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Abstract. In this paper we prove that the ideal property and the projection
property do not conincide in general even in the separable case (despite the fact that,
as we proved before, they are the same for GAH algebras-and, in particular, for AH
algebras-and for separable LB algebras). We also study the behaviour of the pro-
jection property with respect to several natural operations.
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We begin by introducing the following definition.

DEFINITION 1. A C*-algebra is said to have the projection property if each of its
ideals has an approximate unit consisting of projections.

In the present paper all the ideals are closed and two-sided.

In this paper we shall study the projection property: we shall prove that it differs
from the ideal property (even in the separable case) - despite of a lot of “possible
evidence’ for the contrary conclusion - and we shall also study the behaviour of the
projection property with respect to some natural operations. It is obvious that the
projection property is stronger than the ideal property, whose study was suggested
by G.A. Elliott. Recall that a C*-algebra has the ideal property if each of its ideals is
generated (as an ideal) by projections. The class of the C*-algebras with the ideal
property (studied in [20], [11-19]) is interesting since it contains two important
classes of algebras: the real rank zero C*-algebras ([4]) and the simple, unital C*-
algebras. Therefore, the C*-algebras with the ideal property are very important in
Elliott’s classification program; (see [6]). On the other hand, in [13] we proved, in
particular, that for AH algebras the ideal property and the projection property
coincide. We generalized this fact in [15], where we showed, in particular, that these
two properties coincide for the class of GAH algebras (note that a GAH algebra is

ky
an inductive limit C*-algebra lim A,, where for each neN, 4, = @A; and each Af7 is
- i=1
a unital C*-algebra whose proper ideals have no nonzero projections [15]; obviously,
an AH algebra is a GAH algebra). Recently we generalized these results in the
separable case, proving that the ideal property and the projection property coincide
for the class of separable LB algebras (see Definition 16 below and [18]). Hence, the
following question is both natural and interesting:
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QUESTION 2. Do the ideal property and the projection property coincide?

The following result gives two ways of rephrasing the projecton property:

PROPOSITION 3. Let A be a C*-algebra. Then, the following conditions are equivalent.
(1) A has the projection property.
(2) Each ideal of A is an inductive limit of unital C*-algebras
(3) Each ideal of A is an inductive limit of unital hereditary C*-algebras of A.

Proof. (1)=(3). Let I be an ideal of A. Since 4 has the projection property, let
(e:);cp be an approximate unit of projections for /. Now, it is not difficult to see that

1= Ue,‘AC’,‘ = lim €,‘A€,‘
ieA -

and that each e;4e; is a unital hereditary C*-subalgebra of A.

(3)=(2) is obvious.

(2)=(1). Let I be an ideal of 4. By hypothesis, I = ligl(l,-, ®;;), where each I;
(i € A) is a unital C*-algebra. Since the quotient of a unital C*-algebra is unital, we
may suppose that the canonical homomorphisms I; — [;, i <j,i,j€ A and [; -
I, i € A are inclusions, and hence that:

U

ieA

For each i € A, let ¢; be the unit of /;. Then, obviously (¢;);ca is an increasing net
of projections such that for each x € [;, with iy € A, we have:

x =ex(=xe), i€ A, i> 1

Hence (e;);c5 1s an approximate unit of projections for 1. In conclusion, A4 has
the projection property. O

PROPOSITION 4. The projection property passes to ideals and quotients and it is
preserved under finite direct sums.

Proof. Obvious. O

PROPOSITION 5. Let A be a C*-algebra such that A=1lim (A4,,P, ) where each
A, (n € N) is a separable C*-algebra with the projection property.
Then, A has the projection property.

Proof. Since a quotient of a C*-algebra with the projection property has
the projection property (see Proposition 4 above), we may suppose that
A, € Api1,n € N and that:

A:UAH

neN

https://doi.org/10.1017/S0017089502020104 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502020104

THE PROJECTION PROPERTY 295

Let 1 be an ideal of A. Then, by [2] it follows that /= m, where for each
neN, I, =1 A,. neN

For each k € N let F; := {aﬁ | me N} be a dense subset of I;. Then, obviously,
Uken Fe 18 a countable, dense subset of I. Now, since for each n € N, I, has an
approximate unit of projections (because A, has the projection property and 7, is an
ideal of A4,), it follows that for each n € N there is a projection p, € I, such that:

k

| | am

1
—af:,pnns;,lsk,msn

This easily implies that for each x € I we have:

x = lim xp,, (= lim p,x)
n n

Now, since [ is separable, by [9, Theorem 6] it follows that I has (a countable)
approximate unit of projections. Hence, 4 has the projection property. O

QUESTION 6. Is the projection property preserved under inductive limits?

The symbol ® will in this paper always mean the minimal tensor product (of
C*-algebras).

Recall that a C*-algebra A is exact if for all pairs (B, J) of a C*-algebra B and
an ideal J in B,

0> A®J—>ARB—> A®(B/J)— 0

is exact ([7]). It is well-known that nuclear C*-algebras are exact. For more infor-
mation about exact C*-algebras see e.g. [21].
We shall need in the sequel the following theorem of Kirchberg:

THEOREM 7. (Kirchberg, [8, Proposition 2.13]). Let A and B be C*-algebras of
which at least one is exact. Then each closed two-sided ideal K of the minimal tensor
product A ® B is generated by the family of rectangular ideals {I, ® Jy}qer contained
in K.

As a corollary to Kirchberg’s theorem we obtain:
COROLLARY 8. Let A be a C*-algebra with the projection property and let B be a
simple C*-algebra with the projection property. If either A or B is exact, then A ® B

has the projection property.

Recall that an AF algebra is an inductive limit C*-algebra lim 4,, where each
A, (n € N) is a finite dimensional C*-algebra ([2]). -

COROLLARY 9. Let A be a C*-algebra with the projection property and let B be a
simple AF algebra. Then A ® B has the projection property.

PROPOSITION 10. Let A be a separable C*-algebra with the projection property
and let B be an AF algebra. Then, A ® B has the projection property.
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Proof. Combine Proposition 4 with Corollary 9 and Proposition 5 O

QUESTION 11. Is the projection property preserved under forming minimal tensor
products?

The answer to the above question is “no” and it follows immediately from our
joint paper with M. Rerdam [19]. Indeed, in [19] we proved that C ® B(H) does not
have the ideal property, where C is a certain unital, simple C*-algebra constucted by
M. Dadarlat in [5] and B(H) is the C*-algebra of all the bounded, linear operators
on a separable, infinite dimensional Hilbert space H. Then, obviously, C ® B(H)
does not have the projection property while both C and B(H) have the projection

property.

QUESTION 12. Is it always true that if the tensor product of C*-algebras A ® B has
the projection property then A and B are C*-algebras with the projection property?

QUESTION 13. Is the projection property preserved under stable isomorphism?

If A is a C*-algebra, we shall denote by P(A), the set of all the projections of
A:PA) ={pecd|p=p =p*ec A}

Recall that an extension of C*-algebras

0>I1—-A4A—> A/I—0

o0

-, of I consisting of pro-

is called quasidiagonal if there is an approximate unit (p,)
jections, which is quasicentral in 4, i.e.

lim || ap, — ppa ||=0
n—oQo

for all @ € 4. This definition goes back to G.J. Murphy and N. Salinas.
While the projection property doesn’t pass to hereditary C*-subalgebras - as it
follows from [4, Theorem 2.6] - one can prove the following two results:

PROPOSITION 14. Let A be a separable C*-algebra such that for each ideal I of A,
the canonical extension:

01— A4—> A/I—0

is quasidiagonal (here the map I — A is the canonical inclusion and the map A— A/l is
the canonical surjection). Let B be a simple, separable C*-algebra with the projection
property. Suppose that either A or B is exact. Then each hereditary C*-subalgebra of
A ® B with an approximate unit of projections has the projection property.

Proof. First, let us prove that 4 ® B, has the same property as 4, i.e. for each
ideal J of A ® B, the canonical extension:

0>J—>ARB—> (A®B)/J— 0 (%)
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is quasidiagonal. To start the proof, note that by the above mentioned theorem of
Kirchberg (i.e. Theorem 7) it follows that J = I ® B, where [ is an ideal of A4. Since
the canonical extension:

0>71—>A4— A/I—0

is quasidiagonal (by hypothesis), let (e,),cn be an approximate unit of projections for /
which is quasicentral in A. Since B is separable and has the projection property, by [9,
Theorem 6] it follows that B has an approximate unit of projections ( f),cy- Then, it is
easy to see that (e, ® f,),en 18 an approximate unit of projections for / ® B which is
quasicentral in A ® B. In conclusion, the above extension (k) is quasidiagonal.

The remaining part of the proof is inspired by the proof of [16, Theorem 4.4]
and by [16, Remark 4.5].

(1) First, we shall prove that e(4 ® B)e has the projection property for each
e € P(A® B). Let J be an ideal of e(4 ® B)e. Then, by [10, Theorem 3.2.7], it fol-
lows that there is an ideal 7 of 4 ® B such that J = INe(4 ® B)e. But, it is easy to
see that J = ele. Now, since the canonical extension:

01> A9B—> (A B)/I—0

is quasidiagonal by our above discussion, it follows by [12, Lemma 3.7 (1)] that the
“reduced” canonical extension:

0— ele - e(A ® B)e — (e(A ® B)e)/ele — 0

is quasidiagonal. In particular, J = ele has a countable approximate unit of projec-
tions. Hence ¢(4 ® B)e has the projection property.

(2) Now we shall prove the general case. Let C be a hereditary C*-subalgebra of
A ® B with an approximate unit of projections. Because C is also separable (since
A ® B is separable), by [9, Theorem 6] it follows that C has an approximate unit
(en),en Of projections.

Then, it is not difficult to see that:

C = Jen4 ® Be, =lime (4 ® Ble,
neN -

Note that by (1), each ¢,(4 ® B)e, has the projection property. Since also any
C*-algebra e,(4 ® B)e, is separable, by Proposition 5 it follows that C has the
projection property. O

Let us recall some definitions from [18], which will be needed in the sequel:
DEFINITION 15 ([18]). 4 is called a basic C*-algebra if A is a unital C*-algebra
such that each of its ideals generated (as ideals) by projections is a direct summand

of A.

Note that any finite direct sum of unital C*-algebras whose proper ideals have
no non-zero projections is a basic C*-algebra.
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DEFINITION 16 ([18]). Let A be a C*-algebra. Then A is called an LB algebra if :
foreach e > 0, eachn € N and each x|, x3, ..., x, € A, there are a basic C*-algebra B,
a x - homomorphism ® : B — A then X1, X2, ..., X, € B satisfying

[®G) — x| <e. 1<k=<n
and such that if x; € P(A) for some | <k < n, then X € P(B).

Note that each C*-algebra which is an inductive limit of basic C*-algebras is an
LB algebra. In particular, each AH algebra or more generally, each GAH algebra
([15]) is an LB algebra. Recall that a GAH algebra is an inductive limit C*-algebra
lim 4,,, where each 4, (n € N) is a finite direct sum of unital C*-algebras whose
proper ideals have no non-zero projections (see [15]).

THEOREM 17. Let A be separable LB algebra with the ideal property and let B be a
simple, separable C*-algebra with the projection property. If either A or B is exact,
then each hereditary C*-subalgebra of A ® B with an approximate unit of projections
has the projection property.

Proof. Note that by [18] it follows that for each ideal I of A4, the canonical
extension:

0—>1—>A4A—> A/I—0

is quasidiagonal. Now, the proof follows using also Proposition 14. O

REMARKS 18. (1) Note that the projection property is not preserved under
extensions. Indeed, we constructed jointly with M. Dadarlat in [14, Theorem 5.1]
extensions 0 —> I — 4 — B — 0 where 7 and B are simple AH algebras (in parti-
cular, 7 and B are C*-algebras with the projection property) and 4 does not have the
ideal property and hence, in particular, 4 does not have the projection property.

(2) The projection property is not preserved under homotopy equivalence (and
hence under shape equivalence, in the separable case). Indeed, C([0, 1]) and C are
homotopy equivalent (since [0, 1] is contractible), C obviously has the projection
property while C([0, 1]) has not the projection property (since its non-zero ideals do
not contain non-zero projections).

Finally, we give the answer to most of the above natural questions:

THEOREM 19. The above Questions 2, 12 and 13 have negative answers even in the
separable case.

Proof. (1) Let M be a separable, simple C*-algebra with a countable approx-
imate unit of projections and a non-zero real rank. Then, by [4, Theorem 2.6] there
is a (separable) hereditary C*-subalgebra 4 of M which does not have an aprox-
imate unit of projections. Since M is simple, it follows by [10, Theorem 3.2.8] that A4 is
also a simple C*-algebra. Now, using the fact that M is separable and simple, by a
result of L.G. Brown [3, Theorem 2.8] it follows that M and A4 are stably isomorphic:
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AR K = MQ® K, where K is the C*-algebra of all compact operators on a separable,
infinite dimensional Hilbert space. But 4 ® K is simple (since A and X are simple)
and it has a countable approximate unit of projections since M ® K has (let (e,),en
(resp. (fu),en) be an approximate unit of projections of M (resp. K); then (e, ® f,),en
is clearly an approximate unit of projections for M ® K). In conclusion, 4 ® K has
the projection property while 4 has not. This proves that Question 12 has a negative
answer even in the separable case (take B = K) and also that Question 13 has a
negative answer even in the separable case.

(2) Let 4 be a separable, simple C*-algebra, with the real rank different from 0 and
such that each non-zero hereditary C*-subalgebra contains a non-zero projection (note
that B. Blackadar and A. Kumjian constructed in [1] an 4 H algebra with these prop-
erties). Since the real rank of 4 is not zero, by [4, Theorem 2.6] it follows that there is a
non-zero hereditary C*-subalgebra B of A which does not have an approximate unit of
projections. On the other hand, since A4 is simple, by a general argument (see e.g. [10,
Theorem 3.2.8)]) it follows that B is simple. Hence B has not the projection property.
But, by construction, B contains a non-zero projection p. Since the C*-algebra B is
simple, it follows that the (closed, two-sided) ideal generated in B by p is B. Hence, B
has the ideal property, is separable and has not the projection property. This gives a
negative answer to Question 2 even in the separable case.
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