ON THE NOQRLUND SUMMABILITY OF A CLASS OF
FOURIER SERIES

BADRI N. SAHNEY

1. Our aim in this paper is to determine a necessary and sufficient condition
for Ngrlund summability of Fourier series and to include a wider class of
classical results. A Fourier series, of a Lebesgue-integrable function, is said
to be summable at a point by Ngrlund method (I, p,), as defined by Hardy
[1], if p, — 0, > p, — 00, and the point is in a certain subset of the Lebesgue
set. The following main results are known.

THEOREM A. Let ¢(u) be even, ¢(u) € L(—m, w), and let S, denote the
(n + 1)st partial sum of its Fourier series at the origin. Then the assumption

(1.1) ®(t) = J; l¢p(u)| du = O(Eg_(t‘f/ﬁ) ast— 40

implies that S, is summable (N, (n + 1)~1), or summable by harmonic means
to the sum 0.

TreEOREM A’. If (1.1) 25 replaced by

(1.1’ &(t) = of 5ot ast— 40,
LIO {(log)™ (1/1)}

then o,(p) is summable (H, p) to the sum O and o,(p) is defined as follows:

n

3 {520/ 1T aoprre+ v}
) = {Gog)’(n ¥ 1)} ’

for each positive integer p.
THEOREM B. If ¢(u) is defined as in Theorem A, then the assumption
(1.2) &) =o0() ast— +0
wmplies that S, is summable to O by the Cesaro method (C, k), for any k > 0.
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TueoreM C. Let a function P(u), tending to 00 with u, and a sequence {p,)

be defined as follows in terms of p(u), monotonic decreasing and strictly positive
foru =0,

(13) Pa) = | pw)dr, = pln).
Then (1.2) and
(1.4) fl %’—Q dx = O{P(u)] asu— oo

ensure that either S, is summable (N, p,) to 0, or

(1.5) tnE{Zp,S_, Zp,}—)O asn— oo,
7=0

=0

TaeoreM D. Let p, be defined as in (1.3). A necessary and sufficient condition
that the Ngriund method (N, p,) should sum the Fourier series of ¢(u) to 0

such that
(1.6) @ = o<——1——>
) ¢l) = log |1/
is that the sequence
(L.7) 1+ i — 0Q1).

Pyizi (k4 1) log(k + 1)

Theorem A has been proved by Hille and Tamarkin [3], Iyengar [5], and
Siddiqi [11], while I proved Theorem A’ in [9]. Theorem B has been proved
by Fejér, Lebesgue, and Hardy (see [15, p. 49]). Rajagopal [8] has proved
Theorem C, and Theorem D is due to Varshney [13].

Rajagopal had to use the two alternative forms of Theorem C, from which
he deduced Theorems A and B, respectively. He had indicated that condition
(1.4) is violated in the application of Theorem C as Theorem A and
Theorem A’. I have attempted to improve Theorems C and D in such a way
that both Theorems A and B can be deduced from Theorem 1, which also
generalizes Theorem D.

2. The following is our main result.
THEOREM 1. Let the sequence p, be defined as in (1.3) and let

2.1) (1) = o(t/¥(1/1)) ast— +0;
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let /(1) be positive, non-decreasing with t; then a necessary and sufficient condition
to ensure (1.5) is that
" P(x)

) madx = 0(P(n)).

3. Proof of Sufficiency. We write the formula for the nth partial sum
of the Fourier series as:

(2.2)

f (u )sm(n+ z)u du

sin 3u
sin (7 - + + Pu
L[ Ry, 4 o),
Using (1.5) and the last equation, we obtain:
1 ) n . 1
61 =m0 X o TR 4 4 o)

S suU

1 1/n )
= %P, I: j; + J;,,L:l Sm(uzl TZ_: Prrsin(r + $)udu + o(1)

=1, 4+ I. 4+ o(1), say,
by virtue of (1.3).
Now (1.3) implies that mp, < P,. If we choose m to be the integral part

of 1/u and if we suppose that 1/# < u = §, we obtain m sin 3u > mu/r.
Now for # > 0 and m = 7 [10, Lemma] we have:

(3.2) Z o sin(r + AP(m)

< P(m)+- - < cP(1/u).

Furthermore,

2 Parsin(r + $u

=0

< cP(1/u) < cwP(1/u) < cP(1/u)

= sin 2u u u

3.3)

sin 1u

Considering I, we obtain:

1/n
3.4) I = ﬂ}) fo o) Z bursin(r + 1)u du

sin 1u =%

= 0(%;) folm lo)|(2n + 1)P, du

o@n + 1)o<¢(1/t)>lm

o(;—(ln—)> — 0.
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Next, by (3.3), we have:

)f lo@)|

F) Sl 2429,
0@\ fy W) f du

J 1o vt

[q)( )P(l/u)]

Z Pu—rsin(r + 3)u

sin u

du

)

3.5) I.= 0<

I~ S|~

I
p— ’—\Q

I

SN—" \/

Il
-

I
)
—~
&=
~—

1/n

1 b P(1/u)
O(E) fun CI)(u)d{uxp(l/ ) ¥(1/u )}

<¢(n>P<n>> ( )
olio) S ) s v
< > < ) 1,,, <¢(1/u)> {uf;/((ll//uu))}‘l/(l/u)
="<¢<1n)> < (n)lP(n)>+ () lj{d—ﬁ%%%
+"<ID1;> flm {5(11/7;)}

- (i) + ogpen) + 0l ).

+ "<%>{[ ff(ll//mlm—flmlﬁm))d }

by virtue of (2.2).
Thus ¢, — 0, and this completes the proof.

4. Proof of Necessity. The proof of sufficiency shows that all we need
to prove here is that

1 (° «  JPA/wl
@.1) O(E)fw(l/u)dl w f =0
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Considering the left hand side, we have:
w2 ofg) fL bt vorm i s
- O<Pl';> Joura {ﬁ%%} +of7, ) W v )
- o)l B o) L
+oq) [ AL,

v 9 1/0))
)
= 0<¢(1 )> + O<P(n)> + 0<P<n)> onts

+ 0(1)[ - ]

1[/(1/%) 1/n
1 > P(1/u)
<xl/(n)> + 0<P(n)> + 0<P(n)> 1y (1/u) du.

Hence from (4.1), we have:

<xl/(n)> + 0<P(n)> + O<P(n)> ;,,fp%% du = 0(1).

But the first two terms tend to a constant with large # and the last equation,
in that case, will reduce to (2.2), which proves the desired result.

5. Theorem 1 has the advantage over Rajagopal’s result in two ways.
First, it gives a set of necessary and sufficient conditions, while Rajagopal
has proved only the sufficiency part. Secondly, Theorems A (Theorem A’
also) and B can be deduced directly from Theorem 1, which was not possible
in his case.

If we consider the case ¢(#) =logu and p, = 1/(n + 1), we obtain
Theorem A, while the case

—1 —1 -1
Y() =[] log™' () and p, = <H log’(n + 1))
q=0 q=0

is Theorem A’. By choosing ¥(#) =1 and p, = T(n 4+ «)/T(n + 1)T'(a)
for 0 < a < 1, we obtain Theorem B.

The particular cases ¢ (z) = log # and ¢(#) = 1 are Theorems C and D,
respectively.

6. Iyengar [4] has shown that harmonic summability of Fourier series
implies Valiron summability of Fourier series, and Varshney [12] has shown
that harmonic summability of Fourier series implies Riesz summability of
first order and of type exp(#*), 0 < @ < 1. Hardy and Littlewood [2] proved
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that the conditions S, — S,—1 = O(n*1) for 0 < a < 1 along with the Valiron
summability imply convergence of S,. Later on, Wang [14] and Iyengar [5]
used the same conditions to prove the convergence of S,, the former via
Riesz summability of the type exp(n*) and the latter via harmonic
summability. Jurkat [7] has discussed the advantage of Wang’s method and
proved that under a condition similar to (1.1)" (see [7]), the Riesz summability
of S, of any positive order and a certain type [7] along with the appropriate
Tauberian condition implies the convergence of S,. In the same way we can
introduce in either Theorem A or Theorem A’ the Tauberian condition
appropriate to Ngrlund summability of that theorem and establish the
convergence of .S,. One such Tauberian condition, as given by Iyengar, is
S, — Sp1=0m) for 0 < a < 1.
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