2 ,

p(x) = •

(an(n-2)E(x))1/(2~n) , n > 3 .

We note that p(x) = \x\ if P = A . The distance of each point on

Sr = {x e ft: p(x) = r} from the origin tends to infinity as r •*<*>, and

therefore there exists a number T* > 0 such that

{x e if1 : p(x) > rQ) C iT'(z) C fi . we find that each level surface 5

represents a smooth closed n-1 dimensional surface in fi and

Q(r.,.ro) = {x e fi : r, < p(x) < ro} (rn < r, < rn) is a bounded domain
• L a J. O U d. Ci

with boundary 5 U 5 (cf. Levine and Payne [4]).

Associated with every positive function u e DT(Q) , we define the

n-vector function w(x) by

(1) wix) = - -r-4-

where Vu denotes the gradient of u . The following notation will be

used:

p(x) = min {pj(x) , ]>Jx)} , x e fi

pM = (a r1'1)-1 f p(x)\Va\'1da .
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By the same arguments as were used by Noussair and Swanson [5] , we

obtain the following result.

THEOREM. Under assumptions (A-I)-(A-VI)J the sublinear elliptic

differential inequality uL[u] < 0 is oscillatory in an exterior domain

ii of Rn if

err e rt;-|
(2) lim sup \l - n, Atp(t)dt = °°

~" n—2
for some r > rg , where §2^r^ = log r an(^ ® ^ ~ r (n > 3) .

Proof. Suppose to the contrary that there exists a solution u of

uL[u] < 0 which has no zero in ^(r^,00) for some r, > r. . First we

assume that u > 0 in Q,(r-,,<*>) . It follows from a result of Noussair

and Swanson [5, Lemma 1] that

(3) div w(x)

Integrating (3) over U(r^r) , we obtain

div w(x) dx > ]pj(x)ax > p(x)dx .

fifr^rJ Q(r^,r) 9,(r.,.r)
1 I1 1'

An application of the Divergence Theorem shows that

(4) w*(Vp)\Vp\~1do - w*(Vp)\Vp\~1do > I p(x)dx ,

where * denotes the transpose. We define

Q[u](r) = [ (VG(u))*A(x)(Vp)\Vp\ 1do ,

(u 1
= <\>,(V d£, . Si

>0 X
where G(u) = ^-,(K) dE, . Since

>0 1

wrvp^vpl"-2 = - <s>1(u)~
1(vu)*A(x)(vp)\vp\-1 = -

we have
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Q[u](r) = - w*(Vp)\Vp\~1do .

J.<7

Hence, (4) is equivalent to

(5) Q[u](r) - Qlu](rj) < - p(x)dx .

We easily obtain

p(x)dx = o

(6) = o\ tn~Jp(t)dt .
rl

Hence, it follows from (5) and (6) that

tn~2p(t)dt 3

and therefore

(? ,̂..,/.i IT Q[u](r^) <r
(7) ^ ^ 2 f dr\ - -±T dr)< - \ - 2 \ t

n 2p(t)dt

Using a result of Suleimanov [7, Lemma 2], we obtain

(8) — Y = — M[u] (r\) ,

o r) dr)

where

M[ul(r\) = ra^n""-2;"2] G(u) (Vp)*A(x)(Vp)\Vp\~1da ,

(cf. the author [9, the proof of Lemma 2.1]). It is easy to see that
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r

t n

where kg(p) = log r and k-n(r) = (n - 2)~ (n > 3) . Combining (7)-(9)

yields

(10) M[u](r) - M[u](r^) + Q[u](r~)o~n log r,

< - (log x>)\\ \l - Q •> • \tp(t)dt - a~ Q[u) (rj (n = 2) ,

rl

and

(11) M[u](r) - M[u](r2) - Q[u] (rJ)ayi (n-2)
 Ir>1

 n

1^ \l - ~2
r

(n > 3) .

Hence, condition (2) implies that the right hand side of (10) and (11)

are not bounded from below, and consequently M[u](t>) would take

negative values for sufficiently large r . This contradicts the

positivity of M[u](r) .

If u < 0 in tiCr.,"0) 3 V = - u is a positive solution of

v(-L[-v]) < 0 . In view of the assumption (A-V) we conclude that

n n
I D.(a..(x)D.v) + pP(x)<k0(v) < I D.(a-Jx)D-v) - o(x,-v)

t» %Q J 6 c, = ^ V Z-J J

(12) = - L[-v] < 0 .

Hence, V is a positive solution of (12). Repeating the same arguments

as in the case where u > 0 , we are led to a contradiction. This

completes the proof.
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The proof of the following result is quite similar to that of

Corollary of the author [9, p.716], and hence will be omitted.

COROLLARY. Under assumptions (A-I)-(A-VI), the sublinear elliptic

differential inequality uL[u] < 0 is oscillatory in an exterior domain

Q of if1 if

(13) tp(t)dt = » for some r > rQ .

'r

REMARK. In the case where n = 2 , <{>7 = $0 and a-.(x) = 6..

(the Kronecker delta), Corollary reduces to a result of Noussair and
Swanson [5, Theorem 15]. Let $(%) be defined by

V for £ > 0 ,

<t>2r-C>> for ? < 0 ,

where <f>.(0) = lim 'froCC-' = 0 . If p.Ax) = PgCxJ = pfxj in fl and

c(x3E.) = p(x)9(E,) j then Theorem reduces to a result of the author

[9, Theorem 4.1]. For the sublinear equation Aw + p(x)$(u) = 0

oscillation criteria (2) and (13) were established by Kura [3] and

Kitamura and Kusano [2], respectively.
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