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Stability of Traveling Wavefronts for a
Two-Component Lattice Dynamical System
Arising in Competition Models

Guo-Bao Zhang and Ge Tian

Abstract. In this paper,we study a two-component Lotka–Volterra competition systemon a one-di-
mensional spatial lattice. By the comparison principle, together with the weighted energy, we prove
that the traveling wavefronts with large speed are exponentially asymptotically stable, when the
initial perturbation around the traveling wavefronts decays exponentially as j + ct → −∞, where
j ∈ Z, t > 0, but the initial perturbation can be arbitrarily large on other locations. _is partially
answers an open problem by J.-S. Guo and C.-H. Wu.

1 Introduction

In this paper,we study the following two-componentLotka–Volterra competition sys-
tem on a one-dimensional spatial lattice

(1.1)

du j

dt
= d1(u j+1 + u j−1 − 2u j) + r1u j(1 − b1u j − kv j),

dv j

dt
= d2(v j+1 + v j−1 − 2v j) + r2v j(1 − b2v j − hu j),

with the initial data u j(0) = u j0, and v j(0) = v j0, where j ∈ Z, t > 0, d i , r i , b i , i = 1, 2,
h, and k are some positive constants. _is model describes how two species u and
v living in a discrete habitat compete with each other. Here u j and v j stand for the
populations of two species at time t and position j, respectively, d i is the migration
coeõcient, r i is the net birth rate, 1/b i is the carrying capacity of species i for i = 1, 2,
and h, k are inter-speciûc competition coeõcients.

With a certain normalization, we assume that the diòusion coeõcients of species
u, v are given by 1, d, the birth rates of species u, v are given by 1, r, and the carrying
capacities are equal to 1. _en system (1.1) is reduced to the system

(1.2)

du j

dt
= (u j+1 + u j−1 − 2u j) + u j(1 − u j − kv j),

dv j

dt
= d(v j+1 + v j−1 − 2v j) + rv j(1 − v j − hu j),

where all coeõcients are positive.
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It is easy to see that the system(1.2) has four constant equilibria: (0, 0), (0, 1), (1, 0),
and coexistence equilibrium ( 1−k

1−hk ,
1−h
1−hk ) provided that hk /= 1. From [5],we have the

following asymptotic behaviors as t → +∞.
(i) (u, v)→ (1, 0) if 0 < k < 1 < h.
(ii) (u, v)→ (0, 1) if 0 < h < 1 < k.
(iii) (u, v)→ one of (0, 1), (1, 0) (depending on the initial condition) if k, h > 1.
(iv) (u, v)→ ( 1−k

1−hk ,
1−h
1−hk ) (u and v coexist ) if 0 < k, h < 1.

We need to point out that case (ii) can be reduced to case (i) by exchanging the posi-
tions of u and v.
A biologically andmathematically interesting problem is the traveling wave solu-

tion connecting two equilibrium points. We note that a traveling wave solution of
(1.2) is a special translation invariant solution of the form

u(x , t) = φ(ξ), v(x , t) = ψ(ξ), ξ = j + ct

that connect two diòerent equilibria from {(0, 0), (0, 1), (1, 0), ( 1−k
1−hk ,

1−h
1−hk )}, where

c > 0 is the wave speed. If φ and ψ are monotone, then (φ,ψ) is called a traveling
wavefront. Substituting (φ( j+ ct),ψ( j+ ct)) into (1.2), we obtain the followingwave
proûle system

cφ′(ξ) = (φ(ξ + 1) + φ(ξ − 1) − 2φ(ξ)) + φ(ξ)(1 − φ(ξ) − kψ(ξ)),
cψ′(ξ) = d(ψ(ξ + 1) + ψ(ξ − 1) − 2ψ(ξ)) + rψ(ξ)(1 − ψ(ξ) − hφ(ξ)).

Recently, Guo and Liang [3] and Guo andWu [4–6] studied traveling wave solu-
tions of system(1.2),which connect two boundary equilibria (0, 1) and (1, 0). It is easy
to see that when 0 < k < 1 < h, the equilibrium (0, 1) is unstable and the equilibrium
(1, 0) is stable. Hence, system (1.2) is called amonostable system. When h, k > 1, both
equilibria (0, 1) and (1, 0) are stable. Hence, system (1.2) is called a bistable system.
For the bistable system (1.2),Guo andWu [4] ûrst showed that the propagation failure
phenomenon occurs, and then proved themonotonicity of a traveling wave solution
with nonzero speed and the uniqueness of nonzero wave speed. For the monostable
system (1.2), Guo andWu [5] proved the existence,monotonicity, and uniqueness of
traveling wave solutions. Meanwhile, Guo and Liang [3] gave the characterization
of the minimal speed for certain ranges of h, k, r, d. We note that Guo andWu [6]
showed the recent results on thewave propagation of (1.2), and gave some open prob-
lems. _e second open problem is the stability of traveling wave solutions for both
monostable and bistable cases. In this paper, we are devoted to proving the stability
of traveling wave solutions for themonostable case.

It should be mentioned that the stability of traveling wave solutions of reaction-
diòusion equations, nonlocal dispersal equations and lattice diòerential equations
with monostable nonlinearity has been extensively studied in the literature. We refer
the readers to [11, 18–24] for reaction-diòusion equations, [7, 8, 12, 32, 33] for nonlo-
cal dispersal equations, and [2, 14–16, 29–31] for lattice diòerential equations. To the
best of our knowledge, there were only a few papers studying the stability of travel-
ing wave solutions of reaction-diòusion systems and nonlocal dispersal systems, see
[9,13,26–28]. For the lattice diòerential system, there are still no results on the stability
of traveling wave solutions. More recently, we [25] studied the following continuum
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version of (1.1) (where d i = b i = 1, i = 1, 2).

(1.3)

∂u
∂t

(t, x) =D[u](t, x) + r1u(t, x)[1 − u(t, x) − kv(t, x)],

∂v
∂t

(t, x) =D[v](t, x) + r2v(t, x)[1 − v(t, x) − hu(t, x)],

where t > 0, x ∈ R, r1 , r2 , h, k are all positive constants, and
D[ϕ](t, x) = ϕ(t, x + 1) − 2ϕ(t, x) + ϕ(t, x − 1).

By using the comparison principle and the weighted energy method, we proved the
stability of traveling wavefronts of (1.3). Motivated by [25], in this paper, we still take
the comparison principle and the weighted energy method to prove the stability of
traveling wavefronts of (1.2). We should point out that the key step is to establish
the l 2-energy estimates for the solutions of the perturbed system. Although (1.2) and
(1.3) (choose r1 = 1 and r2 = r in (1.3), and let the diòusion coeõcient for v be d ) take
the same wave proûle system, the technical details for obtaining a priori estimates
are diòerent. We should remark that by this method, the obtained stability results
only hold for largewave speed. We leave the stability of travelingwavefrontswith low
speeds, especially the critical speed, for future study.

We now brie�y describe the organization of this paper. In Section 2, we will give
the notations, the existence of travelingwavefronts, some necessary assumptions, and
themain theorem. Section 3 is mainly devoted to the proof of the stability theorem.

2 Preliminaries and Main Result

In this section, we ûrst recall some known results, then deûne a weight function, and
state our main result.

To study the stability of the travelingwavefront of (1.2), it is convenient towork on
(u j , v∗j ), where v∗j = 1 − v j . For the sake of convenience, we drop the star. _en (1.2)
can be represented as

(2.1)

du j

dt
= (u j+1 + u j−1 − 2u j) + u j(1 − u j − k(1 − v j)),

dv j

dt
= d(v j+1 + v j−1 − 2v j) + r(1 − v j)(hu j − v j),

with the initial data

(2.2) u j(0) = u j0 , v j(0) = 1 − v j0 .

Let u j(t) = φ(ξ), v j(t) = ψ(ξ), where ξ = j + ct. _en the wave proûle system of
(2.1) is

(2.3)
cφ′(ξ) = (φ(ξ + 1) + φ(ξ − 1) − 2φ(ξ)) + φ(ξ)( 1 − φ(ξ) − k(1 − ψ(ξ))) ,
cψ′(ξ) = d(ψ(ξ + 1) + ψ(ξ − 1) − 2ψ(ξ)) + r(1 − ψ(ξ))(hφ(ξ) − ψ(ξ)),

with the boundary conditions

(2.4) (φ(−∞),ψ(−∞)) = (0, 0) and (φ(+∞),ψ(+∞)) = (1, 1).
For the existence of a traveling wavefront of (2.1), we refer to Guo andWu [4].
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Proposition 2.1 Assume that 0 < k < 1 < h, d > 0, and r > 0. _en there exists c∗ > 0
such that for any c ≥ c∗, (2.1) admits a traveling wavefront (φ(ξ),ψ(ξ)) connecting
(0, 0) and (1, 1), and satisfying φ′( ⋅ ) > 0 and ψ′( ⋅ ) > 0 on R. For any c < c∗, there is
no such traveling wave.

Before stating our main result, let us make the following notation. _roughout the
paper, l 2w denotes a weighted l 2-space with a weighted function 0 < w(ξ) ∈ C(R),
i.e., l 2w ∶= { ζ = {ζ i}i∈Z , ζ i ∈ R ∣ ∑i w(i + ct)ζ2

i <∞} , and its norm is deûned by

∥ζ∥l 2w = (∑
i
w(i + ct)ζ2

i )
1
2
, for ζ ∈ l 2w .

In particular, when w ≡ 1, we denote l 2w by l 2.
In order to obtain our stability result, we need the following assumption.

(H) 0 < k < 2
3
, h > 2 + k

2r
.

Deûne two functions on λ as follows:

M1(λ) = 4 − 3k − (eλ + 1), M2(λ) = 2d − 4r + 2rh − k − d(eλ + 1).

By assumption (H), we get

M1(0) = 2 − 3k > 0, M2(0) = −4r + 2rh − k > 0.

_en by the continuity of M1(λ) and M2(λ) with respect to λ, there exists λ0 > 0
such that M1(λ0) > 0 andM2(λ0) > 0.
Furthermore, deûne

N1(ξ) = 4φ(ξ) − 3k + rhψ(ξ) − rh − (eλ0 + 1),
N2(ξ) = 2d − 4r + 2rhφ(ξ) − k + rhψ(ξ) − rh − d(eλ0 + 1),

where (φ(ξ),ψ(ξ)) is the traveling wavefront given in Proposition 2.1.
By (2.4), we have

lim
ξ→+∞

N1(ξ) =M1(λ0) > 0 and lim
ξ→+∞

N2(ξ) =M2(λ0) > 0.

Hence, there exists a number ξ0 > 0 large enough such that

N1(ξ0) = 4φ(ξ0) − 3k + rhψ(ξ0) − rh − (eλ0 + 1) > 0,

N2(ξ0) = 2d − 4r + 2rhφ(ξ0) − k + rhψ(ξ0) − rh − d(eλ0 + 1) > 0.

Deûne the weighted function as follows:

(2.5) w(ξ) =
⎧⎪⎪⎨⎪⎪⎩

e−λ0(ξ−ξ0) ξ ≤ ξ0 ,
1 ξ > ξ0 .
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_eorem 2.2 (Stability) Assume that (H) holds. For any given traveling wave-
front (φ(ξ(t, j)),ψ( ξ(t, j))) with the wave speed c > max{c∗ , c̃}, where c̃ =
max{c1 , c2}/λ0, and

c1 = 3k + rh + (eλ0 + e−λ0 + 1),(2.6)

c2 = 4r + k + rh + d(eλ0 + e−λ0 + 1).(2.7)

If the initial data satisûes (0, 0) ≤ (u j(0), v j(0)) ≤ (1, 1), j ∈ Z, and the initial per-
turbations satisfy u j(0) − φ( j) ∈ C(l 2w) and v j(0) − ψ( j) ∈ C(l 2w), then the non-
negative solution of the Cauchy problems (2.1) and (2.2) uniquely exists and satisûes
(0, 0) ≤ (u j(t), v j(t)) ≤ (1, 1), for all j ∈ Z, t > 0, and

u j(t) − φ( j + ct) ∈ C((0,+∞); l 2w), v j(t) − ψ( j + ct) ∈ C((0,+∞); l 2w),
where w(ξ) is deûned by (2.5). Moreover, (u j(t), v j(t)) converges to the traveling
wavefront (φ( j + ct),ψ( j + ct)) exponentially in time t, i.e.,

sup
j∈Z

∣u j(t) − φ( j + ct)∣ ≤ Ce−µ t ,

sup
j∈Z

∣v j(t) − ψ( j + ct)∣ ≤ Ce−µ t

for all t > 0, where C and µ are some positive constants.

3 Stability of Traveling Wavefronts

3.1 Existence and Comparison of Solutions

In this subsection, we will establish the existence and comparison principle of so-
lutions for the initial value problems (2.1) and (2.2).

Let X = l 2w × l 2w , where w(x) is given by (2.5). Let

X+ = {w = (u j , v j) ∈ X ∶ u j ≥ 0, v j ≥ 0, j ∈ Z} .

It is easy to say that X+ is a closed cone of X.
Let T1(t) = e−µ1 t and T2 = e−µ2 t ,where µ1 = 2+k and µ2 = 2d+r+rh. It is obvious

that Ti(t) is a linear C0 semigroup on X, i = 1, 2. In particular, it is strongly positive.
Let

f1(w) = u j+1 + u j−1 + (µ1 − 1)u j − u2
j − ku j + ku jv j ,

f2(w) = v j+1 + v j−1 + (µ2 − 2d − r)v j + rv2
j + rhu j − rhu jv j .

_en the system (2.1) with the initial value (2.2) has an equivalent form as follows:

u j(t) = T1(t)u j(0) + ∫
t

0
T1(t − s) f1(w(s)) ds,

v j(t) = T2(t)v j(0) + ∫
t

0
T2(t − s) f2(w(s)) ds.

_at is, w(t) = T(t)w0 + ∫
t
0 T(t − s)F(w(s)) ds, where

w(t) = (u j(t)
v j(t)

) , T(t) = (T1(t) 0
0 T2(t)

) , w0(x) = (u j(0)
v j(0)

) ,
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and

F(w) = ( f1(w)
f2(w)) .

We now state the deûnition of super-sub solutions of (2.1) with (2.2) as follows.

Deûnition 3.1 A continuous function w = (u j , v j)∶ [τ, b) → X, τ < b, is called a
supersolution (subsolution) of (2.1) on [τ, b) if

u j(t) ≥ T1(t − s)u j(s) + ∫
t

s
T1(t − r) f1(w(r)) dr, respectively (≤),

v j(t) ≥ T2(t − s)v j(s) + ∫
t

s
T2(t − r) f2(w(r)) dr, respectively (≤),

for any τ ≤ s < t < b.

By the property of the semigroups T1(t) and T2(t), standard super-sub solutions
technique, and the theory of abstract functional diòerential equations [17, Corol-
lary 5], we obtain the boundedness and the comparison principle for the Cauchy
problems (2.1) and (2.2), see also [1, 10].

Lemma 3.2 (Boundedness) Assume that (H) holds and that the initial data

(u j(0), v j(0))

satisûes (0, 0) ≤ (u j(0), v j(0)) ≤ (1, 1) for j ∈ Z. _en the solution (u j(t), v j(t)) of
the Cauchy problems (2.1) and (2.2) exists and satisûes (0, 0) ≤ (u j(t), v j(t)) ≤ (1, 1),
for t ∈ (0,+∞), j ∈ Z.

Lemma 3.3 (Comparison principle) Assume that (H) holds. Let (u−j (t), v−j (t))
and (u+j (t), v+j (t)) be the solution of (2.1) with the initial data (u−j (0), v−j (0)) and
(u+j (0), v+j (0)), respectively. If

(0, 0) ≤ (u−j (0), v−j (0)) ≤ (u+j (0), v+j (0)) ≤ (1, 1) j ∈ Z,

then (0, 0) ≤ (u−j (t), v−j (t)) ≤ (u+j (t), v+j (t)) ≤ (1, 1) for t ∈ (0,+∞), j ∈ Z.

3.2 Proof of Theorem 2.2

In this subsection, we are devoted to the proof of the stability result. Our proof relies
on the weighted energy method combined with the comparison principle.

Let the initial data (u j(0), v j(0)) be such that (0, 0) ≤ (u j(0), v j(0)) ≤ (1, 1) for
j ∈ Z, and for j ∈ Z let

u−j (0) = min{u j(0), φ( j)}, u+j (0) = max{u j(0), φ( j)},
v−j (0) = min{v j(0),ψ( j)}, v+j (0) = max{v j(0),ψ( j)}.

_is implies that

(3.1)
0 ≤ u−j (0) ≤ u j(0) ≤ u+j (0) ≤ 1, 0 ≤ u−j (0) ≤ φ( j) ≤ u+j (0) ≤ 1,

0 ≤ v−j (0) ≤ v j(0) ≤ v+j (0) ≤ 1, 0 ≤ v−j (0) ≤ ψ( j) ≤ v+j (0) ≤ 1.
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Deûne u+j (t), u−j (t), v+j (t), v−j (t) as the corresponding solutions of (2.1)with the ini-
tial data u+j (0), u−j (0), v+j (0), and v−j (0), respectively. _en by the comparison prin-
ciple in Lemma 3.3, it follows that

(3.2)
0 ≤ u−j (t) ≤ u j(t) ≤ u+j (t) ≤ 1, 0 ≤ u−j (t) ≤ φ( j + ct) ≤ u+j (t) ≤ 1,

0 ≤ v−j (t) ≤ v j(t) ≤ v+j (t) ≤ 1, 0 ≤ v−j (t) ≤ ψ( j + ct) ≤ v+j (t) ≤ 1,

where t ∈ (0,+∞), j ∈ Z.
Let

U j(t) = u+j (t) − φ( j + ct), U j0(0) = u+j (0) − φ( j),
and

Vj(t) = v+j (t) − ψ( j + ct), Vj0(0) = v+j (0) − ψ( j),
where t ∈ (0,+∞), j ∈ Z. _en by (2.1) and (2.3), (U j(t),Vj(t)) satisûes

(3.3)

dU j(t)
dt

= [U j+1(t) +U j−1(t) − 2U j(t)]

+U j(t)[1 − k − 2φ(ξ(t, j)) + kVj(t) + kψ(ξ(t, j))]
−U2

j (t) + kφ(ξ(t, j))Vj(t),
dVj(t)
dt

= d[Vj+1(t) + Vj−1(t) − 2Vj(t)]

+ Vj(t)[2rψ(ξ(t, j)) − r − rhU j(t) − rhφ(ξ(t, j))]
+ rV 2

j (t) + rh(1 − ψ(ξ(t, j)))U j(t),
with the initial dataU j(0) = U j0(0), Vj(0) = Vj0(0), j ∈ Z. It is easy to see from (3.1)
and (3.2) that

(0, 0) ≤ (U j(t),Vj(t)) ≤ (1, 1) and (0, 0) ≤ (U j0(0),Vj0(0)) ≤ (1, 1).
Deûne

(3.4) B1
µ ,w(t, j) = A1

w(t, j) − 2µ, B2
µ ,w(t, j) = A2

w(t, j) − 2µ,

where

A1
w(t, j) = 2(2 − c

2

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 1 + k + 2φ(ξ(t, j)) − kVj(t) − kψ(ξ(t, j)))

− kφ(ξ(t, j)) − rh(1 − ψ(ξ(t, j)))

− (2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) ) ,

A2
w(t, j) = 2(2d − c

2

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 2rψ(ξ(t, j)) + r + rhU j(t) + rhφ(ξ(t, j)))

− kφ(ξ(t, j)) − 2rVj(t) − rh(1 − ψ(ξ(t, j)))

− d(2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) ) .

It is easy to see that ξ(t, j + 1) = ξ(t, j) + 1 and ξ(t, j − 1) = ξ(t, j) − 1.
Next we will establish some key inequalities.
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Lemma 3.4 Assume that (H) holds. For any c > max{c∗ , c̃}, there exist some positive
constants C i such that Ai

w(t, j) ≥ C i , i = 1, 2, for all t > 0 and j ∈ Z.

Proof Since c > max{c∗ , c̃}, we get cλ0 > c1 and cλ0 > c2, where c1 and c2 can be
seen in (2.6) and (2.7). Clearly, the following hold.

cλ0 − 3k − rh − (eλ0 + e−λ0 + 1) > 0 and cλ0 − 4r − k − rh − d(eλ0 + e−λ0 + 1) > 0.

We ûrst show that A1
w(t, j) ≥ C1 for some positive constant C1.

Case 1: ξ(t, j) < ξ0− 1. It is clear that ξ(t, j) < ξ0, ξ(t, j+ 1) < ξ0 and ξ(t, j− 1) < ξ0.
Hence,

w(ξ(t, j)) = e−λ0(ξ(t , j)−ξ0)

w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0)

w(ξ(t, j + 1)) = e−λ0(ξ(t , j)+1−ξ0) .

_en one has

A1
w(t, j) = 4 − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 2 + 2k + 4φ(ξ(t, j)) − 2kVj(t) − 2kψ(ξ(t, j))

− kφ(ξ(t, j)) − rh( 1 − ψ(ξ(t, j)))

− (2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> cλ0 − 3k − rh − (eλ0 + e−λ0) = cλ0 − 3k − rh − (eλ0 + e−λ0 + 1) + 1
> 0.

Case 2: ξ0 − 1 ≤ ξ(t, j) ≤ ξ0. In this case, ξ(t, j − 1) < ξ0 and ξ(t, j + 1) ≥ ξ0. _en
w(ξ(t, j)) = e−λ0(ξ(t , j)−ξ0), w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0), and w(ξ(t, j + 1)) = 1.
Hence, we get

A1
w(t, j) = 4 − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 2 + 2k + 4φ(ξ(t, j)) − 2kVj(t) − 2kψ(ξ(t, j))

− kφ(ξ(t, j)) − rh( 1 − ψ(ξ(t, j)))

− (2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> cλ0 − 3k − rh − (eλ0 + eλ0(ξ(t , j)−ξ0)) ≥ cλ0 − 3k − rh − (eλ0 + 1)
= cλ0 − 3k − rh − (eλ0 + e−λ0 + 1) + e−λ0

> 0.
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Case 3: ξ0 < ξ(t, j) ≤ ξ0 + 1. In this case, ξ(t, j − 1) ≤ ξ0 and ξ(t, j + 1) > ξ0. _en
w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0) and w(ξ(t, j)) = w(ξ(t, j + 1)) = 1. _us, we obtain

A1
w(t, j) = 4 − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 2 + 2k + 4φ(ξ(t, j)) − 2kVj(t) − 2kψ(ξ(t, j))

− kφ(ξ(t, j)) − rh( 1 − ψ(ξ(t, j)))

− (2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> 4φ(ξ0) − 3k + rhψ(ξ0) − rh − (e−λ0(ξ(t , j)−1−ξ0) + 1)
> 4φ(ξ0) − 3k + rhψ(ξ0) − rh − (eλ0 + 1)
= N1(ξ0) > 0.

Case 4: ξ(t, j) > ξ0 + 1. In this case, ξ(t, j) > ξ0, ξ(t, j+ 1) > ξ0, and ξ(t, j− 1) > ξ0.
_en w(ξ(t, j)) = w(ξ(t, j − 1)) = w(ξ(t, j + 1)) = 1. Hence, we have

A1
w(t, j) = 4 − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 2 + 2k + 4φ(ξ(t, j)) − 2kVj(t) − 2kψ(ξ(t, j))

− kφ(ξ(t, j)) − rh( 1 − ψ(ξ(t, j)))

− (2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> 4φ(ξ0) − 3k + rhψ(ξ0) − rh − 2

= N1(ξ0) + (eλ0 + 1) − 2

> eλ0 − 1 > 0.

We can obtain A1
w(t, j) ≥ C1 > 0 by choosing a suitable C1 small enough.

Next we prove A2
w(t, j) ≥ C2 for some positive constant C2.

Case 1: ξ(t, j) < ξ0− 1. It is clear that ξ(t, j) < ξ0, ξ(t, j+ 1) < ξ0 and ξ(t, j− 1) < ξ0.
Hence,

w(ξ(t, j)) = e−λ0(ξ(t , j)−ξ0) , w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0) ,

w(ξ(t, j + 1)) = e−λ0(ξ(t , j)+1−ξ0) .

_en one has

A2
w(t, j) = 4d − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 4rψ(ξ(t, j)) + 2r + 2rhU j(t) + 2rhφ(ξ(t, j))

− kφ(ξ(t, j)) − 2rVj(t) − rh( 1 − ψ(ξ(t, j)))

− d(2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> 2d + cλ0 − 4r − k − rh − d(eλ0 + e−λ0)
= cλ0 − 4r − k − rh − d(eλ0 + e−λ0 + 1) + d + 2d
> 3d > 0.
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Case 2: ξ0 − 1 ≤ ξ(t, j) ≤ ξ0. In this case, ξ(t, j − 1) < ξ0 and ξ(t, j + 1) ≥ ξ0. _en
w(ξ(t, j)) = e−λ0(ξ(t , j)−ξ0), w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0), and w(ξ(t, j + 1)) = 1.
Hence, we get

A2
w(t, j) = 4d − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 4rψ(ξ(t, j)) + 2r + 2rhU j(t) + 2rhφ(ξ(t, j))

− kφ(ξ(t, j)) − 2rVj(t) − rh( 1 − ψ(ξ(t, j)))

− d(2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> 2d + cλ0 − 4r − k − rh − d(eλ0 + eλ0(ξ(t , j)−ξ0))
≥ cλ0 − 4r − k − rh − d(eλ0 + 1 + e−λ0) + de−λ0 + 2d

> de−λ0 + 2d
> 0.

Case 3: ξ0 < ξ(t, j) ≤ ξ0 + 1. In this case, ξ(t, j − 1) ≤ ξ0 and ξ(t, j + 1) > ξ0. _en
w(ξ(t, j − 1)) = e−λ0(ξ(t , j)−1−ξ0) and w(ξ(t, j)) = w(ξ(t, j + 1)) = 1. _us, we obtain

A2
w(t, j) = 4d − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 4rψ(ξ(t, j)) + 2r + 2rhU j + 2rhφ(ξ(t, j))

− kφ(ξ(t, j)) − 2rVj(t) − rh( 1 − ψ(ξ(t, j)))

− d(2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> 2d − 4r + 2rhφ(ξ0) − k − rh + rhψ(ξ0) − d(e−λ0(ξ(t , j)−1−ξ0) + 1)
> 2d − 4r + 2rhφ(ξ0) − k − rh + rhψ(ξ0) − d(eλ0 + 1)
= N2(ξ0) > 0.

Case 4: ξ(t, j) > ξ0 + 1. In this case, ξ(t, j) > ξ0, ξ(t, j+ 1) > ξ0, and ξ(t, j− 1) > ξ0.
_en w( ξ(t, j)) = w( ξ(t, j − 1)) = w( ξ(t, j + 1)) = 1. Hence, we have

A2
w(t, j) = 4d − c

w′
ξ(ξ(t, j))

w(ξ(t, j)) − 4rψ(ξ(t, j)) + 2r + 2rhU j + 2rhφ(ξ(t, j))

− kφ(ξ(t, j)) − 2rVj(t) − rh( 1 − ψ(ξ(t, j)))

− d(2 + w(ξ(t, j − 1))
w(ξ(t, j)) + w(ξ(t, j + 1))

w(ξ(t, j)) )

> −4r + 2rhφ(ξ0) − k − rh + rhψ(ξ0)
= N2(ξ0) + d(eλ0 + 1) − 2d

> d(eλ0 − 1) > 0.

We can obtain A2
w(t, j) ≥ C2 > 0 by choosing a suitable C2 small enough. _is com-

pletes the proof.
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Lemma 3.5 Assume that (H) holds. For any c > max{c∗ , c̃}, there exist some positive
constants C i such that B i

µ ,w(t, j) ≥ C i , i = 1, 2, for all t > 0, j ∈ Z, and 0 < µ <
mini=1,2{C i}

2 .

Proof _e proof can be easily obtained by Lemma 3.4, so we omit it here.

Next we will give the energy estimates.

Lemma 3.6 Assume that (H) holds and 0 < k < 1 < h. For any c > max{c∗ , c̃}, it
holds

(3.5) ∥U j(t)∥2
l 2w
+ ∥Vj(t)∥2

l 2w
+ ∫

t

0
e−2µ(t−s)(∥U j(s)∥2

l 2w
+ ∥Vj(s)∥2

l 2w
) ds

≤ Ce−2µ t(∥U j0(0)∥2
l 2w
+ ∥Vj0(0)∥2

l 2w
)

for some positive constant C.

Proof Multiplying (3.3) by e2µ tw(ξ(t, j))U j(t) and e2µ tw(ξ(t, j))Vj(t), respec-
tively, where µ > 0 is deûned in Lemma 3.5, we obtain

( 1
2
e2µ tw(ξ(t, j))U2

j (t)) t
− e2µ tw(ξ(t, j))U j(t)(U j+1(t) +U j−1(t))

+ (2 − c
2

w′
ξ(ξ(t, j))

w(ξ(t, j)) − µ − 1 + k + 2φ(ξ(t, j)) − kVj(t) − kψ(ξ(t, j)))

× e2µ tw(ξ(t, j))U2
j (t)

= − e2µ tw(ξ(t, j))U 3
j (t) + kφ(ξ(t, j))e2µ tw(ξ(t, j))U j(t)Vj(t)

(3.6)

and

( 1
2
e2µ tw(ξ(t, j))V 2

j (t)) t
− de2µ tw(ξ(t, j))Vj(t)(Vj+1(t) + Vj−1(t))

+ (2d − c
2

w′
ξ(ξ(t, j))

w(ξ(t, j)) − µ − 2rψ(ξ(t, j)) + r + rhU j(t) + rhφ(ξ(t, j)))

× e2µ tw(ξ(t, j))V 2
j (t)

= re2µ tw(ξ(t, j))V 3
j (t) + rh(1 − ψ(ξ(t, j)))e2µ tw(ξ(t, j))U j(t)Vj(t).

(3.7)

By the Cauchy–Schwarz inequality 2ab ≤ a2 + b2, we obtain

2U j+1(t)U j(t) ≤ U2
j+1(t) +U2

j (t), 2Vj+1(t)Vj(t) ≤ V 2
j+1(t) + V 2

j (t).
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Summing about all j ∈ R for (3.6) and (3.7), then integrating over [0, t], yields

(3.8) e2µ t ∣∣U j(t)∣∣2l 2w

+ ∫
t

0
∑
j
[2(2 − c

2

w′
ξ(ξ(s, j))

w(ξ(s, j)) − µ − 1 + k + 2φ(ξ(s, j))

− kVj(s) − kψ(ξ(s, j)))−w(ξ(s, j + 1))
w(ξ(s, j)) − w(ξ(s, j − 1))

w(ξ(s, j)) − 2]

× e2µsw(ξ(s, j))U2
j (s) ds

≤ ∣∣U j0(0)∣∣2l 2w + k∫
t

0
∑
j
φ(ξ(s, j))e2µsw(ξ(s, j))(U2

j (s) + V 2
j (s)) ds

and

(3.9) e2µ t ∣∣Vj(t)∣∣2l 2w

+ ∫
t

0
∑
j
[2(2d − c

2

w′
ξ(ξ(s, j))

w(ξ(s, j)) − µ − 2rψ(ξ(s, j)) + r + rhU j(s)

+ rhφ(ξ(s, j))) − dw(ξ(s, j + 1))
w(ξ(s, j)) − dw(ξ(s, j − 1))

w(ξ(s, j)) − 2d]

× e2µsw(ξ(s, j))V 2
j (s) ds

≤ ∣∣Vj0(0)∣∣2l 2w + 2r∫
t

0
∑
j
e2µsw(ξ(s, j))Vj(s)V 2

j (s) ds

+ ∫
t

0
∑
j
rh(1 − ψ(ξ(s, j)))e2µsw(ξ(s, j))(U2

j (s) + V 2
j (s)) ds.

Adding the two inequalities (3.8) and (3.9), we have

e2µ t( ∣∣U j(t)∣∣2l 2w + ∣∣Vj(t)∣∣2l 2w)

+ ∫
t

0
∑
j
e2µs(B1

µ ,w(s, j)U2
j (s) + B2

µ ,w(s, j)V 2
j (s))w(ξ(s, j)) ds

≤ ∥U j0(0)∥2
l 2w
+ ∥Vj0(0)∥2

l 2w
,

where B1
µ ,w(t, j) and B2

µ ,w(t, j) are deûned in (3.4). According to Lemma 3.5, we can
obtain (3.5), i.e.,

∥U j(t)∥2
l 2w
+ ∥Vj(t)∥2

l 2w
+ ∫

t

0
e−2µ(t−s)( ∣∣U j(s)∣∣2l 2w + ∣∣Vj(s)∣∣2l 2w) ds

≤ Ce−2µ t( ∣∣U j0(0)∣∣2l 2w + ∣∣Vj0(0)∣∣2l 2w)

for some positive constant C. _is completes the proof.
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Proof of_eorem 2.2 By Sobolev’s embedding inequality, l 2 ↪ l∞ and ∥ ⋅ ∥l 2 ≤
∥ ⋅ ∥l 2w due to w(ξ) ≥ 1 deûned by (2.5), one has

sup
j∈Z

∣U j(t)∣ ≤ C∣∣U j(t)∣∣2l 2 ≤ C∣∣U j(t)∣∣2l 2w ,

sup
j∈Z

∣Vj(t)∣ ≤ C∣∣Vj(t)∣∣2l 2 ≤ C∣∣Vj(t)∣∣2l 2w .

_en we obtain

sup
j∈Z

∣u+j (t) − φ( j + ct)∣ = sup
j∈Z

∣U j(t)∣ ≤ Ce−µ t ,

sup
j∈Z

∣v+j (t) − ψ( j + ct)∣ = sup
j∈Z

∣Vj(t)∣ ≤ Ce−µ t ,

where t > 0. Similarly, we can also have

sup
j∈Z

∣u−j (t) − φ( j + ct)∣ = sup
j∈Z

∣U j(t)∣ ≤ Ce−µ t ,

sup
j∈Z

∣v−j (t) − ψ( j + ct)∣ = sup
j∈Z

∣Vj(t)∣ ≤ Ce−µ t .

_us, in view of the squeezing technique, we have

sup
j∈Z

∣u j(t) − φ( j + ct)∣ ≤ Ce−µ t , t > 0,

sup
j∈Z

∣v j(t) − ψ( j + ct)∣ ≤ Ce−µ t , t > 0.

_is completes the proof of_eorem 2.2.
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