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The Haar System in the Preduals of
Hyperfinite Factors

D. Potapov and F. Sukochev

Abstract. 'We shall present examples of Schauder bases in the preduals to the hyperfinite factors of
types 11, Ilo, III), 0 < A < 1. In the semifinite (respectively, purely infinite) setting, these systems
form Schauder bases in any associated separable symmetric space of measurable operators (respec-
tively, in any non-commutative L?-space).

1 Introduction

A sequence x = {x, },>1 in a Banach space X is called a (Schauder) basis of X if, for
every x € X there exists a unique sequence of scalars {, },>; so that

x= E Xy

n>1

A sequence x such that x,, # 0 for all n and the closed linear span of {x,} ., coin-
cides with X, i.e,, such that [x,],>; = X, forms a basis of X if and only if there is a
constant ¢ so that for every choice of scalars {an}lj‘-: , and integers m < k we have

H Z ajxjHXScH Z ajxjHX (cf. [11]).

1<j<m 1<j<k

The smallest such constant ¢ is called the basis constant of x. In this note we shall be
concerned with the construction of Schauder bases in spaces of operators associated
with the hyperfinite factors of type Il and I, 0 < A < 1. In the setting of symmetric
spaces of measurable operators affiliated with the hyperfinite factors of type II and
with some hyperfinite von Neumann algebras of type I, the problem was recently
considered in [4,17,18] where “non-commutative Walsh system”, “non-commutative
trigonometric system”, and “non-commutative Vilenkin systems” were constructed.
However, as with their classical counterparts, these systems fail to form a Schauder
basis in the preduals. In order to construct a Schauder basis in the preduals to the
hyperfinite factors, we use an analogy with another classical function system (which
forms a Schauder basis in every separable symmetric function space on (0, 1) [9,11]),
namely with the Haar system.
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2 Preliminaries

Let M be a von Neumann algebra with a fixed faithful normal state p. Let M, stand
for the predual of M, we consider this predual as a subspace of M* consisting of all

normal linear functionals equipped with || - || := || - ||+, cf. [16, Theorem 1.10].
We consider several different norms on M. ||-|| is the operator norm. The
norm || - ||, of the predual M, induces the norms || - ||; and || - ||, on M by means

of the left and right embeddings x € M — xp := p(-x) € M, andx € M — px :=
plx-) € M, respectively. These embeddings are injective and the ranges of M under
these embeddings are dense in M., [8,15]. Thus, if M; and M, are completions of M
with respect to the norms || - ||; and || - ||,, then these spaces are isometric to M. Ob-
viously, || - || > |||lsand || - || > || - ||;» and the embeddings M C M; and M C M, are
continuous. Let us also note that the space M (resp. M,) is a left (resp. right) mod-
ule with respect to M, i.e., xa € M (resp. ax € M,) provided a € M and x € M;
(resp. x € M, ); moreover, we have

llxallae, < [lxlla, llall (resp. [lax]lx, < [lall llx]|,)-
We introduce a left (resp. right) L?-space associated with the algebra M as

Lé)( )(M) = [M7Mﬁ(resp. b)]%a 1< p < 0.

resp. b

Here, [ -, - ]p is the method of complex interpolation, [2]. The space Lg(resp. b)(J\/[) is

isomorphic to Haagerup’s L?-spaces L? (M), [20]. Clearly, Lé(resp. ’b)(J\/[) = Mij(resp. »)
and Lfo = L;* = M. Moreover, the Hilbert space Lg(resp_ b)(M) coincides with
the completion of M with respect to the inner product (x,y); = p(y*x) (resp.
(x, 7)== plxy™)), x, ¥ € M. We refer the reader to [8, 15] for further details on
this construction and also to [20] for the construction of Haagerup’s L?-spaces.

In this note, we shall prove the results for the left norm || - ||;. The argument for
the right norm || - ||, is generally the same. We shall make appropriate remarks when
it is necessary.

We denote by o the modular automorphism group for the state p, i.e., the unique
automorphism group of M such that
(i) px) = p(c?(x),t € R,x € Mand
(ii) foreveryx,y € M, there is a complex function f; ,(z) bounded in the strip S

and holomorphic in S, where S = {z € C: 0 < Imz < 1} such that
p(al(x) y) = fi,(t) and p(y of (x)) = fi, (¢ + 1), cf. [7, Section 9.2].

Let N C M be a von Neumann subalgebra such that the modular group o* (with
respect to M) leaves N globally invariant. In this case the restriction of o” onto N
gives the modular group of p|y in the algebra N, and we can speak about the mod-
ular action ¢o” without referring to the particular algebra N or M. In this (and only
this) setting, according to the main result of [19], there is a normal conditional ex-
pectation €: M — N such that
(a) p(x) = p(€x), x € M;

(b) E(axb) = al(x)b,a,b € N, x € M;
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(0) 0 < E(x)*E(x) < E(x*x).
We now show that the existence of the conditional expectation implies that

(i)  Nj continuously embeds into M; and
(ii) the space Ny is a 1-complemented subspace in Mj.

Indeed, (i) follows from the inequality
%[l := llxpllae, = sup [[y[~" [p(yx))|
yeM

(sincex € N) = sup ||y||~" |p(E(y)x)]
(2.1) yex

(since [E] < [yl < sup [y [p(yx)]
yEN
= llxplln, = [Ix[lx,, x€N.
For (ii), it is sufficient to show that

(2.2) 1€, < [x]lv,, x € M.

Let us recall that the predual M, is a subspace of M* consisting of all normal linear
functionals. Let us consider the mapping £': M, — N, given by £'(¢) = ¢|n. It
follows from properties (@)—(@) of € above that

(2.3) &'(xp) = E(x)p and &'(px) = p€(x), x € M.

Now ([2.2) follows from (2.3)), since &’ is a norm one linear operator. It follows
from (2.I) and that the embedding N; C Mj is isometric, and therefore the
space Ny is a 1-complemented subspace of Mj.

It this paper, we only consider von Neumann subalgebras N C M, which are
globally invariant under o”. Therefore, we shall refer to the norms in the spaces Nj
and M simply as || - [|; without specifying the particular algebra.

The assertions above may be similarly carried to the right predual space and to L?
spaces (left and right) by interpolation. That is, the space L’ y(N) is 1-com-

f(resp. b
plemented in Lf(resp. 7)(3\/[), 1 < p < o0, and Lé’(respl b)(N) embeds isometrically

into LY, .. ) (M), 1 < p < oo

3 Matrix Spaces

Letv € Nand 0 < a < % be fixed throughout the text. Let N, be the class of
all complex 2” x 2-matrices with the unit matrix 1,. Tr is the standard trace on
matrices. The state p, on N, is given by

14 o 0
pu(x) = Tr(xA,), x€N,, A, = ,(;3 [0 1 OJ :

The definition of the state p, immediately implies that

(31) py+/1,(x® )/) - py(-x) p,u.()/)a X E N,,,)/ G NH'
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We consider the ultra-weak, continuous, *-isomorphic embedding i,,: N, — N4,
given by

(3.2) i,(x)=x®1;, xeN,.

Due to (B.I)), we have that p,,1(i,(x)) = p,(x), x € N,, i.e., the restriction of the
state p,+1 onto the subalgebra i, (N,,) is equal to the state p,.

The modular automorphism group of the state p,, is given by /" (x) = A"xA ",
t € R, x €N,. Indeed,

pul0l" () y) = Tr(A XA y) = foy (1),
Py ol (x)) = Tr(ALxA " y) = fo, (£ +1),

where the holomorphic function f; , is given by f,,(z) = Tr(AL"*xA; y), x,y €
N,. Therefore, it is readily seen that the group o' leaves the subalgebra i,(N,)
globally invariant. According to the preceding section, the space i, (N, ;) is 1-com-
plemented in N, ; and the mapping i, embeds N, ; isometrically into N, ;. We
denote €, the norm one projection Ny,; 3 — i, (N, 3). From now on, we shall refer
to the norms in the spaces N, simply as || - ||, omitting the index v.

Similarly, we introduce the L?-space Lfij = Lé’ (N,), v > 1 and we refer to the
norm in this space as || - || ,. '

We also introduce the p-th Schatten—von Neumann norm |- [le,, 1 < p < oo
onN, as

Ixlle, := (Tr(x*x)$)7, x€N,.

Let || - ||e., stand for the operator norm. We denote by Gg') the matrix space N,
equipped with the norm || - |[e,, 1 < p < 0o. We now may express the norms || - ||
and || - ||, as

(3.3) xlls = lleAvllers  [lxll = lAvxlle,,  x €N,

The last identities may be carried to the L?-spaces associated with N, as follows.

Remark 3.1 We fix v € N and consider the function fﬁ: Cx (N, + Ny) —
GS;Q + @(1'/) given by

fu(z,x) =xA?, ze€C, xeN, +N,;.

For every fixedz € C, f(-) := f*(z, ) is alinear operator N, + N, ; — € + (‘3(1").
Thus, we may consider f". | as a function on the complex plane with values in B(N,, +
No4, eg@ + C‘f(l”)). Here B(X,Y) is the Banach space of all bounded linear opera-
tors X — Y. The function f(t,  is holomorphic on 0 < Rez < 1. It follows from BG3)
that the mapping fltﬂ»t is an isometry between Gg”) and N, 4, for every t € R. On
the other hand, the mapping flf is clearly an isometry between C%) and N,,, for ev-
ery t € R. Thus, interpolating, we obtain that the mapping flﬁ/ , 1s an isometry
between €} and L. ie,

1
(3.4) xllps = IxAS [[e,, x€ Lﬁ,w
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A similar argument for the right spaces gives
1
(3.5) Ixllps = llASxlle,, x €L,

Lete, = {e;”)}og j<4» be the matrix units in N,, given in the shell enumeration ]
The system of matrix units e, forms a basis of C, with the basis constant 2, cf. [10,
Theorem 2.1]. The next lemma shows that this system remains a basis with the same
basis constant 2 with respect to the norms || - ||, s and || - [| 5, 1 < p < oc.

Lemma 3.2 Forevery0 < m < 4%, every 1 < p < o0, and any complex num-
bersa; € C, 0 < j < 47, we have
<2 H > agel”

(v)
;e <
H Z 17 p.i(resp. b)

0<j<m 0< j<4v

pibresp. b)

Proof Let P, ,, be the basis projection corresponding to the number 0 < m < 4”.
The projection P, ,, is a Schur multiplier, i.e.,

Pl/,m(x) = Pvm OX,

where o is the Schur (entrywise) product of matrices and

Pom = Z egy).

0<j<m

Let us note that the Schur product is commutative and multiplication by a diagonal
matrix is a special case of Schur multiplier. Thus, the claim of the lemma follows
from the result [10, Theorem 2.1], the identities (3.3), (3.4), (B.5), and the fact that
the operator P, ,, commutes with left and right multiplication by a diagonal matrix,
ie.,

Pyn(xAY/?) = Py u(x) AP and P, u(A)/Px) = AY/P P, (). m

At the end of the section we establish the explicit formula of the projection €, on
elementary tensors, i.e.,

(36) gy(x®y) = Pl(}’) iV(X), X € Nw)’ € Nl'

To this end, consider the Hilbert spaces J-Cf, = Li,ﬂ’ which is the matrix space N,
equipped with the inner product (x,y), = p,(y*x), x,y € N, and observe that
the projection €, is an orthogonal projection in the Hilbert space 5{?, +1 onto the
subspace il,(iH,ﬁ,). If { fj}o< j<av is an orthonormal basis in U—C?,, then, using (B.1]), we
obtain as follows

Ex@y) = > (i), x® y)uer in(f)

0< j<4v

> o) (f %) in ()

0<j<4v

=p1(y)i,(x), x€N,,y € N;.

'In the shell enumeration, the couple (k, m) with k, m > 1 is assigned the index j(k, m) = (m—1)>+k,
ifk < mand k* — m+ 1ifk > m, see [1,10].
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4 The Haar System

We shall construct the Haar system on N,, with respect to p, inductively. Let us first
note that we construct two Haar systems: the left and the right Haar system, which
coincide when p, is a tracial state. We shall show the construction of the left Haar
system. At the outset, we fix an orthonormal basis of Lij, that is, elements r; € Ny,
0 < j < 3such that

(41) Pl(r;krk) :5]k; 0< ],k§ 3.
We define the Haar system inductively. The Haar system h; in N is the system h; =

{ro,r1,12,13}. Ifh, = {hgy)}0§j<4" is the Haar system in N, then the system h,,; =
{h;y+l)}0§j<4v+1 given by

(4.2)

- (1, (V) a0 —0:
h§u+1) _ {lu(hk ) (11/ ®70)7 lfq_ 0” 0< ] < 41/+1’

i, (&) (1, @71, ifq+0;
j=4"q+k 0<gq<3, 0<k<4”

is the Haar system in N,,41.
We shall now present an inductive estimate of the basis constant of the system h,,
in the space N, ;.

Theorem 4.1 Ifc, ; is the basis constant for h,, then, we have
as< > il
0<;<3

and

3
corrs < max{ g ol ol +2 3 lrg 12}
q=1

Proof For the first inequality, it is sufficient to note that, if x = Z?:o a;rj, then
aj = pi(rix), 0 < j < 3, see (41), therefore, || < ||| [|x[|; and

= S dajllirills < lxlls Y il lIrills, 0 < m < 4.

0<j<m 0<j<3 0<j<3

Letrj, := 1, ® rj, 0 < j < 3. We shall estimate the constant ¢, in the
inequality

(4.3) H Z aj l1§-”“)Hﬁ < G

ﬁ )
where 0 < m < 4”1, We first establish the estimate

“d | 3 ] <tinll| 3 apnee

0<j<4v 0< j<4v+

;
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This inequality follows from the observations that (cf. (3.8)), (4.1 and (£2]))

WYL if0 < < 4
ill_l(gu(rgyh(‘ﬁl))) _ i 1 = 1<
v 0, ifj>4%

and that the left multiplication is a bounded operation in || - ||;. It follows from (4.4)
that, for 0 < m < 4", we have

| > am| <ol 32 asint?)|
0<j<m ! 0<j<m :
:HrOH H Z Cv]'hgy) ﬁgCu,ﬁ ||70|| H Z Oljh;'/)
0<j<m

0<j<4v
1,(v+1)
> ajh

0§j<4”“

<avgIrol?

Therefore, if 0 < m < 4", then the constant in (£.3]) admits the estimate
2
g < g [roll*

Let us next establish the estimate

ws X W <2l X e

q4v <j<q4’+m 0<j<4vtt

)

;

1<g<3 0<m<4".

To this end, we observe that, according to (3.8) and (@1, for 1 < g < 3

e, ifqa” < j < (q+1)4%s

0, otherwise.

i (&, hYT)) = {

Thus, if P, ,, is the projection from Lemma then the left side can be obtained
from the right side in (&3] via the mapping x — r,, il,(P,,ﬁmiljl(El,(r;‘,l, x))) and,
therefore, follows.

Finally, if 4 < m < 4"*!, then, combining (£4) and (&3)), we obtain the estimate

3

G < lroll? +2 Z g2
q=1

for the constant in (4.3). The theorem is proved. [ |
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Remark 4.2 For the right Haar system the construction is the same, except we start
with the system {rg, r1, r2, 73} such that

(4.6) pi(rjr) = 6jk, 0< j, k<3,

Clearly, in the proof of Theorem[4.] all references to the left multiplication should be
replaced with those to the right multiplication. Thus, we obtain that the right Haar
system basis constant ¢, , admits the similar estimates:

ap < Z 7l lirjlls
0<;<3

and

Coatp < maX{

3
+2 3 Il
q=1

Remark 4.3 Inspection of the proof of Theorem [.1]shows that the main ingredi-

ents of the proof are

(i) Lemmal3.2land

(ii) the fact that the left multiplication by a bounded operator is continuous in the
norm || - ||; uniformly v > 1.

Clearly, both these ingredients hold in the space L , 1 < p < oo. Thus, the Haar
system (£2)) is a basis in Lp More precisely, the constant P ﬂ) that guarantees the

inequality
| 52 o], =] 5 o

0<j<m bt 0<j<4v

)

bt

for every 0 < m < 4” and every complex scalars «; admits the estimate

C1n < Z l7ill Il .2

0<j<3

and

3
ey < max{ ) ol ol +2 3 lrg 2}
q=1

Similar estimates hold true for the right spaces LI; , and the right Haar system.

Remark 4.4 The construction of the Haar system may be generalized as follows: in
the inductive definition (£2)) for each inductive step from h,, to h,;, we can use its
own set {r{"), 11" ) ")}, which possesses the property @I) (or (E8), if we build
aright Haar system). Theorem A Tlremains valid in this case with obvious changes to
the estimates of the constants ¢, (resp. 1)-

We shall refer to the system h,, constructed above as th )(ro, 11, 12, r3) in the sequel,
to stress the fact that the Haar system h{?) depends on 0 < o < 1 and {r;}o<<s.
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Corollary 4.5 The system h')(ro, 11, 12,13), where {r;}o< <3 satisfies @I) (resp.,
@8)) and ||ro|| < 1, is a basis in N,y (resp. N, ,) with the basis constant uniformly
bounded with respect to v € N.

5 The Hyperfinite Factors Il, and Ill,, 0 < A < 1

The collection of the algebras {(N,, p,)},en together with the embedding (B2)
forms a directed system of C*-algebras, [7, Section 11.4]. The inductive limit of this
system possesses a state p,, induced by p,,, v > 1. We denote the GNS representation
of this inductive limit with respect to the state p, as R,. R, is a factor of type III,
if0 < a < 3, with A = %~ and a factor of type II; if & = 1. The properties of the
factor R, are collected in the following lemma. We also refer the reader to [7, Sec-
tion 12.3], where the representation of the factor R, as a discrete crossed product is

given.

Lemma 5.1 The factor R, possesses a distinguished faithful normal state p,. WithN,,,

pv, v € N defined in the previous section, there are ultra-weakly continuous *-iso-

morphic embeddings m,: N, — R, v € N such that

(i)  theembeddingi,: N, — Ny, given in (3.2), carries into m,(N,,) C 71 Nyi1);

(ii) the state p,, is induced by p,, and 7, i.e., p,(x) = pa(7,(x)), x € N,,, moreover,
the automorphism group o~ leaves every subalgebra m,(N,,) globally invariant;

(iil) the set U,>1m,(N,) is dense in R, with respect to the weak operator topology.

From now on we shall identify the algebras N, with 7,(N,), v € N. Since the
group o”* leave the subalgebras N, v € N globally invariant, it follows from the
preliminaries that, for every 1 < p < oo, we have

(5.1) LY, C QL CLY,, S CLE (R,
and all embeddings here are isometric. Thus, we may refer to the norms in all these
spaces as || - || .4, omitting the index v € N. Moreover, these embeddings are 1-com-

plemented, i.e., there is norm one projection

EV:Lé)(iRa)HLP veN.

v

We also note that UueNij,t is norm dense in Lf(iRa), 1 < p < o0, since
(5.2) lim ||€,(x) — x|l,: =0, x€ Lé’(fR,\), 1<p<oo.
V—00 )

The last statement (and its right counterpart) is established in [5, Theorem 8].
Since the space R,, is not separable, the convergence (5.2) cannot be extended to
the norm || - ||. Nonetheless, we have the ultra-weak convergence in this case, namely

Lemma 5.2 Foreveryx € R, and ¢ € R, ., we have lim ¢(E,(x) —x) = 0.
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Proof The proofis straightforward. First, from (5.2]), we have
1pa(y (Eu(x) —x))| < [[y[l [|€,(x) — x[[z — 0, asv — o0, x,y € Ra.

The latter means that we proved the lemma for the special case ¢ = py, y € R,.
Since the linear subspace {py},cx, is norm dense in R, . and the projections
&, Ry — N, are uniformly bounded, v € N, the general case now follows from [16,
Lemma 1.2]. [ |

Alternatively, we may look at the tower (5.1)) from an inductive limit point of view
as follows (see [13, p. 135] for the definition of inductive limits of Banach spaces).

Theorem 5.3 If1 < p < oo, the collection of Banach spaces {Lfiﬁ}ye\, together with
the embedding (3.2) form a directed system of Banach spaces. The inductive limit of
this system is isomorphic to Lé’ (R).

Let us further note that the identities (3.3) and (3.4) mean that the Banach spaces
L?, and €} are isometric with the isometry given by x € L, — xAl/P € ey

Applying this isometry to the directed system {[“f-,ﬁ }oen together with the embedding
i,, we obtain the following.

Corollary 5.4 The collection of matrix spaces { e;”)}yeﬁ\h 1 < p < o0, equipped with
the p-th Schatten-von Neumann norm, together with the embedding

xel¥ —x@Aaf ey

is a directed system of Banach spaces with the inductive limit isomorphic to Haagerup’s
space LP(R,,).

6 Haar System (cont.)
Consider the left (resp. right) Haar system h{") = h%")(ry, r1, 15, r3), where the sys-
tem {r;}o< j<3 satisfies (@) (resp. ([£6)) such that ry = 1;. It then follows from (3.2)
and ([@2) that hg-”“) = iy(hg-")), 0 < j < 4%, v € N. Thus, we can construct
a unified left (resp. right) Haar system h, = h,(ro,r1,75,73) = {hj}j>0 in R,
as hj = W,,(hg")), provided 0 < j < 4”. As a corollary of Theorem [£1] we now
have the following.

Theorem 6.1 The left (resp. right) Haar system h, forms a basis in the space
:Ra.ﬁ(resp. b).
Proof To prove that h,, is a basis, we need to prove

(i) h, is a basic sequence and
(ii) the linear span of h, is dense in R, 4 (resp. R, ).

The first part is contained in Theorem4.Iland the second one is guaranteed by (5.2).
|
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As an example of the system h{), we now take the system

4= 0 0 1 0 —VA
(6.1) ro=1,r=|Y ,sz[ ],r3: 1 )
lo VX 10 L 0

where A = 2-. The system h{V satisfies (1) (resp. (&8), if r5 replaced with 73).
Thus, from Theorem[6.]] we have the following.

Corollary 6.2 The left (resp. right) Haar system h, = h,(ro,r1,12,13), where
{rj}o<j<3 are given in (&), is a basis in the predual of the hyperfinite factor III,.

For the special case o = 3, the system (6.I) turns into

1
2
A_IA_IOA_OIA_O—I
r0—1771—0 71,72—10773—1 R

and we also have the following.

Corollary 6.3 The Haar systemh; =h

hyperfinite factor I1;.

(fo, 71,72, 3) is a basis in the predual of the

1 1
2 2

Let us next consider the diagonal subalgebras A, C N,, v € N. The weak-
operator closure of U,en7, (A,) forms an Abelian subalgebra A, in R,,, which is iso-
morphic to Lo ([0, 1), m,), cf. [7, Section 12.3], the algebra of all essentially bounded
m,-measurable functions on [0, 1), where the measure m,, is given by

v—1
ma({zky,k;/l}> :g[(l—es)a+es(l—a)],

where 0 < k < 2" and ¢, are binary digits of k, i.e., ¢, = 0, 1 such that

k= 6020 + 6121 R 6,,_12’/71.

Since A, is commutative, we have that A,; = A,, = Aq .. The modular auto-
morphism group o (resp. 0”) leaves the subalgebra A, (resp. A, ) globally invari-
ant. Thus, the embedding Aq » € Ry sresp. v) (resp. Ap s C Ny, g(resp. )) 18 isometric
and complemented. Let € be the norm one projection £: R, — A,. We denote
by the same letter & the norm one projection €: Ry, 4resp.5) — Aa,x. The projec-
tion £: N, — A, vanishes on all non-diagonal matrix entries. Hence, we obtain
that, if h, = h,(ro,71,72,73) = {hj} ;>0 is the left (or right) Haar system, with re-
spect to (G.1)), then
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(62)  &(hp)=hj, if4 < j<2-4andh; =i () (1, @r)
with k = j — 4" and e}(”) being a diagonal matrix

unit, see (4.2);

&(h;) =0, otherwise.
Clearly, this implies that the non-zero subsystem x, = {}j>0 of E(h,) forms a

basis of A, .. From ([4.2) and (6.2]), we obtain that xo = rp, x; = and if 2V < j <
21/+1’

(6.3) xj=el -1, @n), j=2"+k 0<k<2",

where z—:,il’) is the k-th diagonal matrix unit in N,,. When o =
classical Haar system, cf. [12, Section 2.c]. Thus, we have

%, the system X1 is the
Corollary 6.4 The system X, given in (6.3)) is a basis of L, ([0, 1), m,,). In particular,
fora = % this system coincides with the classical Haar system on L,(0, 1), [12, Sec-
tion 2.c].

Remark 6.5 Every result in this section extends to the L?-spaces associated with the
factors Il and II;. If p = oo, then the results still hold true with norm convergence
replaced by ultra-weak convergence, cf. Lemma[5.2l

Remark 6.6 In analogy to the classical Haar system, we shall call the system (6.1)
and its derivatives r;, = 1, ® r;, 0 < j < 3, v € N the (non-commutative)
Rademacher system. Due to unconditionality of martingale differences in the spaces
LP(fR%), 1 < p < o0, [14,17,18], the Rademacher system is an unconditional basis
sequence in LP(fR%), 1 <p<oo.

7 Factors of Type IlI, and 1l

Here we shall consider the construction of bases in the preduals of the factors of
type I1I; and I1.. Since these two factors may be reduced to the factors of type III,
I1;, and I, by means of tensor products, we shall first consider the extension of the
Haar system construction over preduals of tensor products. To this end, it is useful
to recall the notion of Schauder decomposition, [11].

Let D = {Dj};>; be a system of projections in a Banach space X such that
DDy = 0, j # k. The system D is a Schauder decomposition of the Banach space X
if and only if the series Z]OZI D;x converges to x in the norm of X, for every x € X.
As for bases, we have the equivalent criteria for the system D to be a Schauder decom-
position of X, [11]. Namely, a system D = {D;};>1, DjDy = 0, j # k is a Schauder
decomposition of X if and only if (i) [D;(X)];>1 = X; (ii) there is a constant ¢ such

that
H Z DijX < cH Z DijX, xeX, 1<m<n
1<j<m 1<j<n
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We fix two von Neumann algebras N and M equipped with faithful normal states p
and ¢, respectively. The tensor product algebra NQM with respect to the product
state p ® ¢ is the weak operator completion of the GNS representation of the tensor
product C*-algebra N ® M with respect to the state p ® ¢, cf. [7, Chapter 11].

We shall consider the algebra N as a von Neumann subalgebra of N ® M under
the embedding x — x® 1, x € N. It clearly follows from the modular condition that

of(x@y) = ol (x) @7 (y), xEN,y EM,t €R.

Thus, the modular group 0*®? leaves subalgebra N globally invariant, and therefore,
the results in the preliminaries are applicable. In particular, the left predual N iso-
metrically embeds into (N&®M)j, and the space Nj is 1-complemented in (N&M);.
Let us denote the corresponding projection as Ex. As in (3.6]), we obtain the explicit
formula for the projection £y on elementary tensors

(7.1) En(x®@y)=(x®1Do(y), xeN, y e M.

Let us fix an orthonormal basis y = {y;};j>; € M in the predual My, i = 1,2.
We assume that

(7.2) o(yiye) = djk.

Having basis y and the expectation € at our disposal, we can construct the associ-
ated system of projections D = {D;} ;> of the predual (N®M); by

(7.3) Djz = 1® }/j) En((1 ®)/j)* z), z € N@M.

The left multiplication by an element of the tensor product N&®M is a bounded op-
erator on (N&®M);. Therefore, the operators D; are indeed bounded linear operators
on (N&M);. The fact that D; are projections and that D;Dy = 0 if j # k follows
from and (Z.2)). Furthermore, the identities and give the explicit for-
mula for the projection D; on the algebraic tensor product N® M. Indeed, if a; € N,
bre M,1 <k<mnand

bk — Zaksysy Qs € C

s>1

is the expansion of the element by with respect to the system y in Mj, then

(7.4) D]-< Z ak®bk> = Z Okj A @ yj.

1<k<n 1<k<n

Since the algebraic tensor product N ® M is norm dense in (N®M); and the norm in
the space (N®@M); is a cross-norm, we get [D;(N®OM)] ;> = (N®M)y. In general,
it is not the case that the system D constructed above is a Schauder decomposition of
the Banach space (NQM);.
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Theorem 7.1 Ifx = {x;};>1 andy = {yi}x>1 are two bases in Ny and M, respec-
tively, such that the associated systems of projections E = {E;j} > and D = {Di}i>1,
defined in [[3), are Schauder decompositions of the Banach space (NQM)y, then the
product basisz = X ®y := {X; ® yx}jk>1, taken in the shell enumeration, is a basis in
the predual (NQM).

Proof The proof is rather standard. The shell enumeration assigns to a pair (j, k),
j, k > 1 the number s(j, k) defined by

, (k—1?+j, ifj<k

s(j. k) =4, b
7 —k+1, ifj>k

Let z = {z}s>1 be the system z in the shell enumeration. It is clear that the linear
span of the system z is dense in (N®M),. Thus, to prove the theorem, we have to
establish, that there is a constant ¢ such that

H E O Zs SCHE O Zs
1<s<m s 1<s<n

as; € C1<m<n.

ﬁ Y

Without loss of generality we may assume that n = n3, for some n; > 1. There is an
integer m; > 1 such that either of the relations is true (i) m? + 1 < m < m} + m; or
(ii) m3 + my +1 < m < (m; + 1)%. Let us consider the first option. For the second
one the argument is similar. We have

(7.5) H Z QsZs ﬁg H Z QsZs

X e,

1<s<m 1<s<m? m+1<s<m
|5 eomson,
1<j,k<m
+H E Qis(jm) Xj & Yo, ‘ﬁ.
1<j<m—m?—1

Letting

it then follows from (Z.4) that the latter two terms on the right-hand side of (Z3) are
given by

Z Q(j k) X @ Yk = P, Qm, (2)
1<j.k<m

and

Z Q(j,my) Xj & Yy = memflerm (2),
1<j<m—mi—1
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where P; and Qy are partial sum projections with respect to the decompositions E
and D, respectively, i.e., P; = Zlgsgj E,and Q; = ZISSSk D;. Thus, we continue

| > e

1<s<m

) S [P, Qun, (2l + [Py — iz —1 Doy (2) [l < e[z

The latter inequality is due to the fact that the partial sum projections are uniformly
bounded. The claim of the theorem follows. ]

We consider two specific examples. First, we take M = B(¢2). In this setting the
algebra N ® M may be considered as the space of all bounded n x n-block matrices
with entries in N. The latter observation means, in particular, that the system of
projections E = {E;} >, (Z3), associated with the matrix unit basis e is a Schauder
decomposition of the predual (N®M)y; see the proof of Lemma[3.2] Let us also note
that the Schauder constant of the system E is uniformly bounded with respect to the
dimension of /2.

As another example, we take M = R, 0 < o < % We fix the Haar system h, =
h,(ro, 1,72, 13) = {hj}>1, where the Rademachers {r; }o< j<3 are given in (6.I)). We
denote the associated system of projections by H, = Hy(ro, r1,72,73) = {H;};>1. To
establish that the system H,, is a Schauder decomposition in (N®M); we only need
to verify that there is a constant ¢ such that

H Z szngcH Z HjZHu’ zeENOM, 1<m<n.

1<j<m 1<j<n
The proof of the latter inequality is based on the following theorem.

Theorem 7.2 Let (N,, p,,) be the algebras from the preceding sections and let NQN,,
be the tensor product von Neumann algebras equipped with the product states p @ p,,,
v € N. Let hg’) = hg’)(ro, r,12,13) = {hg-”)}jzb where {r;}o< j<3 satisfies ([&1)), be
the left Haar system in N,,. If Hg’) = Hg’)(ro, 11,12, 13) is the associated decomposition
defined by ([Z3)), then the minimal constant c, which guarantees the inequality

|3 e, =] 32 1

0<j<m 0<j<4”

, z€N&N,, 0 < m < 4",

f

admits the same inductive estimate as that in Theorem[4.1]

The proof of Theorem [72]is essentially a repetition of that of Theorem .1} we leave
details to the reader. Thus, we obtain the following.

Theorem 7.3 The system H, = H,(ro,11,12,73) = {H;};>1, associated with the
Haar basis h,,(ro, 11,12, 13), where {rj }o< j<3 is given by (6.1)), is a Schauder decompo-
sition of the Banach space (NQR, ).

Now we may apply the results above to the hyperfinite factors III; and Il . It is
known that ITI; = IIT), ®III,,, wherelog A1 /log A; ¢ Q and Il = II; R, cf. [3,6].
See the definitions of h, and h. in Corollaries[6.2land[6.3] We obtain the following.
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Ji=1,2, el ¢ Q, is a basis

Corollary 7.4 Thesystemz = h,, ® h,,, a; = > Tog A

in the predual of the hyperfinite factor of type III,.

+1

Corollary 7.5 Thesystemx = h% ®e, is a basis in the predual of the hyperfinite factor
of type 1o,

Remark 7.6 Similarly to the preceding sections, all the results above hold true in
the setting of left and right L?-spaces associated with the factors of type I1I; and Il
Moreover, the system hy (resp. h, ®e) from Corollary[6.3] (resp.[Z5) forms a basis in
any symmetric operator space E(R ) (resp. E(M)), where iRl (resp. M) is a hyperfi-
nite factor II; (resp. I1,) and E is separable rearrangement invariant function space
(see definitions and further references in [4]).
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