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Unicity in the uniform approximation
of vector-valued functions

Lee W. Johnson

The problem of unicity in the uniform approximation of
vector-valued functions is considered. A recent result of
Cheney and Wulbert concerning unicity in the uniform
approximation of real-valued functions is extended and some

"point-wise" criteria for unicity are given.

Introduction

Using gauge functions, the classical theory of uniform approximation
of real functions of & real variable can be generalized in a natural
fashion to cover functions which assume values in #n-dimensional Euclidean

space. In particular, let X be a compact Hausdorff space and let c(x)
be the set of continuous functions from X to . Suppose U 1is a

closed, bounded and convex subset of E' with non-empty interior. Let
the origin @ be in U (although not necessarily in the interior of U)

and let G be the gauge function for U
(1) Gly) = inf{a| y € o/, a = 0}
where we set G(y) =« if y is in no multiple of U .

A functional M can be defined on C(X) by

(2) M(f) = sup{G(f(x))| x € X}

where M(f) = ® if no multiple of U absorbs the range of f . If P 1is

a linear subspace of C((X) , we call p € P an approximation to f if
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M(p-f) < ©» and a best uniform approximation if M(p-f) < M(g-f) for all

q in P . If U 1is symmetric, then G defines a norm on . This
makes C(X) a normed linear space where M(f) is the usual sup norm on
c(x) . However, generalizations of many of the classical theorems can be
established from the convexity of U , so assuming C(X) is normed is

unduly restrictive.

In [4], the author gave several characterizations of best
approximations to vector-valued functions together with some applications.
These were obtained by using extreme points and by extending the concept
of H-sets which was introduced by Colliatz in [3]. In this paper we
consider problems of unicity in approximating vector-valued functions.
Theorem 3, for example, gives both a simple proof and an extension of a
recent result of Cheney and Wulbert []] characterizing those subspaces of
C(X) in vhich best approximations are unique when the elements of C(X)

are real functions.

It should be noted that some of the results of [4] can be extended to
functions with values in a topological vector space should such an

extension be useful.

The extreme points

Let p be an approximation to f , with M(p-f) = a . Let

(3) 5, 7) = {al ble)-rie)] € aan)
where 3(U) is the topological boundary of U . We call E(p, f) the set
of extreme points of p - f .

We need the following results, which may be found in [4]. The

functional G satisfies

G(y) 20, G(B) =0,
(L) G(ty) = tG(y) for all real ¢, t 20 ,
Gly+z) < G(y) + G(z) .

The set of best approximations to f by functions in P 1is a convex set.

The functional G is continuous on {y| G(y) < @} if and only if the set

U, = {y| ¢ly) = 1} 1is closed in E’ . We assume hereafter that U; is
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closed. Finally, we have the following characterization theorem.

THEOREM 1. p <s a best approximation to f if and only if p is
best on E(p, f) .

By p best on E(p, f) we mean: 'if q 1is any approximation to f
then

sup{G(p(x)—f(x))| x € E(p, f)} = sup{G(q(x)—f(x))l z € E(p, f)} .

Theorem 1, together with Theorem 2 below, will be used to derive the

results of the next section.

We call U strictly convex if when y and =z are distinct points in

3(U) then Ay + (1-A)z is in the interior of U for 0 <A < 1.

THEOREM 2. Let U be strictly convex and let p and q be best
approximations to f . Let h=MXp + (1-A)g , O0< A< 1. Then,
xz € E(h, f) if and only if x € E(p, f) n E(q, f) and p(x) = q(x) .

Proof. If M(p-f) = M(g-f) = a then M(h-f) = a since the set of
best approximations is convex. If =z is in E(h, f) then
Ap(z) + (1-A)q(x) - f=) = Aplx)-flz)] + (1-A)[q(x)-f(x)] is in 3d(al) .
By assumption, [p(x)-f(x)] € aV and [q(x)-f(z)] € aU . If p(z) - flx)
were in the interior of aqlU then so would be the entire line segment
Joining p(xz) - f(x) and q(x) - f(x) with the possible exception of
q(x) - f(x) (ef. (2]). Hence, x € E(p, f) n E(q, f) . Since
AMp(x)-f(z)] + (1-2)[g(x)-f(x)] is in 0d(al) it follows by strict
convexity that p(x) = g(x) . The converse is immediate.

UNICITY. Let O denote the function defined by 0 : x > 6 for all
x in X . Following Cheney and Wulbert, we say a subset A4 of X is an
a-set if there is a function f in C{(X) such that 4 = E(0, f) where
0 is a best approximation to f . We say p vanishes on 4 if p(x) =8

for each x in A . The following is an extension of Theorem 10 in [7].

THEOREM 3. Let U be strictly convex. Each function in C(X) has
at most one best approximation if and only if 0 is the only function in

P vanishing on an a-get.

Proof. Suppose f € C(X) and suppose p and q are best

approximations to f . Form % = ip + %q and note that p - g vanishes
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on E(h, f) by Theorem 2. But E(h, f) = E(0, h-f) is an a-set.

Conversely, suppose all best approximations are unique. Suppose
q € P with q(x) =6 for a1 =z in E(0, f) , where E(0, f) 1is an
a-set. Without loss of generality we may assume M(f) =1 and M(q) <1
for M(Af) = MWM(f) for all real A, A >0 . Form
o(x) = El - ¢{q(x))]f(x) . We will show that Ag is a best approximation
to ¢ for 0 =< A=1. Using (4},

Glo(x)-Aq(z)) = [1 - Glg(x)}]6(f(z)) + Ae(q(x)) =1 - (1-2)G(q(x)) =1,

for all « in X . If there is r € P such that M(p-r) =1 - ¢t ,

t >0, then for all x in E(0, f) we have Gﬁp(x)—r(x)) <1-¢t.
Hence, G(f(z)-r(x)) <1 - ¢ for « € E(0, f) which is a contradiction,
for O is the best approximation to f and is hence best on E(0, f) .
Thus, M(e~-r) =2 1 for all r € P which means Aq 1is a best
approximation to ¢ for 0 < X <1 , contradicting the supposed unicity

of all best approximations.

Since it would appear to be a relatively rare happening that best
approximations to all functions in ((X) are unique, it is of some
interest to have "point-wise" criteria for unicity. The following is a

sufficient condition that a best approximation be unique.

THEOREM 4. Let U be strictly convex and let p be a best
approximation to f . p is unique if O is the only function in P

vanishing on any o-set in E(p, f) .

We omit the proof of this theorem as it is exactly the same as the
proof of the first part of Theorem 3. The hypothesis of strict convexity
may be dropped from the next theorem.

THEOREM 5. Let p be a best approximation to f ; them p 1is

unique if and only 1f p <is unique on some open set containing E(p, f) .

Proof. Let g be any approximation to f and suppose p is unique

on @ , vhere @ is open and E(p, f) € @ . Then

u(p-f) = sup {c(p(x)-f(x))} < sup {G(q<x>—f(x))} < M(g-f) .
xeq x€q

Thus, p 1is unique.
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Conversely, let M{p-f) = a and suppose there is an approximation

g € P such that sup {G(q(x)-f(x))} < M(p-f) , where § 1is any open set

x€Q
containing E(p, f) . If x ¢ E(p, f) then plx) - f(x) is in the
interior of alU . Therefore, for each & in X - @ there is A ,

0 <A <1, such that y = (1-A )[p(x)—f(x)] + A[q(x)-f(x)] is in the
interior of all ‘and thus G(y) < a .

Suppose there is no fixed X > 0 such that

(5) ¢{(1-2)[p(x)-f(x)] + Alq(a)-F(x)]) < M(p-f)

+

for all & in the compact set X - @ . Then for every n there is

©, € X - q such that G[(l-l/n)[p(xn)-f(xn)]+1/nﬂq )-fl= ]]) > M(p-f)

We may as well suppose {xn} rx, o, T € X - @ . The continuity of G

will imply G[p(xo)—f(xo)] = M(p-f) which cannot be as p(xo) - fﬁro) is

in the interior of aU . Thus, there is some A' , 0 < A' <1, for
which (5) holds for all &« in X - @ .

¢{q(z)-f(z)) < M(p-f) and G(p(z)-f(x)) < M(p-f) for all z in
¢ , so by (4) we have (5) holding for a1l A , O < A <1 when x € @ .
Thus, (1-A')p + A'q is a best approximation to f , contradicting the

supposed unicity of p .
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