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1. Introduction and terminology. The object of this 
paper is to present resul ts concerning the s t ructure of 
3-connected graphs and of 5-chromatic and 6-chromatic graphs 
and also a theorem on contraction and a theorem of Turan type. 
The Axiom of Choice is assumed. 

A graph r'• a set V(r) whose elements a re called the 
ver t ices of the graph; with each pair of distinct ver t ices a 
and b there is associated a set e ( a , b , r ) ( - e ( b , a , r h 
e (a ,b , r ) ^ V ( r ) = 0 ) whose elements a re called the edges 
joining a and b, e ( a , b , r ) r^ e ( a T , b r , r ) = 0 if { a , b } ^ {a f ,b ! } ; 
the union of all the sets e (a ,b , r ) is denoted by E( r ) , and 
r = V ( r ) ^ E ( r ) . (a,b) denotes an element of e ( a , b , r ) . 
If | e ( a , b , r ) | < l for all a , b € V ( r ) then the graph contains 
no multiple edges. If r and r 1 a re graphs and V(r !)_C V(r ) 
and E ( r r ) C : E ( r ) then r r is called a subgraph of r , 
r 1 C r ; if in addition V ( r ! ) + V( r ) or E( J?1 ) 9* E ( r ) then 
r r will be called a proper subgraph of r , T1 C T . A planar 
graph is a graph which corresponds to a line complex imbedded 
in the plane without intersection of l ines. If W C V(r) then 
r - W will denote the graph obtained from r by deleting all 
ver t ices of W and all edges incident with one or two ver t ices 
of W . The valency of a ver tex is the number of edges incident 
with the ver tex. 

A graph r will be called ^-connected, where X is an 
integer > 1 , if any two ver t ices a and b of T are connected 
by a set of \ (or more) paths of T , any two of which have no 
ver tex other than a and b and no edge in common. (A \ -connec ted 
graph is also ^-connected for 1 < u < \.) For graphs without 
multiple edges this property is by Menger' s theorem equivalent 
to the following: r is connected, | V ( r ) | > k + 1 , and 
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VW[W CV(r) and |w | < X •=>• r-W is connected] [1]. 

If A, B C T , A ^ JÛ , B ^ 0 and A r^B - 0 then a path 

which has one end-vertex in A and the other in B and has no 

other vertex in common with A wB will be called an (A) (B)-

path. 

itW), where W C. V (r) , will denote r - ( r - W) , that 

is to say the subgraph of r generated or spanned by the vertices 

of W . 

((x , x , . . . , x )), where i > 2 , will denote a circuit 
1 2 i ~ 

whose vertices in cyclic order are x j , x , . . . , x . The length 
1 2 l 

of the circuit is i . 

If Y is a path and p, q are vertices of Y then Y[p, q] 

(= Y[q, p]) will denote that part of Y which has p and q as its 

two end-vertices; Y[p, p] = p . 

A complete k-graph or <k> will denote a graph with 

k (> 1) vertices in which each pair of distinct vertices are 

joined by exactly one edge, a <1> is a single vertex. A <k-> 

will denote a <k> with exactly one edge missing. 

A wheel will denote a graph which consists of a circuit 

together with a vertex not belonging to the circuit and joined 

to each vertex of the circuit by at least one edge. 

K or K(x , x , x ;y ,y , . . . ,y.), where i > 3 , will 

denote a graph with the i + 3 vertices x ,x ,x , y , . . . , y 6 1 2 3 y 1 y i 

in which x , x , x^ are each joined to y , . . . , y by exactly 
1 2 3 1 i 

one edge and there are no more edges. K(x , x , x ;y , . . . , y.) 

together with one or more edges joining x and x will be 

denoted by K or K (x , x x ;y , . . . , y.) , K (x , x x ;y . . . , y.) 
1 1 1 2 3 1 l 1 1 2 3 1 l 

together with one or more edges joining x and x will be 

denoted by K or K (x , x , x ;y . . . , y.), and 
2 2 1 2 3 1 i 

K (x , x , x ;y , . . . , y.) together with one or more edges 
^ J. ù D l 1 

1 8 4 
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jo in ing x and x by K or K_(x , x , x ;y . . , y . ) . A K 
3 1 3 3 1 2 3 1 l 

wi th s ix v e r t i c e s i s ca l l ed a K u r a t o w s k i g raph and wi l l be 

denoted by K ; a K. wi th s ix v e r t i c e s wi l l be denoted by 
6 * 

K. for i = 1 , 2 , 3. 
l 

A p r i s m - g r a p h P or P ( x , x , x , y , y , y ) wi l l denote 

a g r a p h c o n s i s t i n g of the two d is jo in t c i r c u i t s ((x , x , x )) and 

( ( y 1 » y 2 » y 3 ) ) t o g e t h e r wi th the edges ( x ^ y ^ * ( x
2

, y 2 ^ ^ X 3 ' y 3 ^ 

((x , x , x )) and ( ( y . > y 9 , y . J ) wi l l be ca l l ed the ends of P . 

If r i s a g r aph then r U wi l l denote a g r aph obta ined 
f r o m r t h r o u g h the p r o c e s s of subdividing e d g e s by i n s e r t i n g 
new v e r t i c e s having va lency 2; the v e r t i c e s having va lency > 3 
in r U wi l l be ca l l ed b r a n c h - v e r t i c e s . F o r conven ience it 
wi l l be a s s u m e d tha t r U i T • <kU> wi l l denote a g raph 
obta ined f r o m a <k> by th i s p r o c e s s , KU(x . x , x :y , . . . , y . ) 

1 2 3 1 l 
a g r aph so ob ta ined f rom K(x , x , x ;y , . . . , y ). A path of 

1 2 3 1 l 
TU connec t ing two b r a n c h - v e r t i c e s wi l l be c a l l e d a r i b . 

If r , . . . , r a r e mutua l ly d is jo in t connec ted g r a p h s 

e a c h of which c o n t a i n s a t l e a s t t h r e e v e r t i c e s , then any g r a p h 
c o n s t r u c t e d f r o m t h e m by the following p r o c e d u r e wi l l be c a l l e d 
a cockade c o m p o s e d of T > • • • > T : an edge (a , b ) of T 

I n 1 1 1 

and an edge (a , b ) of r a r e s e l ec t ed , a i s ident i f ied wi th 

a , b wi th b , and (a , b ) with (a , b ); if n > 2 an edge 
C \ C J. J. ù C* 

( a , b ) of the r e s u l t i n g g raph and an edge (a , b ) of r a r e 

s e l ec t ed , a is ident i f ied with a , b with b , and (a, b) 

wi th (a , b ); and so on with r , . . . , T • 

2. The 3 -connec ted g r a p h s which do not conta in two 
d is jo in t c i r c u i t s . Recen t ly K. C o r r â d i and A. Hajnal have 
p roved tha t if a finite g raph without mu l t i p l e edges has at l e a s t 
3k v e r t i c e s and e a c h v e r t e x has va lency > 2k, w h e r e k is an 
i n t e g e r > 1 , then the g raph con ta ins k (or m o r e ) mu tua l l y 
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dis jo in t c i r c u i t s [2] . P . E r d o s and the w r i t e r have 
p roved tha t (a) if the n u m b e r of v e r t i c e s i s a t l e a s t 6, a l l 

v e r t i c e s have v a l e n c y > 3, and at l e a s t four v e r t i c e s have 
va l ency > 4, then the g r a p h con t a in s two d i s jo in t c i r c u i t s , 
(b) for k > 3, if the n u m b e r of v e r t i c e s having v a l e n c y > 2k 
e x c e e d s the n u m b e r having va l ency < 2k - 2 by at l e a s t 

2 ~" 
k + 2k - 4 , then the g r a p h c o n t a i n s k (or m o r e ) m u t u a l l y 
d i s jo in t c i r c u i t s [3] . T h e s e r e s u l t s sugges t the q u e s t i o n , — 
which ( 2 k - 1 ) - c o n n e c t e d g r a p h s do not con ta in k m u t u a l l y 
d i s jo in t c i r c u i t s ? Th i s ques t i on wi l l h e r e be a n s w e r e d for 
the c a s e k = 2, g r a p h s wi th m u l t i p l e e d g e s be ing a l lowed . 

T H E O R E M 1. The only 3 - c o n n e c t e d g r a p h s wi th a t l e a s t 
four v e r t i c e s which do not con ta in two d i s jo in t c i r c u i t s a r e the 
<4>f s, the <4>f s wi th add i t i ona l e d g e s wh ich a r e e i t h e r a l l 
inc iden t wi th the s a m e v e r t e x , or wi th two of t h r e e v e r t i c e s 
(so tha t the four th v e r t e x h a s v a l e n c y 3), the <5> ! s , the 
<5 -> ! s , the <5-> f s wi th add i t i ona l e d g e s jo in ing v e r t i c e s 
having v a l e n c y 4 in the <5-> , the w h e e l s , the K1 s , the 
K f s , the K f s and the K T s . 

Proof . The t h e o r e m can e a s i l y be v e r i f i e d for g r a p h s 
having fewer than s ix v e r t i c e s . The proof for g r a p h s wi th at 
l e a s t s ix v e r t i c e s fo l lows . 

The following r e s u l t i s a s p e c i a l c a s e of an e x t e n s i o n of 
M e n g e r 1 s T h e o r e m p roved by the w r i t e r [4] : 

If r i s a \ - c o n n e c t e d g r a p h , a* V ( r ) , A C r , a /£ A 
and A con ta in s a t l e a s t X v e r t i c e s , then T c o n t a i n s 
X (a ) (A) -pa ths any two of which have only a in c o m m o n . 

The next s t ep i s to p rove tha t 

6 
If a 3 - connec t ed g r a p h con t a in s a K U then it c o n t a i n s 

two d is jo in t c i r c u i t s . 

Procjf. Le t r denote the g r a p h and K = K U(x , x , x ; 
6 

Y A > Y?* Yo) a K U con ta ined in r . F o r 1 <_ i , j < 3 le t L... 

denote the r i b of K . which c o n n e c t s x and y , the no ta t ion 
0 i j 
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being c h o s e n so tha t L con t a in s m o r e than two v e r t i c e s , 
11 

and le t a denote a v e r t e x in L - x -y . By (1) r con t a in s 
11 1 1 

a t l e a s t t h r e e (a)(K - a ) - p a t h s any two of which have only a 

in c o m m o n , so it con t a in s one to which n e i t h e r of the two 
n e i g h b o u r s of a in K be long , L say . Le t b denote the 

e n d - v e r t e x of L o the r than a. T h e r e a r e four a l t e r n a t i v e s : 
(i) b e L (ii) b /è L. , b i s a b r a n c h v e r t e x of K , 

1 1 1 1 0 
(ii i) bjÉ L . b i s an i n t e r m e d i a t e v e r t e x of a r i b of K 

11 0 
inc iden t wi th x , or wi th y . (iv) b i s an i n t e r m e d i a t e v e r t e x 

1 1 
of a r i b of K^ inc ident n e i t h e r wi th x j n o r wi th y . T h e s e 

0 1 1 
a l t e r n a t i v e s wi l l be c o n s i d e r e d in t u r n . 

If (i) i s the c a s e then T con t a in s the two d i s jo in t c i r c u i t s 
L w L [ a , b ] and L w L KJ L W L . If (ii) i s the c a s e 

then it m a y be a s s u m e d that b = x , in which c a s e F c o n t a i n s 
the two d i s jo in t c i r c u i t s L ^ L w L [a , y ] and 

L , , u L w L w L l A , If ( i i i ) , i s the c a s e then it m a y be 
12 32 33 13 v y 

a s s u m e d tha t b € JL , in which c a s e r con t a in s the two 
12 

d i s jo in t c i r c u i t s L W L , _ [ x i , b l w L , Tx , a] and 
12 1 11 1 

L W L W L ^ W L ^ . If (iv) i s the c a s e then it m a y be 
22 32 33 23 y 

a s s u m e d tha t b € L , in which c a s e r con t a in s the two 
£* tit 

i ndependen t c i r c u i t s L w L J x . b l u L J w L J J y ., a ] and 
22 2 21 11 1 

L w L v^ L v^ L 
12 32 33 13 

So in e a c h c a s e r con ta ins two d i s jo in t c i r c u i t s . T h i s 
p r o v e s (2). 

If a 3 - c o n n e c t e d g raph con t a in s a <5U> then it con ta in s 
two d is jo in t c i r c u i t s . • • 

Proof . Le t r denote the g raph , le t A denote a <5U> 
con ta ined in T whose b r a n c h v e r t i c e s a r e w .w , w , w ,w 

1 c. 5 4 b 
and for 1 < i + j < 5 let W ( = W ) denote the r i b of O. 

187 

https://doi.org/10.4153/CMB-1963-019-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-019-5


connectine w and w , the notation being chosen so that W 
i j 12 

contains more than two ve r t i ces , and let a denote an inter­
mediate ver tex of W . By (1) r contains at least three 

12 
(a ) ( i \ - a ) -pa ths any two of which have only a in common, 
so it contains one to which neither of the two neighbours of 
a in fl bel ong, W say. Let b denote the end-ver tex of 
W different from a . There are four a l ternat ives : 
(i) b e W , (ii) b fc W , b is a b ranch-ver tex of -ft , 

12 12 
(iii) b 4 W , b is an intermediate ver tex of a rib of fl 

incident with w or with w , (iv) b is an intermediate 

ver tex of a rib of J~L incident neither with w nor with w . 
1 2 

These four a l ternat ives will be considered in turn. 

If (i) is the case then r contains the two disjoint c i rcui ts 
WWW' [a ,b] and W„ A w W„_ w Wr . If (ii) is the case then 

12L J 34 45 53 
it may be assumed that b=w , in which case r contains the 

two disjoint c i rcui ts W u W ^ ^ W ^ f a j W J and W A w W W W 
23 12L 2J 14 45 51 

If (iii) is the case then it may be assumed that b € W , in which 
case r contains the two disjoint c i rcui ts W w W [b,w ] KJ 

W [w ,a ] and W wW WW . If (iv) is the case then it 

may be assumed that b € W^ , in which case r contains the 
34 

two disjoint c i rcui ts W w W _ [ b , w J u W ^ w W Ta,w 1 and J 34L 3 J 23 12L 2J 

W w W w W . 
14 45 51 

So in each case T contains two disjoint c i rcu i t s , and (3) 
is proved. 

If a 3-connected graph contains at least six ve r t i ces and 
a <5> then it contains two disjoint c i rcui ts . . . . (4) 

Proof. Let T denote the graph, let (£) denote a <5> 
with ver t ices f .f , . . . , f contained in T, and let f denote 

1 2 5 
a ver tex of r which does not belong to $ . By (1) r contains 
three (f)((£)) -paths any two of which have only f in common, 
let F , F , F denote three such paths, the notation being 
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c h o s e n so tha t f , f , f , r e s p e c t i v e l y , a r e t h e i r e n d - v e r t i c e s . 

Then r c o n t a i n s the two d is jo in t c i r c u i t s F w F ^J (f , f ) 
J 1 2 v 1 2 ; 

and ((f f f )). T h i s p r o v e s (4). 
3 4 5 

The only p l ana r 3 -connec t ed g r a p h s wi th m o r e than five 
v e r t i c e s which do not con ta in two d i s jo in t c i r c u i t s a r e the 
w h e e l s . . . . (5) 

Proof . Le t r denote a p l ana r 3 - c o n n e c t e d g r a p h wi th 
m o r e than five v e r t i c e s which does not con ta in two d i s jo in t 
c i r c u i t s . 

F c o n t a i n s a <4U> . F o r le t a denote a v e r t e x of F , 
r - a c o n t a i n s at l e a s t five v e r t i c e s , by (4) r does not con ta in 
a <5> , t h e r e f o r e r - a con ta ins two v e r t i c e s not jo ined by an 
edge , b and c say . r - a is 2 - c o n n e c t e d b e c a u s e F is 
3 - connec t ed , so F - a con ta ins two (b) (c ) -pa ths which have 
only b and c in c o m m o n . Two such pa ths t o g e t h e r cons t i t u t e 
a c i r c u i t C wi th at l e a s t four v e r t i c e s . By (1) r con ta in s 
t h r e e (a)(C)-paths any two of which have only a in c o m m o n . 
T h e s e and C t o g e t h e r cons t i t u t e a <4U> . (This is t r u e 
w h e t h e r F i s p l a n a r or not. ) 

Suppose tha t © i s a <4U> con ta ined in F • If g € V( r ) 
and g/É © then by (1) r con t a in s t h r e e (g) (©)-pa ths any two of 
which have only g in c o m m o n , if G , G and G a r e any 

t h r e e such ( g ) ( 0 ) - p a t h s , then the e n d - v e r t i c e s of G , G , G 

be longing to © a r e b r a n c h - v e r t i c e s of © . . F o r let f , f , f , f s & 1 2 3 4 

denote the b r a n c h - v e r t i c e s of © , F . the r i b of © which 

c o n n e c t s f. and f. (1 < i f j < 4 , F . . = F . . ) , gt , g_, g0 the 
i J - - ij Ji 1 2 3 

e n d - v e r t i c e s of G , G , G be longing to 0 , r e s p e c t i v e l y , 

and a s s u m e tha t g and f a r e s e p a r a t e d by the c i r c u i t 

F u F w F . If at m o s t one of g.>g~>g~ i s a b r a n c h -
12 23 31 1 2 3 

v e r t e x of © then it m a y be supposed that gA e F ^ - f - f 
7 1 1 2 1 2 

and g e F - f - f , in which c a s e T con ta ins the two 5 2 23 2 3 
d i s jo in t c i r c u i t s G ^J Q \J F [f?, g ] w F ^ [f , g ] and 
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F w F w F contrary to hypothesis. If two of g ,g . g 
13 34 41 1 2 3 

are branch-vertices of © and one is not then it may be 

supposed that f = g and f = g and either g e F - f - f 

or g3 c F " f
2 " f

3 • T h e n i f ê3
 e F

1 2 "
 f i " f2 F c o n t a i n s 

the two disjoint circuits G ^ F [f , g ] w G and F w 

F w F , and if g e F - f - f then r contains the 
34 42 ë3 23 2 3 

two disjoint circuits G w F [f , g ] w G and ^ w F W 

F , which is contrary to the hypothesis that r does not 
41 

contain two disjoint circuits. So the three end-vertices of 

G ,G_,G are branch-vertices of © . 
^ 2 3 

Since © is a <4U> the notation may be chosen so that 

F contains at least one vertex besides f and f , f say. 
12 1 2 5 y 

By (1) r contains three (f )(©-f )-paths any two of which have 
5 5 

only f in common, so it contains one to which neither of the 
5 

two neighbours of f in © belong. Let F denote such a path 
5 

and f the end-vertex of F different from f . f = f or 

f = f , for otherwise, since f fc F^A - f - f because r is 
4 34 3 4 

planar, it may be assumed without loss of generality that 

f € F, 0 or f e F , - f - f ; if f € F ^ then it may be 
12 13 1 3 12 

assumed without loss of generality that f ^ f , in which case 

r contains the two disjoint circuits F w F [f ,f] and 

F j o ^ F , , w F^ A contrary to hypothesis; i f f e F - f - f 
13 34 41 ; 13 1 3 

then r contains the two disjoint circuits F w F Tf , f 1 w 
J 13L 1 J 

F Tf , f ] and F ^ ^ F „ „ ^FA^ contrary to hypothesis. 
12 1 5 23 34 42 

Therefore f = f or f = f . Suppose that f = f.. F contains only 
3 4 * ^ 4 

one edge. For suppose on the contrary that f is an inter­

mediate vertex of F. By (1) r contains three (f )(© w F - f ) 

paths any two of which have only V in common, so it contains 

one to which neither of the two neighbours of f! in F belong, 

E say. Let e denote the end-vertex of E different from f . 

The following four alternatives have to be distinguished: 
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(i) ee F, e i f̂  (ii) e = f̂  (iii) e € F ^ , y - ^ , 

(iv) e e F , - f - f . If (i) holds then f contains the two 
14 1 4 

disjoint circuits E w F [ e , f ! ] and F
n

 w F
u
 u F , • W (ii) 

holds then r contains the two disjoint circuits E ^ F [ e , f ] 

and F, , , u F ^ u F ^ . If (iii) holds then r contains the two 
12 23 31 

disjoint circuits E w F^ [e, f ] W F[f' , f ] and F . w F_ . ^ F . 
12 5 5 23 34 42 

If (iv) holds then r contains the two disjoint circuits 

E w F [e,f ] w F J f ,f ] wF[f! ,f 1 and F _ w F w F 
14 L 1 J 1 2 L 1 5 J L 5J 23 34 42 

But by hypothesis r does not contain two disjoint circuits, so 

F contains only one edge. By symmetry F . F^ . F 
t> 14 24 34 

contain only one edge. 

Every vertex of T belongs to @ . For suppose on the 

contrary that c e V(r) and c 4 © . There are two alternatives 

to consider: (i) c and f are separated by the circuit 

F w F \J F (ii) (i) is not the case and c and f are 
J. C* C* -D J J. £> 

separated by the circuit F, „ w F ^ w F o . If (i) holds then r 
14 43 31 

contains three (c)(©)-paths G , G , G , any two of which have 
1 2 3 

only c in common, and the notation can be chosen so that 
f , f , f , respectively, are their end-vertices. T then 

contains the two disjoint circuits G ^G^ w F ^ and J 1 3 13 

F w F ^JF ?[f?»f ]• If (ii) holds then r contains three 

(c)(©)-paths G1 , G1 , G* any two of which have only c in 

common, and the notation can be chosen so that f , f ,f , 
1 3 4 

respectively, are their end-vertices, r then contains the 
two disjoint circuits G1 wG' w F ^ and F„ A w F w F Tf , f ] . 

1 3 13 24 12 2 5 
But by hypothesis T does not contain two disjoint circuits, so 

every vertex of T belongs to © . 

© contains one or more vertices other than f , f , f , f , f 
1 2 3 4 5 

because |V( r ) | > 6. They all belong to F KjF
?o ^F^A 

because F , F , F , and F contain only one edge. Each 
14 24 34 > B 
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of t h e m i s j o i n e d t o f . F o r l e t f, d e n o t e s u c h a v e r t e x , i t J 4 6 

m a y b e a s s u m e d t h a t f e F , t h e n f i s j o i n e d t o f o r t o 
6 13 6 4 

f by w h a t w a s s a i d a b o v e , b u t if (f , f ) e p t h e n F c o n t a i n s 
Z Z 6 

t h e t w o d i s j o i n t c i r c u i t s F Tf , f 1 w F ^ „ w (f , f ) a n d J 13 L 3 6 J 23 v Z 6 

F ïî , f " j w F v ^ F c o n t r a r y t o h y p o t h e s i s , s o (f , f W r 
1ZL l 5 J 14 y y ^ K Z 6 

a n d (f , f. ) e r . r c o n t a i n s n o e d g e w h i c h j o i n s t w o v e r t i c e s 4 6 & J 

of F ^ w F w F 0 , b u t d o e s n o t b e l o n g t o F w F „ w F 
1Z Z3 31 ë 1Z Z3 31 

F o r F w F ^ ^ w F c o n t a i n s a t l e a s t f i v e v e r t i c e s a n d e a c h 
1Z Z3 31 

of t h e m i s j o i n e d t o f , a n d T d o e s n o t c o n t a i n t w o d i s j o i n t 

c i r c u i t s . (5) i s n o w p r o v e d . 

T h e g r a p h w h i c h c o n s i s t s of a K (x , x , x ;y , y , y ) 

t o g e t h e r w i t h a n e d g e w h i c h d o e s n o t b e l o n g to t h e K a n d 

j o i n s e . g. x a n d y c o n t a i n s t h e t w o d i s j o i n t c i r c u i t s 

( ( x
1 » y 1 ) ) a n d ^ x 2 , y z , x 3 ' y 3 ) ) ' * * ( 6 ) 

6 
K ( x , x , x ;y , y 3 y ) w (x , x ) w ( y , y ) c o n t a i n s t h e t w o V 1 Z 3 y l y Z y 3 1 2 M V 

d i s j o i n t c i r c u i t s ( (x , X 2 > Y 3 ) ) a n d ^ y 4 , y
2

, X ^ ^ • • • ( 7 ) 

K ( x , x , x ;y , y , y , y ) KJ (y , y ) c o n t a i n s t h e t w o d i s j o i n t v 1 Z 3 y l y Z y 3 y 4 ; v y l y 4 ' J 

c i r c u i t s ( ( x , y , y )) a n d ( ( x ^ , y ? , x , y )) . . . ( 8 ) 

If e a c h of t h e v e r t i c e s x , x , x . x i s j o i n e d t o e a c h of t h e 
1 Z 3 4 J 

v e r t i c e s y , y , y , y t h e n t h e g r a p h c o n t a i n s t h e t w o d i s j o i n t 

c i r c u i t s ( (x , y , x , y )) a n d ( (x , y , x , y )) - . . ( 9 ) 
1 1 2 - 2 3 3 4 4 

T o c o m p l e t e t h e p r o o f of T h e o r e m 1 l e t r d e n o t e a 3 -

c o n n e c t e d g r a p h w h i c h h a s a t l e a s t s i x v e r t i c e s a n d d o e s n o t 

c o n t a i n t w o d i s j o i n t c i r c u i t s . If r i s p l a n a r t h e n r i s a w h e e l 

by (5 ) . S u p p o s e t h a t r i s n o t p l a n a r . T h e n by K u r a t o w s k i ' s 

t h e o r e m a n d ( 2 ) , (3) a n d (4) r c o n t a i n s a K =K (x , x , x ;y , y , y ), 

w h e r e b y (7) t h e n o t a t i o n c a n b e c h o s e n s o t h a t n o t w o of 

y , y , y a r e j o i n e d b y a n e d g e . If | V ( r ) | = 6 t h e n i t f o l l o w s 

f r o m (6) t h a t r i s a K o r a K o r a K o r a K 
1 Z 3 
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Suppose that | V ( r ) | >; 7 and le t z denote a v e r t e x of r 
d i f ferent f r om x , x , x ,y , y y B y ( l ) T c o n t a i n s t h r e e 

(z)(K ) -pa ths Z , Z , Z , any two of which have only z in 

c o m m o n . If e. g. Z i h a s x and Z has y a s e n d - v e r t e x 
6 6 1 

then (K - ( x ,y )) v^ Z , w Z_ is a K U , which is not the c a s e 
1 1 1 2 

by (2); t h e r e f o r e , s ince no two of y .y , y a r e jo ined by an 

edge , it m a y be a s s u m e d that Z ,Z ,Z have x , x , x 
1 2 3 1 2 3 

r e s p e c t i v e l y a s e n d - v e r t i c e s . Z , Z , Z conta in only one 
1 2 3 

edge e a c h , for o t h e r w i s e r would conta in a K U(x , x , x , v , v • 
v 1 2 3 y l y 2 

c o n t r a r y to (2). By (8) e(y , z , r ) = e{y , z, r ) = e(y , z , r ) = 0 . 

S o i f | V ( r ) | = 7 then r = K(x , x , x ;y y , y z) or 
\ L, J X C, Ô 

r = K l ( X l ' X 2 , X 3 ; y i ' y 2 ' y 3 , Z ) ° r r = K 2 ( X r X 2 ' X 3 ; y r y 2 , y 3 î Z ) 

o r r = K 3 ( x 1 , x 2 > x 3 ; y 1 , y , y , z). If | V ( r ) ! > 8 then let u 
denote any v e r t e x of T d i f ferent f rom x , x , x ,y ,y , v , z . y 1 2 3 y l y 2 y 3 
By what h a s j u s t been sa id (with u in p lace of z) and by 
(6), (7), (8) and (9) u i s jo ined to e a c h of x , x , x by 

exac t ly one edge and u i s not jo ined to y , y , y , z. It fol lows 

by (6), (8) and (9) tha t r i s a K or a K or a K or a K . 

The proof of T h e o r e m 1 i s now c o m p l e t e . 

3. A p r o p e r t y of \ - c o n n e c t e d g r a p h s . The following 
two t h e o r e m s c l a r i fy the s t r u c t u r e of \ - c o n n e c t e d g r a p h s wi th 
m o r e than \ v e r t i c e s . 

T H E O R E M 2. If r i s a \ - c o n n e c t e d g r a p h with m o r e 
than \ v e r t i c e s and wi th s o m e mul t ip l e e d g e s then the g r aph 
without m u l t i p l e e d g e s ob ta ined f rom r by de le t ing a l l but one 
of e a c h set of m u l t i p l e e d g e s i s X-connec ted . 

T h e o r e m 2 i s c l e a r l y equ iva len t to 

T H E O R E M 2f . If r i s a K-connec ted g r a p h wi th m o r e 
than \ v e r t i c e s then any two v e r t i c e s a and b of \ a r e 
connec t ed by X (a ) (b ) -pa ths con ta ined in r and such tha t any 
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two of t h e m have no v e r t e x o t h e r than a and b and no edge in 

c o m m o n and a l l o r a l l but one con ta in m o r e than one e d g e . 

Note c o n c e r n i n g T h e o r e m 2' . If | e ( a , b , r ) | < 1 then the 
e x i s t e n c e of such a se t of p a t h s in r fo l lows f r o m the def in i t ion 
of X - c o n n e c t e d n e s s . 

P roo f of T h e o r e m 2' . E a c h v e r t e x of r i s j o ined to at 
l e a s t X. d i f fe ren t v e r t i c e s of r . F o r le t x deno te a v e r t e x 
of r . If x i s j o ined to a l l the o t h e r v e r t i c e s then the 
a s s e r t i o n is t r u e b e c a u s e | V ( r ) | > X + 1; if x i s not j o i n e d 
to the v e r t e x y then r c o n t a i n s X (x ) (y ) -pa ths any two of 
which have only x and y in c o m m o n and e a c h of wh ich 
c o n t a i n s t h r e e o r m o r e v e r t i c e s , so aga in the a s s e r t i o n i s t r u e . 
It fol lows tha t a i s j o ined to at l e a s t X - l v e r t i c e s o t h e r than b . 
Let a , . . . , a deno te v e r t i c e s d i f fe ren t f r o m b to wh ich a 

1 X - l 
is j o ined . By (1) r c o n t a i n s \ ( b ) ( { a , a , . . . , a } )- p a t h s 

1 X - l 
any two of which have only b in c o m m o n . T h e s e t o g e t h e r wi th 
a and the e d g e s (a, a ), (a, a ), . . . , (a, a ) c o n s t i t u t e X 

1 2 X - l 
( a ) (b ) -pa th s wi th the r e q u i r e d p r o p e r t i e s . 

4. P - s and P U - s in g r a p h s . 

T H E O R E M 3. If a 3 - c o n n e c t e d g r a p h h a s at l e a s t s ix v e r t i c e s 
and is n e i t h e r a K n o r a K n o r a K n o r a K n o r a w h e e l 

1 2 3 
nor ob ta inab le f r o m a K, K , K , K or a whee l by dup l i ca t i ng 

e d g e s a l r e a d y p r e s e n t , then c o r r e s p o n d i n g to any two v e r t i c e s 
of the g r a p h t h e r e is a P o r a PU con t a ined in the g r a p h 
such tha t e i t h e r both the v e r t i c e s be long to the s a m e end of the 
P o r PU , or one b e l o n g s to one end and one to the o t h e r . 

Proof . Le t a and b deno te two a r b i t r a r y v e r t i c e s of 
the g r a p h , and if the g r a p h h a s no m u l t i p l e e d g e s then let r 
denote the g r a p h whi le if the g r a p h h a s m u l t i p l e e d g e s then let 
r denote the g r a p h wi thout m u l t i p l e e d g e s ob ta ined f r o m it by 
de l e t ing a l l but one of e a c h se t of m u l t i p l e e d g e s ; by T h e o r e m 2 
r i s a 3 - c o n n e c t e d g r a p h wi thout m u l t i p l e e d g e s . r i s not 
i s o m o r p h i c to any of the g r a p h s m e n t i o n e d in T h e o r e m 1, 
t h e r e f o r e by T h e o r e m 1 r c o n t a i n s two d i s jo in t c i r c u i t s , 
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C and C say, each of which contains three or more ver t ices 

because r contains no multiple edges. 

r contains two disjoint circui ts whose union contains a 
and b. Proof: to see that r contains two disjoint circui ts 
whose union contains at least one of a ,b suppose that 
a , b £ C ,C . By (1) r contains three (a)(C ^J C )-paths 

1 2 1 2 
Y , Y , Y any two of which have only a in common; let 

1 2 3 y 7 

y >Y >Y<2> respectively, denote their end-vert ices other than 

a. The notation can be chosen so that y , y e C . Let the 
yl 2 1 

union of Y and Y_ and one of the two a rc s of C connecting 
1 2 1 

v and y be denoted by C! . C1 is a circuit containing a , y l y2 y 1 1 ^ 
and C1 n C = 0 . To see that r contains two disjoint circui ts 

whose union contains a and b suppose that b 4 C\ ^ C . 
1 2 

By (1) r contains three (b)(C! w C )-paths Z ,Z ,Z any 

two of which have only b in common; let z , z , z , 
respectively, denote their end-vert ices other than b. If at 
least two of z , z , z^ belong to C then let the notation be 

1 2 3 * 2 
chosen so that z , z € C . Let the union of Z J and Z^ and 

1 2 2 1 2 

one of the two a r c s of C connecting z and z be denoted 

by C*. C! is a circuit containing b, and C! r^ C* = 0 , so 

C' and C' a re two disjoint circuits in T whose union contains 

a and b. The remaining alternative is that at least two of 
z , z . z^ belong to C1 . In that case let the notation be chosen 

1 2 3 s 1 
so that z , z € C1 , and let the union of Z and Z^ and an 

1 2 1 1 2 
arc of C! connecting z and z and containing a be denoted 

by Cn . CM is a circuit containing a and b, and Cn r\ C = 0. 
1 1 1 2 

The asser t ion is thereby proved. 

The following resul t is a special case of an extension of 
Menger* s Theorem [4]: 

If r is a \-connected graph and A C T , B C r , 
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IV(A) | > X, | V(B) | > X and A r\ B = 0 then r c o n t a i n s X. or 

m o r e mu tua l ly d i s jo in t (A) (B) -pa ths . . . . 

To c o m p l e t e the proof of T h e o r e m 3, let C and C be 
two d is jo in t c i r c u i t s con ta ined in T such tha t a , b € C w C1 . 
| V(C) | >, 3 and | V(C f ) | > 3 b e c a u s e r c o n t a i n s no m u l t i p l e 
e d g e s . T h e r e f o r e by (10) wi th \ = 3, r con ta in s t h r e e m u t u a l l y 
d is jo in t ( C ) ( C ) - p a t h s . T h e s e C and C t o g e t h e r cons t i t u t e 
a P o r PU with C and C1 a s i t s two e n d s . T h e o r e m 3 is 
t h e r e b y p roved . 

T H E O R E M 4. A finite g r aph with at l e a s t t h r e e v e r t i c e s 
which con ta ins n e i t h e r a P no r a PU is e i t h e r a <3> ,<4> ,<5> , 
K or whee l , or a < 3 > , < 4 > , < 5 > , K or w h e e l wi th s o m e or a l l 

edges dup l ica ted an a r b i t r a r y n u m b e r of t i m e s , or a cockade 
c o m p o s e d of such g r a p h s , or e l s e it can be obta ined f r o m a 
g raph coming under one of t h e s e c a t e g o r i e s by de le t ing e d g e s . 

P roof by induct ion over the n u m b e r of v e r t i c e s . The 
t h e o r e m is obvious ly t r u e for g r a p h s wi th fewer than s ix v e r t i c e s . 
Le t r denote a finite g r a p h wi th at l e a s t s ix v e r t i c e s which 
con t a in s n e i t h e r a P no r a PU , and suppose tha t the t h e o r e m 

is t r u e for g r a p h s which have fewer v e r t i c e s than r . Let r 

denote a g r aph with the following p r o p e r t i e s : V ( r ) = V ( r ) , 

r c r , r con ta ins n e i t h e r a P no r a PU , if a and b a r e 

any two v e r t i c e s of T not jo ined by an edge in T then 

r w ( a , b ) c o n t a i n s a P o r a PU; r = T p o s s i b l y , and if 
+ + 

r i r then r can be ob ta ined f r o m r by de l e t i ng e d g e s . 

T is 2 - c o n n e c t e d . P roof (by r e d u c t i o ad a b s u r d u m ) : 

Suppose that T i s not 2 - c o n n e c t e d . r i s obv ious ly connec t ed . 
T h e r e f o r e , s ince | V ( r ) | > 6, by T h e o r e m 2 and M e n g e r ' s 

T h e o r e m r con t a in s a c u t - v e r t e x , c say. It fol lows tha t 

T =rl^rl{, w h e r e | V ( r T ) | > 2 and | V ( r " ) | > 2 and 

p ' r\ r ' 1 = c . Let a' and a " , r e s p e c t i v e l y , denote v e r t i c e s 

of r 1 and r " jo ined to c . (a ! , a11) JL T , t h e r e f o r e 
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r w ( a ! , a11) con t a in s a P or a PU , P say, to which 
o 

(a* , a11) b e l o n g s . The b r a n c h v e r t i c e s of P e i t h e r a l l belong 
o 

to r ! or a l l belong to Tn b e c a u s e a P is 3 -connec ted . 
Suppose tha t the b r a n c h - v e r t i c e s of P a l l belong to r f • 

o 
Then one of the r i b s of P inc ludes (a1 , a n ) and an 

o 
( a u ) ( c ) - p a t h Y belonging to Tu- It fol lows that (af , c) /É P , 
b e c a u s e if two r i b s jo in the s a m e pa i r of b r a n c h - v e r t i c e s then 
at l e a s t one of t h e m p a s s e s th rough a t h i r d b r a n c h - v e r t e x but 
a l l b r a n c h - v e r t i c e s of P belong to r 1 • Since (a1 , c) /k P 

o o 
and a l l b r a n c h - v e r t i c e s of P belong to r ' , the g raph 

ob ta ined f rom P th rough r e p l a c i n g ( a ' , a t l ) w Y by ( a ' , c ) 
o 

i s a P o r a PU con ta ined in r ' , and t h e r e f o r e in T . 

T h i s c o n t r a d i c t s the defini t ion of r , t h e r e f o r e r is 
2 - c o n n e c t e d . 

If r i s 3 -connec ted then by T h e o r e m 3 r i s e i t h e r a 
<4> ,<5> ,K or whee l , or a <4> ,<5> ,K or whee l with s o m e 

or a l l edges dup l ica ted , so T h e o r e m 4 i s t r u e for r • Suppose 

in what follows that r is not 3 -connec ted . Then by T h e o r e m 2 

and Menger 1 s T h e o r e m T con ta ins two v e r t i c e s a and b 

such tha t r - a - b is d i s connec t ed . Since r is 2 - c o n n e c t e d 

it fol lows tha t r =T ^ T , w h e r e | V ( r ) | > 3 , | V ( r ) | ^ 3 , 

and V ( r r^ r ) = { a, b} . a and b a r e jo ined by at l e a s t one 

edge in r • P roof (by r e d u c t i o ad a b s u r d u m ) : If ( a , b ) ^ r then 

r w ( a , b ) con ta ins a P o r a PU, P say, to which ( a , b ) 

b e l o n g s . The b r a n c h - v e r t i c e s of P e i t h e r a l l be long to T 

or a l l be long to r b e c a u s e a P is 3 -connec ted . Suppose that 

the b r a n c h v e r t i c e s of P a l l be long to r . It fol lows that 

P , ^ ( r ^ - a - b ) = jZ) b e c a u s e ( a , b ) € P . Let d denote a v e r t e x 
1 2 1 

of T - a - b ( ^ 0 ) . By (1) T con ta ins an (a) (d)-path and a (b)(d)-

pa th which have only d in c o m m o n , le t Z denote the union 
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of t h e s e two p a t h s . Since P r\(r - a - b ) = 0 the g r a p h ob ta ined 

f r o m P th rough r e p l a c i n g ( a , b ) by Z is a PU con ta ined in 

F • This c o n t r a d i c t s the def ini t ion of r , so a and b a r e 

jo ined by at l e a s t one edge in T - It m a y t h e r e f o r e be a s s u m e d 
that ( a , b ) e T ^ L . F r o m th i s and the induct ion h y p o t h e s i s 

it fol lows tha t T h e o r e m 4 i s t r u e for r . The t h e o r e m is 
t h e r e f o r e p roved . 

R e m a r k c o n c e r n i n g T h e o r e m 4. Not e v e r y cockade 
c o m p o s e d of the g r a p h s d e s c r i b e d in T h e o r e m 4 h a s the p r o p e r t y 
that if two independent v e r t i c e s a r e jo ined by an edge then the 
r e s u l t i n g g raph con ta ins a P o r a PUi 

T H E O R E M 5. (a) If a p l a n a r g r aph wi th at l e a s t s ix 
v e r t i c e s is 3 - c o n n e c t e d and is n e i t h e r a w h e e l nor ob ta inab le 
f rom a whee l by dup l ica t ing e d g e s , then c o r r e s p o n d i n g to any 
two v e r t i c e s t h e r e is a P or PU con ta ined in the g r a p h such 
that the union of i t s two ends i nc ludes the two v e r t i c e s , 
(b) If a p l a n a r g r a p h with at l e a s t s ix v e r t i c e s h a s no m u l t i p l e 
edges and t r i a n g u l a t e s the whole p l ane , then c o r r e s p o n d i n g to 
any two c i r c u i t s , in p a r t i c u l a r c o r r e s p o n d i n g to any two d i s jo in t 
<3>- s , t h e r e i s a P or a PU con ta ined in the g r a p h which 
h a s the two c i r c u i t s a s i t s e n d s . 

Proof, (a) fol lows f r o m T h e o r e m 3 b e c a u s e a K i s not 
p l a n a r , (b) fol lows f rom (10) wi th X. ~ 3 p rov ided the g r a p h 
is 3 - connec t ed . Now a g r a p h which t r i a n g u l a t e s the whole p lane 
and con ta ins at l e a s t s ix v e r t i c e s i s obvious ly 2 - c o n n e c t e d , and 
if it is not 3 - c o n n e c t e d then it con t a in s a c u t - s e t { a , b } , and 
s ince the g raph t r i a n g u l a t e s the whole p lane it fol lows tha t 
| e ( a , b ) | > 2, which is c o n t r a r y to h y p o t h e s i s ; t h e r e f o r e 
T h e o r e m 5 i s p roved . 

6 6 
5. A t h e o r e m of T u r a n type c o n c e r n i n g K - s , K U - s , 

P - s and P U - s . The following t h e o r e m i n c l u d e s a s a p a r t i c u l a r 
c a s e the g r a p h s obta ined f r o m p l a n a r g r a p h s without m u l t i p l e 
e d g e s which t r i a n g u l a t e the whole p lane by adding an edge 
jo in ing two n o n - n e i g h b o u r i n g v e r t i c e s , 

T H E O R E M 6. If a g r a p h wi thout m u l t i p l e e d g e s h a s 
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n > 6 v e r t i c e s and at l e a s t 3n-5 edges then it con ta in s a K 
6 

o r a K U and a P o r a PU , u n l e s s it i s a cockade c o m p o s e d 
of <5>- s ( such a cockade has exac t ly 3n-5 e d g e s ) . 

Proof . A t h e o r e m of K. Wagner [5] s t a t e s tha t any finite 
g r a p h wi thout m u l t i p l e e d g e s with at l e a s t t h r e e v e r t i c e s which 

6 6 
c o n t a i n s n e i t h e r a K n o r a K U is e i t h e r a <3 ,> , <4>, <5> 
or a g r a p h with at l e a s t s ix v e r t i c e s which t r i a n g u l a t e s the 
whole p l ane , or a cockade c o m p o s e d of such g r a p h s , or e l s e 
it can be obta ined f r o m a g raph be longing to one of t h e s e 
c a t e g o r i e s by de le t ing e d g e s . A <k> h a s l e s s than 3k-5 
edges if 3 < k < 4 and exac t ly 3k-5 e d g e s if k = 5, whi le 
a g raph with m[>3) v e r t i c e s which h a s no mu l t i p l e e d g e s and 
t r i a n g u l a t e s the whole p lane has exac t ly 3 m - 6 e d g e s . 
A cockade wi th n v e r t i c e s c o m p o s e d of such g r a p h s con ta in s 
at m o s t 3n- 6 e d g e s , u n l e s s the cockade is c o m p o s e d e n t i r e l y 
of < 5 > - s , in which c a s e the to t a l n u m b e r of edges is 3n- 5 — 
th i s can be p roved v e r y e a s i l y by induct ion over the n u m b e r of 
g r a p h s of which the cockade is c o m p o s e d . T h e r e f o r e a g r aph 

which s a t i s f i e s the condi t ions of T h e o r e m 6 con ta ins a K or 
6 

a K U u n l e s s it is a cockade c o m p o s e d of < 5 > - s . 

By T h e o r e m 4 any finite g r aph without mu l t i p l e e d g e s 
which con ta in s at l e a s t t h r e e v e r t i c e s and n e i t h e r a P n o r a 
PU is e i t h e r a <3>, <4>, <5>, K without m u l t i p l e e d g e s o r 

whee l wi thout m u l t i p l e e d g e s , or a cockade c o m p o s e d of such 
g r a p h s , o r e l s e it can be obta ined f r o m a g r a p h belonging to 
one of t h e s e c a t e g o r i e s by de le t ing e d g e s . A whee l wi thout 
m u l t i p l e e d g e s having m ( > 4 ) v e r t i c e s con ta ins exac t ly 2 m - 2 
e d g e s , a K without mu l t ip l e e d g e s having m{>6) v e r t i c e s 

con ta in s exac t ly 3 m - 6 e d g e s . A cockade wi th n (>6) v e r t i c e s 
c o m p o s e d of < 3 > - s , < 4 > - s , < 5 > - s , K - s wi thout mu l t i p l e edges 

and w h e e l s wi thout mu l t i p l e edges con ta ins at m o s t 3n -6 edges 
u n l e s s it is c o m p o s e d of <5>-s only. So by T h e o r e m 4 a g r aph 
which s a t i s f i e s the condi t ions of T h e o r e m 6 con ta ins a P or PU 
u n l e s s it is a cockade c o m p o s e d of < 5 > - s . 

6. A t h e o r e m c o n c e r n i n g h o m o m o r p h i s m . 

Def in i t ions . The g r aph r can be c o n t r a c t e d into the 
g r a p h A if t h e r e e x i s t s a m a p p i n g (() of V ( r ) onto V(A) 
such tha t 1. ( V x ) [ x e V(A) => r(({)"1(x)) i s connec ted ] , 

199 

https://doi.org/10.4153/CMB-1963-019-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-019-5


2. (Vx, x' ) [x, x ' € V(A) => r c o n t a i n s | e(x, xf , A) | ((f (x)) 

((J) (x1 ) ) - e d g e s ] . The g r a p h T i s h o m o m o r p h i c to the g r a p h 
A, for s h o r t r horn. A, if T can be c o n t r a c t e d into a g r a p h 
of which A is a s u b g r a p h . T h e s e def in i t ions differ f r o m the 
ana logous def in i t ions for g r a p h s wi thout m u l t i p l e e d g e s [6][7] 
in that mu l t i p l e e d g e s of A a r e h e r e s ign i f i can t ; if A c o n t a i n s 
no m u l t i p l e e d g e s then the p r e s e n t def in i t ion is e q u i v a l e n t to the 
def in i t ions in [6] and [7] . 

The following i s a g e n e r a l i s a t i o n of a r e s u l t of K. Wagner 
[8]. 

T H E O R E M 7. If A i s a s u b g r a p h of a g r a p h into wh ich 
the g raph r i s c o n t r a c t e d by the m a p p i n g (|) , and if A 
c o n t a i n s no v e r t e x of va l ency > 3, then T D A ' or r D A' U , 
w h e r e t h e r e i s an i s o m o r p h i s m I be tween A and A' such 

_ 1 
tha t for e a c h v e r t e x x of A I(x) e (|) (x). 

KJ - 1 

Proof . Le t r ! = , r / , lt<> (x)) and let r M be a 
x e V(A) 

- 1 - 1 
s u b g r a p h of r ob ta ined by adding | e ( x , x ' , A ) | ((j> (x))((j) (x1 ))-
e d g e s of r to r ' for a l l p a i r s x, x l € V(A). Any v e r t e x of 

- 1 - 1 
(|> (x) which i s jo ined to at l e a s t one v e r t e x not in (|) (x) by 

one or m o r e e d g e s of r n wi l l be ca l l ed a c l a s p - v e r t e x of 

(|) (x). ()) (x) h a s at m o s t t h r e e cla s p - v e r t i c e s b e c a u s e 
v(x, A) < 3 . 

Let r m be a s u b g r a p h of r n ob ta ined a s fo l lows: 
F o r e a c h v e r t e x x of A 

_ \ 
(i) If (j) (x) c o n t a i n s only one c l a s p - v e r t e x , X(x) say , 

_ \ 
then e v e r y v e r t e x of Ù (x) o t h e r than X(x) i s d e l e t e d f r o m 

_ \ 
(ii) If (j) (x) c o n t a i n s two c l a s p - v e r t i c e s then le t t h e s e 

be Y (x) and Y (x) , the no ta t ion be ing c h o s e n so tha t Y (x) 
- 1 2 

i s in r ' 1 j o ined to one v e r t e x only ou t s ide (j) (x); a (Y (x)) 

(Y (x) ) -pa th i s s e l e c t e d in r ( ^ (x)) , and a l l v e r t i c e s of 
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(j) (x) which do not be long to t h i s path a r e de l e t ed f r o m r f r . 

__ i 
(iii) If (j) (x) con t a in s t h r e e c l a s p - v e r t i c e s then let t h e m 

be Z (x), Z (x) and Z (x). E i t h e r r((j) (x)) con t a in s a pa th 

which j o i n s two of t h e m and p a s s e s th rough the t h i r d , or 
_ \ 

r((J> (x)) con t a in s no such path . In the f i r s t c a s e let the 
no ta t ion be chosen so tha t Z (x) is an i n t e r m e d i a t e v e r t e x of 

_ I 
a path in r(§ (x)) jo in ing Z (x) and Z (x); a l l the v e r t i c e s 

- 1 
of (j) (x) which do not belong to the path a r e de l e t ed f r o m r u . 
In the second c a s e let R(x) denote a (Z (x))(Z (x)) -path and 

- 1 
S(x) an (R(x))(Z (x) ) -pa th con ta ined in r((j) (x)) and le t 

Z(x) denote the v e r t e x c o m m o n to R(x) and S(x); a l l v e r t i c e s 
_ \ 

of (j) (x) which be long n e i t h e r to R(x) no r to S(x) a r e 
de le t ed f r o m r ' 1 -

It i s e a s y to see tha t r m i s i s o m o r p h i c to A or to a 
AU, the v e r t e x X(x), Y (x), Z (x) o r Z(x) in r m , a s the 

1 3 
c a s e m a y be , c o r r e s p o n d i n g to the v e r t e x x of A . T h i s 
p r o v e s T h e o r e m 7. 

Note tha t T h e o r e m 7 is t r u e w h e t h e r A i s finite or 
inf ini te . The condi t ion that A con ta ins no v e r t e x of va l ency 
> 4 is e s s e n t i a l , t h i s is i l l u s t r a t e d by the following v e r y s i m p l e 
e x a m p l e : V(A) .= { x , y } , | e ( x , y , A) | = 4; V ( r ) = {x1 >Y .'Y^ > 

| e ( x ! , y 1 , T ) | = | e (x ' ,Y2>T)\ = 2 , |e(y , y , r ) | = 1 • T h o r n , A 

wi th ^(x1 ) = x, (j)(y ) = (j)(y ) =y , but r obvious ly does not 

con ta in a subg raph i s o m o r p h i c to A or to a AU ; o the r s imo le 
e x a m p l e s can e a s i l y be found, including ones in which r and A 
have no mu l t i p l e e d g e s . 

7. Conce rn ing the s t r u c t u r e of 5 - c h r o m a t i c and 
6 - c h r o m a t i c g r a p h s . 

Def in i t ions . A g raph is said to be k - c o l o u r a b l e , k 
be ing a pos i t ive i n t e g e r , if the v e r t i c e s of the g raph can be 
divided into k mutua l ly d is jo in t (co lour ) c l a s s e s in such a way 
tha t no two v e r t i c e s in the s a m e c l a s s a r e jo ined by an edge ; 
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such a p a r t i t i o n i n g of the v e r t i c e s i s ca l l ed a k - c o l o u r i n g . A 
g r a p h is said to have c h r o m a t i c n u m b e r k o r to be k - c h r o m a t i c 
if it is k - c o l o u r a b l e and not (k -1 ) -colourable . A k - c h r o m a t i c 
g r aph r i s ca l led v e r t e x - c r i t i c a l if for e a c h v e r t e x a of T 
r - a is ( k - 1 ) - c h r o m a t i c . A k - c h r o m a t i c g r aph is c a l l e d 
c o n t r a c t i o n - c r i t i c a l if it i s connec ted and not h o m o m o r p h i c to 
any g raph having fewer v e r t i c e s and c h r o m a t i c n u m b e r > k . 
It i s e a sy to see tha t if a g r a p h is c o n t r a c t i o n - c r i t i c a l then it 
i s v e r t e x - c r i t i c a l . ( C o n t r a c t i o n - c r i t i c a l g r a p h s a r e s o m e t i m e s 
ca l l ed i r r e d u c i b l e g r a p h s , p a r t i c u l a r l y in the t h e o r y of 
5 - c h r o m a t i c p l a n a r g r a p h s . ) 

A t h e o r e m of de B r u i j n and E r d 8 s [9] s t a t e s tha t if k is 
a pos i t ive i n t e g e r and e v e r y f ini te s u b g r a p h of an inf ini te g r a p h 
i s k - c o l o u r a b l e , then the whole g r aph i s k - c o l o u r a b l e . It 
fol lows tha t a l l v e r t e x - c r i t i c a l k - c h r o m a t i c g r a p h s have a 
finite n u m b e r of v e r t i c e s and e v e r y k - c h r o m a t i c g r a p h c o n t a i n s 
a v e r t e x - c r i t i c a l k - c h r o m a t i c s u b g r a p h . It i s e a s y to see tha t 
any v e r t e x - c r i t i c a l k - c h r o m a t i c g r aph is connec t ed and 
con ta in s no c u t - v e r t e x , and e a c h of i t s v e r t i c e s i s j o ined to at 
l e a s t k- 1 o t h e r s . 

The w r i t e r h a s p roved e l s e w h e r e [10] , [11] , [12] tha t 

If a v e r t e x - c r i t i c a l k - c h r o m a t i c g r aph c o n t a i n s an <l >, 
w h e r e i < k, then the g r a p h i s h o m o m o r p h i c to an <i -fl> . . . (11) 

E v e r y c o n t r a c t i o n - c r i t i c a l k - c h r o m a t i c g r a p h wi th k > 5, 
o t h e r than a <k>, i s 5 - connec t ed . . . . (12) 

E v e r y 4 - c h r o m a t i c g r a p h c o n t a i n s a <4> or a <4U>. . . . (13) 

The following t h e o r e m is c o n c e r n e d wi th the c a s e in which 
two v e r t i c e s f o r m a c u t - s e t in a v e r t e x - c r i t i c a l g r a p h . 

T H E O R E M 3. If r i s a v e r t e x - c r i t i c a l k - c h r o m a t i c 
g r a p h , w h e r e k > 3 , and the two v e r t i c e s p and q of r 
a r e such tha t r - p - q is d i s c o n n e c t e d , then (p, q) fc r and 
r = r l w r ' 1 w h e r e r 1 ^ r u = { p , q } , and the no t a t i on can be 
chosen so tha t 

A. In e v e r y (k -1 ) -colour ing of r ! p and q have the 
s a m e co lour and in e v e r y (k- l ) - c o l o u r i n g of r u p and q have 
d i f ferent c o l o u r s . 
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B. F 1 w (p, q) i s k - c h r o m a t i c and v e r t e x - c r i t i c a l . 

C. The g r a p h obta ined f rom r M by identifying p with q 
is k - c h r o m a t i c and v e r t e x - c r i t i c a l . 

D. F - p - q c o n s i s t s of two connec ted components , , both of 
which a r e j o ined to p and to q in T . 

Proof . Le t r - p - q = I \ w r w h e r e r 1 0 , T t 0 and 
1 2 1 2 

T r\ r = (9, and le t r 1 = T - T and r M = T - T • Then 
1 2 2 1 

T = r [ w r " and V ( r ! ^ r M ) = { p » q } - r f and r " a r e both 
(k -1 ) - c o l o u r a b l e b e c a u s e r i s v e r t e x - c r i t i c a l . r f and r{[ 

can not be (k -1 ) - c o l o u r e d with the s a m e k -1 c o l o u r s in such 
a way that the two c o l o u r i n g s m a t c h over p and q , for r 
i s not (k- 1 )- c o l o u r a b l e . T h e r e f o r e (p, q) fc T and the no ta t ion 
can be c h o s e n so that in e v e r y (k-1 ) - c o l o u r m g of r ' p and q 
have the s a m e co lour and in e v e r y (k -1 ) - co lou r ing of r " the 
co lour of p is d i f ferent f r om the co lour of q . T h i s p r o v e s 
tha t (p, q) ^ r , r 1 ^ r " = { p , q } , and A is t r u e . 

Hence r ! ^ ( p > q ) is k - c h r o m a t i c . Let t denote an 
a r b i t r a r y v e r t e x of r 1 w ( p , q) , it wi l l be shown tha t r f w ( p , q ) - t 
i s (k- 1 ) - c o l o u r a b l e . If t = p or t = q then r ^ ( p , q ) - t C r - t, 
and r - t is (k -1 ) - c o l o u r a b l e b e c a u s e r is v e r t e x - c r i t i c a l . 
Suppose tha t t ^ p and t ^ q. r - t is (k -1 ) - c o l o u r a b l e , 
consequen t ly s ince in e v e r y ( k - l ) - c o l o u r i n g of r " the co lour 
of p i s d i f fe ren t f rom the co lour of q , r ' - t can be ( k - 1 ) -
c o l o u r e d in such a way tha t the co lour of p i s d i f ferent f rom the 
co lour of q, so F ! v_y(p, q ) - t is" (k -1 ) - c o l o u r a b l e . T h i s p r o v e s 
B . 

Let r m denote the g raph obta ined f rom r1 1 by identifying 
p wi th q , i . e . the g r aph obta ined f rom r u - p - q by adjoining a 
v e r t e x r not be long ing to T and edges a c c o r d i n g to the ru l e 
j e ( r , x , r m ) | = Je (p , x, r M ) | + | e ( q , x , r , l ) j for each v e r t e x x 
of r l l - p - q - r n - p - q is ( k - 1 ) - c o l o u r a b l e . r m i s not (k-1 )-
c o l o u r a b l e , b e c a u s e if it w e r e then r n could be (k -1 ) - c o l o u r e d 
in such a way that p and q have the s a m e co lour by co lou r ing 
r l , - p - q ( = r , M - r ) a s it i s c o l o u r e d in a (k- l ) - c o l o u r i n g of r m 

and then giving p and q the co lour of r . Hence r m i s 
k - c h r o m a t i c . Let u denote an a r b i t r a r y v e r t e x of r m , it 
wi l l be shown tha t r f M - u i s (k -1 ) - c o l o u r a b l e . If u = r then 

203 

https://doi.org/10.4153/CMB-1963-019-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-019-5


p i n - u = r , l - p - q j and r t l - p - q i s (k- 1 ) - c o l o u r a b l e b e c a u s e r i s 
v e r t e x - c r i t i c a l . Suppose tha t u i r . r - u is ( k - l ) - c o ! o u r a b l e , 
t h e r e f o r e s ince in e v e r y (k- 1 ) - c o l o u r i n g of r ! p and q have the 
s a m e co lou r , r " - u can be c o l o u r e d wi th k -1 c o l o u r s in such 
a way that p and q have the s a m e c o l o u r ; a (k -1 ) - c o l o u r i n g 
of r m -u is obta ined by giving r the co lou r which p and q 
have in such a (k -1 )-co 'Iouring of r l l - u . T h i s p r o v e s C. 

Each connec ted componen t of T - p - q is j o ined to p and 
to q b e c a u s e T is connec t ed and con ta in s no c u t - v e r t e x . If 
r had m o r e than one connec ted componen t then two v e r t i c e s 

1 
jo ined by an edge (namely p and q) would c o n s t i t u t e a c u t - s e t 
of the v e r t e x - c r i t i c a l k - c h r o m a t i c g r aph p 1 w ^ p , q ) , but t h i s 
c o n t r a d i c t s what h a s a l r e a d y been p r o v e d ; so r i s connec ted . 

If r had m o r e than one connec ted componen t then r would be 

a c u t - v e r t e x of r m , but r m i s v e r t e x - c r i t i c a l and t h e r e f o r e 
con ta ins no c u t - v e r t e x ; so P is connec ted . Th i s p r o v e s D. 

Note . A k - c h r o m a t i c g raph i s c a l l e d e d g e - c r i t i c a l if 
e v e r y p r o p e r subg raph is (k- 1 ) - c o l o u r a b l e . T h e o r e m 8 r e m a i n s 
t r u e if l v e r t e x - c r i t i c a l ' i s e v e r y w h e r e r e p l a c e d by ! e d g e -
c r i t i c a l ' , the proof is p r a c t i c a l l y the ana logue of the above 
proof of T h e o r e m 8. 

T H E O R E M 9. Any v e r t e x - c r i t i c a l 5 - c h r o m a t i c g r a p h 
e i t h e r con t a in s a P o r a PU , or e l s e each edge of the g r a p h 
be longs to s o m e <5> or <5U> con ta ined in the g r a p h . 

P roo f (by induct ion over the n u m b e r of v e r t i c e s n): the 
t h e o r e m is c l e a r l y t r ue for n = 5 . Suppose tha t it i s t r u e for 
5 < n < m - 1 , w h e r e m > 6 , and let r denote a v e r t e x -
c r i t i c a l 5 - c h r o m a t i c g r a p h wi th m v e r t i c e s . If p i s 
3 - connec t ed then it con ta in s a P o r a PU s ince by T h e o r e m 3 
a l l 3 - connec t ed g r a p h s which conta in n e i t h e r a P no r a PU 
nor a <5> a r e 4 - c o l o u r a b l e ( p £) <5> b e c a u s e r i s 
5 - c h r o m a t i c and v e r t e x c r i t i c a l and m > 6). Suppose tha t T 
is not 3 - c o n n e c t e d . Then by M e n g e r ' s T h e o r e m p con ta in s 
two v e r t i c e s p and q such tha t P - p - q i s d i s c o n n e c t e d . In 
the no ta t ion of T h e o r e m 8 r ! KJ (p, q) i s 5 - c h r o m a t i c and 
v e r t e x - c r i t i c a l , t h e r e f o r e by the induct ion h y p o t h e s i s r 1 w (p, q) 
e i t h e r con t a in s a P or a PU , or each edge of r 1 ^J tp, q) 
be longs to some <5> or <5U> con ta ined in r 1 ^ ( p , q ) • If 

204 

https://doi.org/10.4153/CMB-1963-019-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-019-5


r 1 ^ ( p > q ) con t a in s a P or a PU then so does r b e c a u s e 
(p, q) can be r e p l a c e d by a (p)(q)-path con ta ined in F ! t . (It 
fol lows at once f r o m T h e o r e m 8 D tha t r 1 and r " a r e 
connec ted , t h e r e f o r e they conta in (p ) (q ) -pa ths . ) Suppose that 
r f ^ ( p , q) con t a in s n e i t h e r a P nor a PU , and let ( a , b ) 
denote any edge of T ( a , b , p , q need not a l l be d i s t i n c t ) . If 
( a , b ) £ r ! t hen by the induct ion h y p o t h e s i s r ' ^ (p> q) con t a in s 
a <5> or a <5U> to which ( a , b ) b e l o n g s . It fol lows tha t r 
con ta in s a <5U> to which ( a , b ) be longs b e c a u s e (p,'q) can be 
r e p l a c e d by a (p)(q)-path conta ined in r n . Suppose tha t 
( a , b ) A r 1 ; t hen ( a , b ) e r , r . By the induct ion h y p o t h e s i s 
r 1 ^ (p, q) con t a in s a <5> or a <5U> to which (p, q) b e l o n g s . 
If a , b , p , q a r e a l l d i s t i nc t then , s ince T con t a in s no cu t -
v e r t e x , by (10) the no ta t ion can be chosen so tha t F " c o n t a i n s 
an (a ) (p) -pa th A and a (b)(q)-path B such tha t A ^ B -$ . 
By r e p l a c i n g (p, q) wi th A ^ B w ( a , b ) it i s s een tha t r 
con ta in s a <5U> to which ( a , b ) b e l o n g s . T h e r e r e m a i n s 
the a l t e r n a t i v e tha t p = a and b c p t l - p - q . By T h e o r e m 8 D 
r n - p is connec ted , t h e r e f o r e r l t - p con ta in s a (b) (q) -pa th , 
C say . By r e p l a c i n g (p, q) with C w ( a , b ) it i s seen tha t r 
con t a in s a <5U> to which ( a , b ) b e l o n g s . 

Hence T h e o r e m 9 is t r u e for F , and t h e r e f o r e the 
t h e o r e m is t r u e g e n e r a l l y . 

T H E O R E M 10. If r i s any c o n t r a c t i o n - c r i t i c a l -
5 - c h r o m a t i c g r a p h o the r than a <5> or a <5> wi th s o m e 
e d g e s dup l i ca ted , and if a , b , c , d a r e any four v e r t i c e s of 
r , then r - a - b con ta in s a P or PU whose two ends 
t o g e t h e r inc lude c and d . 

Proof . It m a y be a s s u m e d tha t T con ta ins no mu l t i p l e 
e d g e s , s ince r e p l a c i n g each set of m u l t i p l e e d g e s by a s ingle 
edge does not change the c h r o m a t i c n u m b e r of a g r aph . 

| V ( r ) | > 8 . F o r if not , then | V ( r ) | = 6 o r | V ( r ) | = 7 . 
If | V ( r ) | = 6 then by (12) r = <6> , which is c o n t r a r y to 
h y p o t h e s i s . Suppose tha t | V ( r ) | = 7 . By (12), and b e c a u s e 
the s u m of the v a l e n c i e s of a l l the v e r t i c e s i s equa l to 2 | E ( r ) | , 
it fol lows tha t some v e r t e x of r , x say , is jo ined to a l l the 
o t h e r s . F - x is 4 - c h r o m a t i c , t h e r e f o r e by (13) it c o n t a i n s a 
<4> or a <4U>. Consequen t ly r con ta in s a <5> or a <5U> 
and so F i s not c o n t r a c t i o n - c r i t i c a l . Th i s c o n t r a d i c t i o n p r o v e s 
tha t | V ( r ) | > 8 . 
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It fol lows f r o m (12) tha t r - a - b i s 3 - c o n n e c t e d . H e n c e , 
by T h e o r e m 3, r - a - b c o n t a i n s a P or PU w h o s e two ends 
t o g e t h e r include c and d u n l e s s r - a - b i s a K , K , K , K & 1 2 3 
or a whee l . It wi l l be shown below tha t r - a - b i s not a 
K , K ,K ,K or whee l , r - a - b is not a K b e c a u s e a K is 

1 2 3 
2 - c h r o m a t i c and r is 5 - c h r o m a t i c . 

Suppose tha t r - a - b - K (x , x , x ;y , y , . . . , y . ) . Then 

( a ,b ) € r b e c a u s e a K i s 3 - c h r o m a t i c and r i s 5 - c h r o m a t i c . 
1 

a and b a r e both jo ined to x and to x in r b e c a u s e if 

e. g. ( a , x ) 4 r then a 4 - c o l o u r i n g C of r could be ob t a ined 

t h u s : C(x 2 ) - 1, C ( X l ) = C(x 3 ) = 2, C ^ ) = C(y 2 ) = . . . = C(y.) = 3, 

C(a) = 1 , C(b) = 4 , w h e r e a s r i s 5 - c h r o m a t i c . T h e r e f o r e 
r (a, b , x , x ) = <4> , hence by (11) T horn. <5> , and t h i s i s 

c o n t r a r y to h y p o t h e s i s . So r - a - b i s not a K . 

Suppose tha t P - a - b = K (x , x , x ;y , y . . . , y.) . Then 
2 1 2 3 1 2 l 

( a , b ) £ r b e c a u s e a K is 3 - c h r o m a t i c and r i s 5 - c h r o m a t i c . 

(x , a) e r and (x , b) £ T b e c a u s e if e. g. (x , a) 4 T then a 

4 - c o l o u r i n g C of T def ined a s above would e x i s t , (y , a) , 

(y -»b)fc r by (12). T h e r e f o r e r ( a , b , x , y ) = <4> , h e n c e by 

(11) r h o m . <5> , c o n t r a r y to h y p o t h e s i s . So r - a - b is not a K 

r - a - b i s not a K b e c a u s e a K con ta in s < 4 > - s and 

r does not. 

Suppose tha t r - a - b i s a whee l c o n s i s t i n g of the c i r c u i t 
((u , u , . . . , u.)) t o g e t h e r wi th the v e r t e x v , which d o e s not 

1 2 l 
be long to the c i r c u i t and i s j o ined to e v e r y v e r t e x of the c i r c u i t 
by one edge , u , . . . , u. a r e j o ined to a and to b in T by 

(12). It fol lows tha t ( a , v ) ^ r and ( b , v ) ^ T, s ince r î > < 4 > . 
Hence (a, b) e p for o t h e r w i s e u , u , . . . , u could be 

1 2 i 
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c o l o u r e d wi th the c o l o u r s 1 , 2 , 3 and a , b , v with the co lour 4, 
w h e r e a s r is 5 - c h r o m a t i c . Consequen t ly r ( a , b , u , u ) = < 4 > , 

which l eads to a c o n t r a d i c t i o n . So r - a - b is not a whee l . 

Hence T h e o r e m 10 is t r u e . 

T H E O R E M 11. A 5 - c h r o m a t i c g r aph is e i t h e r h o m o -
m o r p h i c to a <5> , or e l s e if any two of i ts v e r t i c e s a r e 
de l e t ed then the r e m a i n i n g g raph con ta in s a P or a PU . 

Proof. It i s sufficient to e s t a b l i s h the t h e o r e m for 
v e r t e x - c r i t i c a l g r a p h s . Let .A be a v e r t e x - c r i t i c a l 5 - c h r o m a t i c 
g r a p h and let m and n denote two v e r t i c e s of A. • A. i s f inite 
and t h e r e f o r e h o m o m o r p h i c to a c o n t r a c t i o n - c r i t i c a l 5 - c h r o m a t i c 
g r a p h , r say ( A ~ F pos s ib ly ) ; let (j) denote the mapp ing and 
let a denote 0(m) and b denote 0(n) (a = b pos s ib ly ) . If 
r Z><5> then the t h e o r e m is t r u e . Suppose that T ^ <5> . 
Then by T h e o r e m 10 r - a - b con ta ins a P or a PU . T h e r e ­
fore A - m - n is h o m o m o r p h i c to a P o r a PU . Consequen t ly 
by T h e o r e m 7 A con ta in s a P or a PU . T h e o r e m 11 is 
t h e r e b y p roved . 

THEOREM 12. C o r r e s p o n d i n g to any v e r t e x of a v e r t e x -
c r i t i c a l 6 - c h r o m a t i c g raph t h e r e e x i s t s in the g raph a P or a 
PU conta in ing the v e r t e x . 

P r o o f (by induct ion ove r the n u m b e r of v e r t i c e s n). The 
t h e o r e m is c l e a r l y t r u e for n = 6 . Suppose that it i s t r u e for 
6 £ n < m - 1 , w h e r e m > 7 , and let T denote a v e r t e x - c r i t i c a l 
6 - c h r o m a t i c g r a p h wi th m v e r t i c e s . If r i s 3 -connec ted then 
the a s s e r t i o n of T h e o r e m 12 for r fol lows f rom T h e o r e m 3. 
Suppose tha t r i s not 3 -connec ted . Then by M e n g e r 1 s T h e o r e m 
r con ta ins two v e r t i c e s p and q such that JT-p-q is 
d i s c o n n e c t e d . The nota t ion of T h e o r e m 8 wil l be adopted . 
Let f denote a v e r t e x of r . To p rove T h e o r e m 12 it wi l l be 
shown that r con ta ins a P or a PU to which f b e l o n g s . 

Suppose f i r s t tha t f e r f . By T h e o r e m 8 B Tl w (p, q) 
is 6 - c h r o m a t i c and v e r t e x - c r i t i c a l , t h e r e f o r e by the induct ion 
h y p o t h e s i s r ! ^ ( p > q ) con ta ins a P o r a PU to which f 
b e l o n g s . It fol lows that r con ta ins a P o r a PU to which 
f b e l o n g s , s ince (p, q) can be r e p l a c e d by a (p)(q)-path 
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conta ined in TH, if n e c e s s a r y . (It fol lows f r o m T h e o r e m 8 D 

that r* and r1 1 a r e connec ted . ) 

Suppose secondly tha t f i r ! , so tha t f £ F n - p - q . F 1 

is connec ted and t h e r e f o r e con t a in s a (p) (q) -pa th , R say . 
Le t r n i denote the g r a p h obta ined f r o m Tn by ident i fying 
p with q , and let r denote the v e r t e x of r m not be longing 
to r M ( see the proof of T h e o r e m 8), r ^ f . r ' 1 ^ R is 
c o n t r a c t e d into a g raph of which r m i s a s u b g r a p h by the 
mapp ing (j) defined by (|)(x) = x if x 4 R and (j)(x) = r if x e R. 
By T h e o r e m 8 C r l t ! i s 6 - c h r o m a t i c and v e r t e x - c r i t i c a l . 
Hence by the induct ion h y p o t h e s i s r m c o n t a i n s a P or a PU 
to which f b e l o n g s . T h e r e f o r e by T h e o r e m 7 F n ^ R con t a in s 
a P or a PU to which f b e l o n g s . 

Hence r con t a in s a P or a PU to which f b e l o n g s . 
T h e o r e m 12 is t h e r e b y p roved . 

The r e s u l t s e s t a b l i s h e d in th i s sec t ion m a y be appl ied to 
g r a p h s with h ighe r c h r o m a t i c n u m b e r with the h e l p of the 
following g e n e r a l r u l e : 

Let T denote a v e r t e x - c r i t i c a l k - c h r o m a t i c g r a p h , w h e r e 
k > 3 , and let g denote any v e r t e x of r • Le t r be c o l o u r e d 
with the c o l o u r s 1, 2, . . . , k in any p e r m i s s i b l e way subjec t to 
the condi t ion that co lour 1 is given to g only, and let C. denote 

the se t of t h o s e v e r t i c e s of r which have co lour i for i = 1, . . . , k . 
Then for U ! < k - l r - C - C - . . . - C c o n t a i n s 

- - I + 1 i +2 k 
a v e r t e x - c r i t i c a l I - c h r o m a t i c g r aph to which g b e l o n g s . 
F o r r - C , - . . . - C is i - c h r o m a t i c and r - C - . . . 

4 + 1 k I +1 
- C - g is (£ - l ) - c h r o m a t i c . Consequen t ly for e x a m p l e T h e o r e m 

k 
12 can a l s o be f o r m u l a t e d thus ; C o r r e s p o n d i n g to any v e r t e x of 
a v e r t e x - c r i t i c a l g r a p h wi th c h r o m a t i c n u m b e r > 6 t h e r e e x i s t s 
in the g raph a P or a PU conta in ing the v e r t e x . 

The following ru l e i s the ana logue of the above for e d g e -
c r i t i c a l g r a p h s : Let T denote an e d g e - c r i t i c a l k - c h r o m a t i c 
g r aph , w h e r e k > 3 , and let ( a , b ) denote any edge of T • 
Let r - ( a , b) be c o l o u r e d wi th the c o l o u r s 1, . . . , k- 1 in any 
p e r m i s s i b l e way subjec t to the condi t ion tha t a and b a r e 
given the co lour 1, and let D. denote the se t of t h o s e v e r t i c e s 
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of r which have co lour i for i = 1, . . . , k - 1 . ( r - ( a , b ) is 
( k - l ) - c o l o u r a b l e b e c a u s e r i s e d g e - c r i t i c a l , and in any (k -1 ) -
co lou r ing of r - ( a , b ) the co lour of a is the s a m e a s the co lour 
of b b e c a u s e r is k- ch roma t i c . ) Then for 2 < % < k -1 r - D -

- — i 
. . . - D con ta in s an e d g e - c r i t i c a l I - c h r o m a t i c g r aph to which 

( a , b ) b e l o n g s . F o r T - & - . . . - D i s i - c h r o m a t i c and 
~~—————-^———————- £ j£- \ 

T- ( a , b ) - D - . . . - D1 i s (t -1 ) - c h r o m a t i c . 
I k - 1 
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