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Hankel Convolution Operators on Spaces
of Entire Functions of Finite Order

Jorge J. Betancor

Abstract. In this paper we study Hankel transforms and Hankel convolution operators on spaces of
entire functions of finite order and their duals.

1 Introduction

Our objective in this note is to study Hankel transforms and Hankel convolution
operators of entire functions of finite order and their duals. Our investigation is
inspired by the ideas developed by Ehrenpreis [5]. However we need to introduce
new procedures to prove the results in the Hankel setting. Some of the arguments
used here are simpler than the one considered in [5, §5]. Moreover our procedures
can be used to prove the results in [5, §5] about the usual convolution operators and
Fourier transforms of entire functions of finite order.
The Hankel transform is defined as follows

ha(&)(y) = / () (o) bl)2 L dhx,
0

where ¢ is, for instance, a function in the Lebesgue space L' (x**!dx). Here ], repre-
sents the Bessel function of the first kind and order p. Throughout this paper p will
be greater than —1.

The Hankel convolution operations were investigated by Haimo [8] and Hirsch-
man [9] in the Lebesgue space L? (x***1dx), 1 < p < cc. If f,g € L'(x***dx), then
the Hankel convolution f#,g of f and g is defined by

2p+1

_ " ot
(9@ = [ F Dm0 g s xe 0.00),

where the Hankel translated ,7,(g) of g by x € (0, 00) is given by
2p+1

z

mdz, y c (0,00),

D)) = / Dyu(x, y,2)g(2)
0
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and ,79(g) = g. The function D,, is the Delsarte kernel given by

D,(x,y,2) = 2'T(u + 1))2/ (et) =" Ju(xt) (y) ™ T () (2t) ] (2) e+ dt,
0
x, ¥,z € (0,00).

The Hankel transform h,, is related with the Hankel convolution and the Hankel
translations of order y by the following formulas (see [9])

h(f#,8) = hu(Hh(g),

and
hu(umg) = 28T (p + 1) (x) " # T (x )k, (g),  x € (0,00),

that are valid when, for instance, f and g are in L' (x**!dx).

The study of the Hankel convolutions and Hankel translations on spaces of entire
functions was started by Belhadj and Betancor [1]. They extended the definition of
the Hankel translation to the complex plane. By 3, we denote the space of even and
entire functions. According to [1] (see also [4]), if f(z) = Z;’;O a,z"", z € C, isin
H. and w € C, the Hankel translation ,7,, f is defined by

_ > " /n Fpu+DI'(n+p+1) An—k) 2k
,,,Tw(f)(z);ang(k)r(n_k+u+l)r(k+u+l)w 2 zec

Thus ,,7,, defines a continuous linear mapping from H, into itself. The Hankel con-
volution T#, f of T € H/, the dual space of {,, and f € I, is defined by

(T#,/)(2) = (T, y7=(f)), ze€C.

In this note we analyze the Hankel translation and the Hankel convolution on
even and entire functions of finite order. Let a > 1. We represent by Z, . the space
of all the even and entire functions that have order < a. That is, an even and entire
function f is in Z, , if, and only if, for every e > 0,

|f(z)| = O(exp(|2]"™)), asz — oc.

The space Z,, is endowed with the topology associated with the family {p,}.~o of
seminorms, where, for every ¢ > 0,

Paelf) = sugeXP(—\ZI‘”S) f@@)|, fe€Z..
zEe

Thus Z, . is a Fréchet space. The dual of Z, . is denoted, as usual, by Z, .
By Q. we represent the space of even and entire functions having order less
than a.
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For every z € C, the function (zt) ™" J,(zt), t € C,isin Z,,. Then we define the
Hankel transform h,(T) of T € Z; , as follows

hu(T)(z) = 2"T(p + 1)(T(t), (2t) " Ju(2t)), z€C.
We establish that £, is a one-to-one mapping from Zé,e onto Q.. Here and in the
sequel, a’ denotes the exponent conjugate to a. Also we prove that for every z € C,

the Hankel translation , 7, defines a continuous linear mapping from Z, . into itself.
IfT € Z,, and f € Z,,, the Hankel convolution T#, f of T and f is defined by

(T#,f)(z) = (T, 7.f), z€C.
We prove that T defines a continuous Hankel convolution operator from Z,, into
itself. Moreover, if T # 0, then the Hankel convolution operator generated by T on
Z, . 1s surjective.

Throughout this paper, by C we denote a suitable positive constant not necessarily
the same in each occurrence.

2 Hankel Transforms and Hankel Convolutions on the Space Z;,

First we analyze the Hankel transform on the space Z .
Leta > 1. For every w € C, the function f,, defined by

fw(2) =2"T(p+ D)(2t) "], (2t), z€C,

is in Z,,. Indeed, let w € C. It is clear that f, is an even and entire function.
Moreover, according to [6, (5.3.b)] and [5, (52)], we have that

1 1 /
f(2)] < Cell < Cexp( ~[el"+ —|wl” ) , zeC.
Let T € Z, ,. We define the Hankel transform h,, T of T through

h, (T)(w) = 2"T'(p + 1)(T(2), (zw) ™" Ju(zw)), w € C.

By [5, Proposition 3], we can write

0 (_l)kWZk o
21)  h(T)(w) =2"T(p+1)) 5 (T(z),2), wecC.
n=0

P (p + k+ 1)

Hence h,,(T) is an even and entire function.
On the other hand, since T € Z, , there exist C, e > 0 such that

(T, ] < Csugexp(—IZ\“”)lf(z)la feZ,.
ze
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In particular, for every w € C, we have
|h(T)(w)| <C sulg exp(—|z|*") |[(zw) ™ J.(zw)|
ze

< Csup exp(—|z|**® + |z]|w])
zeC

1 1 ’
< Csup exp(_‘z|ﬂ+f + 2"+ — |wl* —n)
z€C a+e a —n

1 /
S CeXp(/—\w|“ 77]) .
a —n

Here a’ is the conjugate exponentof aand 0 < 7 < a’ — L such that .- + ;- = L
Hence h,,(T) is in the linear space Q,’ . that consists of all the even and entire func-
tions of order less than a’.

Suppose now that h,(T) = 0. Then according to (2.1), (T(z), 22K) = 0, for every
k € N. By [5, Proposition 3] the linear space span{z** : k € N} generated by
{z%* : k € N} is dense in Z, .. Hence (T, f) = 0, for each f € Z,..

The results that we have just proved can be summarized in the following.

Proposition 2.1 The Hankel transform h,, is a one-to-one mapping from Z, , into
Qu’ o> for every a > 1.

Our next objective is to see that h#(Zéﬁe) = Qu’ -
Next we analyze the behaviour of the Bessel operator A, = z=2~'Dz**1D on
Zae-

Proposition 2.2 Let a > 1. The Bessel operator A, defines a continuous linear map-
ping from Z, . into itself.

Proof Suppose that f(z) = > a,z*",z € C,isin Z,,. Then
A, f(z) = Z 4n(n + p)a,z”", z € C.
n=0

By using [5, Proposition 3] (see also [2, Proposition 4.5.3]), we have that

—log(4n(n + p)) — log|ay|

—log(4n(n + p)|a,|) _

lim inf lim inf
i 2nlog(2n) e 2nlog(2n)
zliminfM
n—oo 2nlog(2n)
1
> —.
a

Hence, A, f € Z, .
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The continuity of A, follows from the closed graph theorem. Indeed, assume
that (f,)uen C Zaeissuch that f, — fand A, f, — g,as n — oo, in Z,,, where
f.8 € Z,.. Since the convergence in Z,, implies the convergence in H, and A, is
continuous from I, into itself, A, f = g. Thus we conclude that A, is continuous

from Z, . into itself. [ |
The operator A, is defined on Z; ,, as usual, by transposition.
According to [12 (6) and (7), Chapter 5] if 6 denotes the Dirac functional we have
that

h((=A)F6)(2) = 2%, z€Cand kEN.
Indeed, if k € N,
hu(—8)56)(2) = (=D (), 2/T (pu + 1)(2t) " Ju(at))
= (5(£),2"T(u+ D(=DFA},, ((zt) " Ju(2t)))
= (5(t), 2T (u + )2 (zt) 7 T, (21))
2k

=z", ze€C.

Proposition 2.3 Suppose that f(z) = > 7 a,z*", z € C, isa function in Qg .. Then
the series Y - an(—2,,)kS converges in the weak * (equivalently in the strong) topology

of Zy,

Proof Assume thatg(z) = 2 b,z*",z € C,isin Z,,. We can write
(> (-D'maksg) = Z ar(— 1)k (Akg)(0)
k=0

= (—Dfab2*kT(n+k+1), neN.
k=1

Since f € Qq/, there exists n € (0,4’ — 1) such that f € Z,/_, .. By [5, Proposi-
tion 3] we can choose €1, &, > 0 and kg € N such that

— log |ax| S 1 and —log | by S 1
2klog(2k) — a’ — & 2klog(2k) ~ a+e&’
for every k € N, k > ko, where a,ig + E = 1. Hence, for each k > k,
lag||be] < ) ~KT= ) = (k)2

Then, by using the Stirling formula, we obtain
lag|[be 22K T (p + k + 1) < C2k) ke V2mk2® (u + k) e =% /2w (u + k)
< Ce  HKHL k> k.

Therefore the series > o°(—1)*axb2*k! T'(1u + k + 1) is convergent.
Thus, according to [7, 5.b, p. 242], the proof is completed. |
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By combining Propositions 2.1 and 2.3 we can obtain the following result.

Proposition 2.4 Let a > 1. The Hankel transform h,, is a one-to-one mapping from
Z, . onto Qur .

Proof We proved in Proposition 2.1 that h, is a one-to-one mapping from Z, , into
Qa’,e-
Now let f € Qg .. We define the functional T on Z; , through

(T,g) = an(—1)"(A}6,8), &€ Zae,
n=0

where f(z) = > ° a,z*", z € C. According to Proposition 2.3, T € Z, . and we

have that
ha(T)(2) = an(—=1)"(AS(1), (2t) " Ju(2t)) = f(2), z€C.
n=0
Hence h,, defines a mapping from Z; , onto Q, .. [ ]

According to [5, Proposition 1] Z, . is a Montel and Schwartz space. Hence the
strong dual Z; , of Z, . is bornological [7, p. 257]. We consider on Q, . the topology
induced by Z, . via the Hankel transform h,,, and then Q,- . is denoted by Qg,@. We
will prove that Q 1o = Q) provided that yi, v > — % We first describe the bounded
sets of Q'}, ,. Before making this we note that if f is an even and entire function, we

can write
- AL
_ p 2k

f@) = ; T+ krna” 0 2€C
where A, represents the Bessel operator A, = z~*~!Dz%*!D. Then the following
formula

2k |

2.2) Akg(oy = ZHWARXDR [ TW)

271 T w2k+1 ’

holds for every k € N, where, for every r > 0, I, denotes the circular path I' : w(t) =
re', t € [0, 27). This formula will be useful in the sequel.

Proposition 2.5 Leta > 1 and let B be a subset of Q) .. Then B is a bounded subset of
Q4 if, and only if, for some ¢ > 0 there exists M > 0 for which

(2.3) |F(z)] < Mexp(|z|"~®), z€C and F € B.

https://doi.org/10.4153/CMB-2005-014-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2005-014-2

Hankel Convolution Operators on Spaces of Entire Functions of Finite Order 167

Proof First suppose that B is a bounded subset of Q, .
We define W = h,'(B). Thus W is a bounded set of Z;, ,. Then there exists
C,n > 0 for which

KT, )| < Csupexp(—|z|“/+")\f(z)|, f€Zy,and TeW.
zeC

By proceeding now as in the proof of Proposition 2.1, we can find ¢ > 0 such that for
a certain M > 0 we have

|F(z)] < Mexp(|z]"~®), z€C and F € B.

Assume now that for some € > 0 such that a — ¢ > 1, there exists M > 0 for
which (2.3) holds.
Our objective is to see that W = h,'(B) is a bounded subset of Z;, ,. We choose

7 > 0 being = 1. By [5, Proposition 3], if f € Z,/ ,

a—e¢ a’+n
o0
(T,f) =Y a(T,7), Tez,,
k=0
where f(z) = Y oo, axz*, z € C. Hence we can write, for every F € Q,,
h\(B), f) = Zak I (F), 22)

= > (=Dra(ALF)(0),

k=0
where f(z) = > oo, a2, z € C,isin Z, . Let F € B. By (2.2), we have

X T(u+k+1) Fw)
2171 W2k+1 ’

(ALF)(0) = k€N,

where T, denotes the circular path ', : w(t) = re’*, t € [0,27). In particular, for
every k € N, by taking
2k 1/(a—¢)
(=)
a—e¢

we obtain

2k 2k —2k/(a—¢)
2k
|(A “F)(0)| < M2 kF(u+k+l)eXP( 5)(a_5) ’

Moreover, [5, Proposition 3] implies that if f(z) = Y o, az*,z € C,isin Z,/,

|ax| < C(2k)~K/@+D ke N,
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Hence, if f(2) = Yoo, a2, z € C, isin Z,/ ., Stirling’s formula leads to

oo

(B (B), )] <) laxl[(ALE)(0)]

k=0

< Ciﬁkf(ﬂ‘*’k—i— 1)k! exp(az_k ) ( 2k >—2k/(a—5)

£ a—¢
k=0

% (zk)72k/(u’+n)

< Ci.ik’“rl exp(Zk(a—iE — 1) ) (a — g)*/(a=2)

k=0
<COO 1 1+ log(a—c¢)
<oXkrep(( T 1)) <¢
k=0

since the function a(x) = Hlogx < 1, x > 1. Moreover the constant C > 0 is not

depending on F € B. Then we prove that W is a bounded set in Z/, , when on Z},
we consider the weak * topology. Then W is also a bounded set in the strong dual
Zy ,of Zy1 . because Z, , is reflexive [5, Proposition 1].

Thus the proof of Proposition is complete. ]

Proposition 2.6 Let yi,v > —3% and a > 1. Then Q. = Q,, where the equality is
understood algebraically and topologically.

Proof According to [5, Proposition 1], for every v > —3, Q] is a bornological
space (see [7, p. 257]). Since, by virtue of Proposition 2.5, a subset of Q, . is bounded
in Q;, if, and only if, it is bounded in Q} ., we conclude that the topology of Q; ,
coincides with the one of e ' ]

In view of Proposition 2.6, to simplify the following we will write Q, . to refer to

u oM > =3
As mentloned in the introduction, if f(z) = Zn 0 a,z*", z € C, then the Hankel
translation , 7, f, w € C, is given by
(2.4)

Fp+DI(n+p+1) 2n—k) 2k
uTw(f)2) = ;“"Z( )F(n k+p+ D(k+p+1) °

T(u+1) <= [n _ T(n+p+1)
_ 2k 2(n—k) _
Z F(u+k+1)z<k)w S —k+p+1) WEEC

where the convergence of the series is uniform in every compact subset of C x C (see
[1, 4]). Note that ,7,, f is an even and entire function, for every w € C.

Proposition 2.7 Letw € Cand a > 1. The Hankel translation ,,, defines a contin-
uous linear mapping from Z, , into itself.
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Proof Assume that f(z) =) ° a,z*",z € Cisa function in Z, .. According to [5,
Proposition 2] ,7,,(f) € Z,. if, and only if, g,, € Z, ., where

R 2k L(p+1) 20—k) P(n+p+1)
gw(Z)—; r(u+k+1)‘z(> ke 2€C

Assume that z € C. We can write

w T(p+1) m\ | pan—h, Lt ptl)
|gw<z>|<ZH X +k+1)22<k>w| T =k
= riwt (D laale®") (2D
n=0

[w[+|z| 2 2+l
= D t ot ——
[ P Dl s

[wl—lzl|

By using again [5, Proposition 2], the function Y °  |a,|t*", t € C, is in Z, .. Hence
from [9, (2), Section 2] we deduce that for every ¢ > 0,

[wl+]z]
|gw(z)| < C/ D(|W|, |Z|, 1) exp(ta+€)t2/1,+1 dt
\

[wl—z|

[w]+|2|
< Cexp(||w] + 2] / D(w], z, )21 de

wl—lzIl

< CeXp(2a+6(‘W|a+5 + |Z|a+c)).

Hence g, € Z,. Thus we prove that , 7, f € Z, ., w € C.

The continuity of the mapping f — ,7,f, w € C, can be proved by using the
closed graph theorem. Indeed, assume that w € (0, c0). Let ( f,).en be a sequence in
Z,¢suchthat f, — fand ;7 f, — gasn — ocoin Z,, where f,¢ € Z, .. Then since
the convergence in Z,, implies the convergence in H,, ,7(f)(x) —, Tw(f)(x) as
n — oo for every x € (0, 00). Hence ,7,,(f)(x) = g(x), x € (0, 00). Since , 7, f,g €
Za,e» we conclude that ,7,,(f) = g. Thus we prove in this case the continuity of the
mapping f +— 7, f from Z,, into itself. On the other hand, if w € C, we have that
for every x € (0, 00),

wTw(f)(X) = m(f) (W) — ,7(H)(W) = () (%), as n — oo.

Then we obtain again that ,7,,(f) = g and thus the proof is finished. [ |

Proposition 2.7 allows us to define the Hankel convolution T#,f of T € Z, , and
fez,by
(T#,£)(2) = (T(1), ym()(1)), z€C.
To study the behaviour of Hankel convolution on the space Z, . we need first to obtain
a representation of the elements Z, .
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Proposition 2.8 Let T be a functional on Z,,. Then T € Z,, if, and only if, there
exist a complex regular Borel measure v on C and € > 0 such that

(2.5) (T, f) = /Cf(z) exp(—|z|"") dy(2), f € Zae.

Proof Suppose that T admits the representation (2.5) for a certain complex regular
Borel measure v on C and an € > 0. Then, we have

IWMS/wwM”W@MWd
C

< Csupexp(—[2|")[f(2)], [ € Za,
zeC

Where, as usual, |y| denotes the total variation measure of . Hence T € Z, .
Assume now that T € Z, .. Then there exists C, ¢ > 0 for which

(2.6) (T, )] < CSHEIf(Z)IeXp(—IZ\”E), f€Zye.
ze

We denote by Cy the space of continuous functions in C vanishing in infinity. If
f € Z,., then f(z) exp(—|z|**) € Cy. Indeed, if 0 < i < &, one has

| f(2)| exp(—[2|") < |f(2)| exp(—|2|™"") exp(|z|*™" — |2]*)
< exp(|z|**"(1 — |2]°7™)) sup | f (w)] exp(—|w|**") — 0,

wec
as |z| — oo.
We define the mappings
J: Zae — Co, [+ f(2) exp(—[2*),
and

L: ](Za,e) - e0 — C7 f(Z) eXP(_|Z|a+E) = <Ta f>

By (2.6) L is continuous when on J(Z,.) we consider the topology induced in it by
the usual topology of Cy. By using Hanh-Banach and Riesz representation theorems
in a standard way, we can conclude that T admits a representation like (2.5) for a
certain complex regular Borel measure v on C and an € > 0. ]

Proposition 2.9 Let T € Z, ,, where a > 1. Then the mapping f +— T#, f is contin-
uous from Z, . into itself.

Proof Assume, by Proposition 2.8, that 7y is a complex regular Borel measure on C
and € > 0 such that

<ﬁﬁ=/m*M“ﬁww@,fe&@
C
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In particular, for every f € Z,,and z € C,
(T#,.f)(2) =/eXp(—\WI“+E)ﬂTz(f)(W) dy(w).
o

Assume that f(z) = Zn 0 a,z*",z € C,is in Z, . Then, for every z € C,

P(pu+1) —
(T#.f)(2) = ZZkF(kf:AHl) (n—)

F(n+u+ D) 2(n—k) la,late
><anl“(n—k+u+1)/cw exp(—[w|""") dy(w).

Indeed, let z € C. We can write

_OO s Dp+1) = (n Pin+p+1) 5, p
uTz(f)(W)—kZ:;W 7F(k+u+l);(k)an—F(n—k+,u+1)Z , weC.

Moreover the series converges in Z, .. Hence
(2.7)

> F(p+1) Fn+p+1) _

2k 2(n—k)

(Tum=f) = kz:; F(k+u+1)z(> "Th—k+p+tl)

The last series converges absolutely. In fact, we have
> D(u+1) <= [n P(n+p+1) _
T 2k 2(n—k)
2Tl ma D 2 (k)'“"'r(n kD
k=0 n=k

- 2k _|a,,|ate P(/J’-'—l)
<§/(j|“’ exp(—|w| )dh‘(w)m

IF'n+p+1) 2n—k)
XZ() e

</ e F(p+1)
—Jc

2 M ey
L(n+p+1) . .
XZ() P(nk—+p+1)|z‘2( 9 exp(—|w| ™) d|y|(w)

< C/ exp(2u+e/2(|z‘a+s/2 + |W‘a+5/2))exp(_‘w|u+e) d\’y|(w) < 0.
C
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Then, we can permute the order of summation in (2.7) obtaining

o Plut+1l)
(T,,sz>—z F(k+u+1) (fl—)

k=0
I‘(n +p+1) 21—

Tkt ) e

exp(—|w|™*) dry(w).

Hence T#,f is an even and entire function. Moreover, we have obtained that for
everye > 0,
|(T#,f)(2z)| < Cexp(|z]**®), ze€C.

Thus we prove that T#, f € Z,,.

Suppose now that ( f,),en is a sequence in Z, , for which f, — fand T#,f, — g,
asn — 09, 1in Z,, where f, g € Z, .

According to Proposition 2.7, for every z € C, ,7,f, —, T.f,as n — 00,1in Z,,.
Then,

(T, 72 fu) = (T#, fu)(2) = (T 72f) = (T#,f)(2), as n— oo,
for every z € C. Hence, since the convergence in Z, . implies the pointwise conver-

gence, T#, f = g. The closed graph theorem allows us to conclude that the convolu-
tion operator defined by T is continuous from Z, , into itself. [ |

The Hankel convolution T#,S of T and S in Z; , is defined as follows

<T#Msa f> = <Ta S#Mf>7 f € Zu,e~

Thus T#,S € Z, .
The interchange formula of Hankel transform and Hankel convolution holds.

Proposition 2.10 Let T,S € Z,,. Then
h/l,(T#p,S) = h/L(T)h/I(S)
Proof Letz € C. According to [9, (1), Section 2], we have

h,(T#,S)(z) = ((T#,S)(t), 2"T (1 + 1)(zt) " Ju(2t))

(
= (T(w), (S(t), ;T 2"T(p + 1) (z) " ], (zu)) (1))

= (T(w), 2"T'(p + 1) (zw) ~* J,(z2w)) (S(t), 2*T (s + 1) (zt) "# ], (21))
= h,(T)(2)h,.(S)(2).
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By using Proposition 2.10 and the uniqueness of the Hankel transform (Proposi-
tion 2.1), we can establish the following algebraic properties of the Hankel convolu-
tion.

Proposition 2.11 Let T,R,S € Z, . Then

(a) T#,R=R#,T.

(b) (T#,R)#,S = T#,(R#,S).

(c) T#,0 = T, where T denotes the Dirac functional.
(d) AL (T#,R) = (A, T)#,R.

We now show the surjectivity of the convolution operators defined on Z, . by the
elements of Z, .

Proposition 2.12  Let T € Z,,. If T # 0, the Hankel convolution operator generated
by T from Z, . into itself is surjective.

Proof Assume that T # 0. To see that T defines a surjective Hankel convolution
operator Fr on Z, . into itself by Fr(f) = T#,f, f € Z, ., we will use the surjectivity
criterion in Meise and Vogt [10, 26.2]. To show that Fr is surjective we have to prove
that if B is a subset of Z; , then, B is bounded in Z; , provided that T#;,B is a bounded
setin Z, ,.

Let B be a subset of Z; , such that T#,B is bounded in Z, ,. Then, by Proposition
2.10, b, (T#,B) = h,,,(T)hﬁ(B) is a bounded set in Qg . Moreover, since h,(T) # 0,
[5, Theorem 12] implies that h,,(B) is a bounded set in Q,/ . and, then B is a bounded

setinZ] .
Thus we conclude that the Hankel convolution operator Fr generated by T is sur-
jective from Z, . onto itself. [ |
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