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Interior h' Estimates for Parabolic Equations
with LMO Coefficients

Lin Tang

Abstract. In this paper we establish a priori h!-estimates in a bounded domain for parabolic equations
with vanishing LMO coefficients.

1 Introduction

We consider the uniformly parabolic operator P with discontinuous coefficients

n
Pu=u; — Z a;j(x)Diju, aex= (x',t) € Qr,
ij=1

where Qr = Q x [0, T], T > 0, and ©Q € R" is a bounded domain D;u = Ju/0x;,
u, = Dyu = %, Diju = %a“xj, Du = (Dyu, ..., Dyu, D;u). The principal part of the
operator is symmetric and uniformly elliptic, i.e.,

a,‘j = aj,‘, )\|€|2 S a,‘jf,fj S /\71|§|2, V{ S Rn, a.e . x € QT,

with the constant A € (0, 1]. It is well known that if a;; € C(Qr), the following
interior estimates hold:

(L1) [uel| o xo.rn+ 1D ull e g0,y < CUIPul|Leon+ullzen): 1 < p < o0,

where Q' € (2 and the constant C depends only on n, p, A\, Q' T, 2, and the moduli
of continuity of the coefficients a;;.

Recently the estimate was improved in [1], where it was shown that is still
true if a;; € C(Qr) is replaced by the weak condition a;; € VMO, the function space
of vanishing mean oscillation, first introduced by D. Sarason [12].

On the other hand, it is well known that the corresponding estimate (I.I)) does not
hold at the endpoint p = 1. A natural question is whether it is suitable for L' (Qr)
space to be replaced by h'(Qr) (local Hardy space). It is true for elliptic operators, as
was shown in [14]. For parabolic operators, by contrast, there are no corresponding
results for the operator P in the Hardy space.

The main purpose of the present work is show that

||”tHh1(Q'><[0.,T]) + HDZMHh‘(Q'x[O,T]) <C (H?”th(Qr) + H“th(QT)) )
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where Q' €  and the constant C depends only on n, p, A, T, ', Q and the coef-
ficients a;; € LMO. The crucial point of our investigations is the establishment of
suitable integral estimates of singular integral operators and their commutators with
variable parabolic Calderén—Zygmund (PCZ) kernel. The expansion of the kernel
into spherical harmonics allows us to reduce our considerations over integral opera-
tors with constant PCZ kernel possessing good enough regularity.

The paper is organized as follows. In Section 2 we introduce some notations and
definitions, and we recall and prove some preliminary results. The key estimate is
proved in Section 3. In Section 4 we give the main results.

2 Definitions and Preliminary Results

Fabes and Riviere [6] introduced the parabolic distance

o \/|x'|2+W
p(x) =
2

) d(xay):p(x_y)7

where x = (x',t) = (x1,...,%,, ). A ball with respect to the metric d centered at
xo = (x4, to) and of radius r is simply an ellipsoid

I 2 t—1 2
B.(x) = {x e R™ . [ — x| + ( ) < 1}.
r2 r

Obviously, the unit sphere with respect to this metric coincides with the sphere in
R™1, a.e 0B1(0) = "' = {x e R™! : |x| = (X1, &7 +12) v 1}.

i=1"

It is well known that C. Fefferman and E. M. Stein [7] established the real theory of
Hardy space in R". Furthermore, A. P. Calderén and A. Torchinsky [2—4] established
the real theory of parabolic Hardy space and obtained the atomic decomposition
theory for the parabolic Hardy space. Later, D. Goldberg [8] established the theory of
local Hardy space. Now we briefly give the definition and the atomic decomposition
theory for H'(R"*!) and the local Hardy space h!(R"*!).

Let ¢ € C§° be a mollifier with supp ¢ C B(0,1), ¢ > 0, [ ¢ = 1. In this article

we keep such a ¢ fixed.

Definition 2.1 For alocally integral function f, define
M,f(x) = sup|f * ()|, H'={f € L'|M,f € L'},
0<t

mof(x) = sup |fx ()|, h'={f € Lmyf € L'},

0<t<1

equipped with norms || f||m = ||[Msf|lp and || fllm = ||mef]ln, where ¢ (x) =
=0 G X 2K 0).

A locally integrable function a with compact support contained in a ball B = B,
is called an H'-atom if ||a||oc < [B|™! < C,r~"*» and [ a(x) dx = 0.
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Define a to be of type (a) if (i) ||a]|coc < Cor™ "2, < 1 and (ii) [ a(x)dx = 0.
Define a to be of type (b) if (ii) holds, and (i) holds only for r > 1. We also call both
type (a) and (b) atoms h' atom:s.

Theorem 2.2 Suppose f € H'. There exist {\;}32,, {11;}%2, € I', and H' atoms
{a;}32,, such that

oo
= 1l Aj Ajaj
NeTho Z it = 21: i
=
where the convergence is in L'. Moreover, || f||; ~ infy_ |\;j|, where the infimum is
taken over all possible decompositions of f.

For an k! function there is a similar atomic decomposition. See [8].

Theorem 2.3 Suppose f € h'. There exist {\;}372,, {11;}32, € I', type (a) atoms
{a;j}32,, and type (b) atoms {b;}32, such that

:NLHP Z)\ a]+ hm Zu]b —Z)\a1+2u] s

where the convergence is in L'. Moreover, || f||m ~ inf(}" |Aj] + > |pj]), where the
infimum is taken over all possible decompositions of f.

As in [14], we define qu = H' + L1 and h}j = h' + L1 with the usual infimum

norm for g € (1, 00):

£l = ing il + o), 111, = inf (il + gl

Itis easy to see that hy = Hy and || f|5; ~ || |l for 1 < g < cc.
For the sake of completeness we shall recall here the definitions and some proper-
ties of the spaces we shall use.

Definition 2.4 We say that the measurable and locally integrable function f be-
longs to BMO if the seminorm

1
11l = sup o / FO) — fol dy

is finite. Here, B ranges over all parabolic balls in R" with radius r and centered
at some point x, and fz = ‘—113‘ J5 f(»)dy. Then |||« is a norm in BMO modulo
constant functions under which BMO is a Banach space.

Definition 2.5 LMO is a subspace of BMO, equipped with the semi-norm

1+ |In7|

| flltmo = sup ———— [ |f(x) — f,
r<l |Br| B, |B| B,

|[f(x) — f5,|dx
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Proposition 2.6 If o € LMONL™, f € h', then pf € h' and

lefllm < Cliellze + lellimo) L f s

where C is a positive constant depending only on n.

Proof By the atomic decomposition of an h' function, we only need to show that
llpallm < C(|pllt= + ||¢llmo) for an h'-atom a. Suppose a is supported in
B = B.(x). Ifais a type (b) atom, it is easy to see that b = ||¢||[-t¢pa is also a
type (b)-atom and ||b||;; < 1. Next suppose a is a type (a)-atom. By definition, we
need to show that ||mgal|p1 < C(||e||1 + ||©llLmo), where ¢ is a fixed mollifier.

If x € 2B, then by the L?-boundedness of the parabolic Hardy-Littlewood maxi-
mal function M and the inequality myf < M f we have

/ my(pa)(x) dx < C|B|'?||my(0a)l|1> < |B|'?(|M(pa)| 12
2B

< CIBI"?|lpallzz || @l < Cllpllze=
If x € 2B, then for y € B, t < 1, we have
|1 (x = x0) < Cplx —x0) "2,
|4 (x = ) = ¢u(x — x0)| < Cply —x0)p™ ",

By the cancellation property and size condition for a, we get
/ my(pa)(x) dx
Rr+1\2B

= / sup
R+l \23 t<1

g/ sup/l(bt(x—y) — ¢u(x — xo)| |p(y)aly)| dydx
1 B

R*+1\2B t<1

+C/ sup
R#1\2B <1

< C/ p(y — x0)p(x — x0) " *|o(y) — sl laly)| dydx
Re+1\2B

/ be(x — y)o(y)aly) dy| dx
B

/ ¢ (x — y)(0(y) — wp)aly) dy‘ dx
B

+ C/ plx — x) "2 / le(y) — wsllaly)| dydx
{2r<p(x—x0)<1} B

<cr / Pl — x0) " dx / la(y)| dyll o)
R#+1\2B B

In2r

< C(lell= + [lellmo)- ]

+C
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As a corollary, we have the following two lemmas.

Lemma 2.7 Iff € h), 1 <q< o0, ¢ € L NLMO, then of € hy and
lefllm < Cllellzee + [[llmo)ll £l -
Lemma 2.8 Iff € IMOand f > ¢ > 0, then f~!, f'/ € LMO, and

I lemo < 2672 fllimos 12 lltmo < 72| flmo-

Moreover, if f, g € L N LMO, then

I fellimo < 2([| fl|ze< llgllmo + llgllzee || flLmo)-

The proof of Lemma 2.2 can be found in [5, 14].

3 H,-Estimates for Variable Singular Integrals

In this section, we will establish hj-estimates for parabolic singular integral com-
mutator with variable kernels. For the purpose, we first establish qu—estimates for
parabolic singular integral commutator.

Definition 3.1 A function k(x) is said to be a parabolic Calderén-Zygmund (PCZ)
kernel in the space R™"! if

(i) kissmooth on R"*!\ {0},

(i) k(rx!,72t) = r~ "2 (x’, t) for each r > 0,

(iii) fp(x):r k(x)do, = 0 for each r > 0.

Lemma 3.2 ([1]) Let k be a PCZ kernel. Then for any parabolic ball By of center xo
one has

p(xg — x)
[k(x — ) — k(xo — )| < CW

forany x € By and y & 2B,.

A parabolic integral operator T defined by Tf(x) = p.v. [k(x — ) f(y)dy. It
is well known that such a parabolic singular integral can be extended to a bounded
operator on L1 for 1 < g < 00; see [6].

For a locally integrable function b, define [T,b]f = T(bf) — bTf. We call
[T, b] the commutator generated by the singular integral operators T and function b.
M. Bramanti and M. C. Cerutti [1] proved that [T, b] is bounded in L? for 1 < p <
o0 if b € BMO. Moreover, there exists a constant C depending on n, p, k such that

(T, B fllze < CIIBII«| f]2e-

Next we give H -estimates for [T, b].
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Proposition 3.3 Ifb € LMO and 1 < q < oo, then [T, b] is a bounded operator
from Hj to H,. Moreover, there is a positive constant C such that

1T, 51l < Clbllosoll -
Proof Adapting the same arguments of Theorem 3.1 in [14], we give an outline of
the proof.
Noting the L? boundedness of [T, b] and qu = h}j, to prove the proposition it suf-

fices to prove that for any an H'-atom a such that ||[T, blallp < Cl|bllumo. Suppose
a is supported in B = B(xg, r). If r > 1/8, we have

ILT; blal[a < Cl|b+[|allze < C][bllLmo-

Next we assume r < 1/8. Let By = (xg, 1) and B§ = R""!\ By. We decompose [T, b]
as follows:

[T,b] = (B(y) — bg)Ta(y) — T((b — bg)a)(y)
= (b(y) — bp)Ta(y)xas(y) + (b(y) — bp)Ta(y)xp,\45(y)
+(b(y) — bp) Ta(y)xpe (y)

=L+L+1 +I4,

where g is the the characteristic function of the set E and kB = B(xg, kr) for k € N.
We first consider the term I;. By the L* boundendess of T, we have

/ mol(x) dx < C|B|"*||myly |2 < CIB|"2[IL]
8B

1/4 1/4
<l ( [ o -l ay) ([ ol ay)
4B B
< Cll. < Clbllo

Note that for x ¢ 2By, ¢; * I;(x) = 0 and t < 1, we get
/ myli(x) dx = / mgyl) (x) dx
R+1\8B 2By\8B
<[ pw—x) " [ [(by) - b Tatn)] dy
2B,\8B 4B

gc<1+|1nsr|)/ |(b(y) — bs)Ta(y)| dy
4B

< C||b[ltmo-
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Hence, we obtain || ||;; < C||b||Lmo- For the term I, note thatif x € 2Band y ¢ 4B,
then p(y — x) > 2rand p(y — xp) > 4r. By the property of kernel k of T (see Lemma

[3.2)), we then have
| * L(x)| < C/ plx — )" DNb(y) — bg||Taly)| dy
4r<plxo—y)<1
<o [ g =) ) - baldy
4r<p(xo—y)
< Cr_(”+2)||b|\*.
Thus,

/ (60 + B9 dx < Cr="2 bl B| < C||bllimo.
2B

If x & 2B, we have

60+ b < | &u(x = 7)(b(y) — bs) Ta(y) dy|
(Bo\4B)NB(x,r)
ol f 6~ y)(bly) — bs)Taly) dy]
(Bo\4B)NBC(x,r)
= b + Ip,.

Let B; = 2/B. Then

/ I () dx
R#+1\2B

=> / D (x)dx
j=1 7 Bix1\Bj

SCE:/‘ 4 G (x — y)pxo — y) " |b(y) — bg| dydx

j=1 B]‘H\B]‘ B(x,r)

<Cy / rp(xo — x)” " my(|b(y) — bp|xs,.,)(x) dx
j=1 7B

j+1\B;

< CrZ(zfr)—<“+3> / my(|b(y) — bp|xp,..)(x) dx

=1 Bj+1\B;

< Cl|b]l. < Cl1b]lumo-
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Note that ¢;(x — y) = 0 for p(x — y) > 1. We then have

/ 122 (x) dx
R\ 2B
<c / / plx — )~ |b(y) — by | Ta(y)| dy
ply—x0)>4r Jr<p(y—x)<1
<C(1+|In r|)r/ p(xo — )~ |b(y) — bp| dy
p(y—xo) >4r
< Cl|bl|mo-

Thus, |||l < C||b||Lmo- We now estimate the term I5. For 1 < g < 00, we have

/ LG dx < O / Pl — y) " Ib(y) — bl dy
]R{YH’[

p(y—x0)>1
<cr / Pl — )~ 4lb(y) — byt dy
p(y—x0)>r

< Cllpfl2 < Clpllfyo-
Finally, we estimate the term I,. Similar to the proof of I, we have
(6 — bg)ally < C||b]lmo-
Note that T is bounded on H! and L4, respectively, so T is bounded on H;. Hence,
I T((b = bp)ally < C|T((b - bp)allm < C||(b—bp)allp < C|[b]|imo-

Thus, the proof of Proposition 3.1 is complete. ]

In order to apply our results to the interior estimates of a parabolic operator, we
need to generalize Proposition B3] to commutators of parabolic singular integrals
with variable kernels. For this goal we shall exploit a well-known technique based on
an expansion into spherical harmonics [1].

Any homogeneous polynomial p(x),x € RY, of degree m, that is a solution of
Laplace’s equation Au = 0 is called an N-dimensional solid harmonic of degree m.
Its restriction to the unit sphere Xy is called an N-dimensional spherical harmonic
of degree m.

Denote by Y, the space of (n + 1)-dimensional spherical harmonics of degree m.
It is a finite-dimensional space with dim Y, = g, where

8m = C:lnﬂl - C:ln+n—2 < C(n)mnil

and the second binomial coefficient is equal to 0 when m = 0,1, 1.e, g = 1, §1 =
n+ 1. Further, let {Y,(x)}$", be an orthonormal basis of Y,,,. Then {Y,(x)}¥"77
is a complete orthonormal basis in L*(S"*!) and

(2) vt

3 < Cln)ym!PH=D2 gy — 1 20
X

sup
X 6 Sn+l
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If, for instance, ¢ € C*®°(S"!), then ¢ ~ Zm Y.m(x) is the Fourier series expansion
of ¢ with respect to {Yy,,(x) }, where

— —2l AN
G an= [ O o <COm sip [(51) 0]

|B|=2lyesm

for every I > 1, where __, stands for Y~/ >°%"

s=1°
Let k be a real-valued function defined on R™! x R™*1\ {0} such that k(x, - ) is a
PCZ kernel for a.e. x € R"™"!. For f € C§°(R™"!) define

Sﬂ@zy%/;) K(x,x = ) f(y) dy.
plx—y)>e

The operator S is called a parabolic singular integral with variable kernel k. For a
locally integrable function b, the commutator generated by S and b is defined as

[S,b]f(x) = bSf(x) — S(bf)(x) = ling)/ k(x,x — y)[b(x) — b(y)] f(y) dy.
e plx—y)>e
The following results about the L boundedness of S and [S, b] can be found in [1].

Theorem 3.4 ([1]) If S is a parabolic singular integral with variable kernel k satisfying

RN
S s
‘ (8x) (x,y) Loo (Rrx Sy !

then S can be extend to a bounded operator on L1(1 < q < 00) such that

[Sf1lza < C(n, g, M1)|| f]|1a-

Ifb € BMO, then [S, b] can be extend to a bounded operator on L1(1 < q < 00) such
that [[[S, bl f||e < C(n,q, M1)||f][1s-

Our main result in this section is the corresponding hé estimate for the commuta-
tor of a parabolic integral with variable kernel.

(3.2) max
|8]<2(n+1)

Theorem 3.5 Let S and k be the same as in the above theorem. Assume that for every
fixed y € S, we have k( -, y) € LMO and

9\ 5
3.3 max (—) k(x, - Ry < Mo,
(3.3) m\gz(m)” g (%, Y || e emo(rm sy < My

where

[|A(x, )’)”LOO(LMO(R”),S”“) = Ssup Hh(',)’)”LMO(IR(”)-
yGSrHl

If f € hy for some 1 < q < oo, then there exists a constant C such that

1S fllny < CIIf -

Ifb € LMO, then |[[S, bl f|lm < C|[b||umol| fl[4, where C is a constant depending only
onn,q, My, and M.
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Proof By the density arguments it is enough to prove the theorem for f € C§°(R™).
Letx,y € R""and y = -7 € $"*!. Keeping in mind the homogeneity properties
of the variable PCZ kernel, we can write

P k(x, ) = k(x, ) =D aam(x)Yan(7).

Hence k(x, y) = p(y)~"*? Zs’m As (%)Y (7). From (B.1), (3.2), and (B.3)) it follows
that

HaSVHHLOO + ||a5mHLMO S C(anlez)m*ﬂrHl)'

By the argument in [1] we have

oo &m oo 8m
SF=>_ am®Rn f(x),  [S,b1f = > atm(x) [Rem, bl (%),
m=1 k=1 m=1 k=1

where

mﬁm:M/ YinlX =) () ay
p

=0 (x—y)>€ p('x - y)n+2
are parabolic singular integrals. Using Proposition[3.3]and Lemma 2.7l we obtain

oo &m

IS£ 1 < D> lamReanfllay

m=1 k=1

oo 8m

S CZ Z(||asm||L°° + Hasm”LMO)”kaf”h;

m=1 k=1

oo 8m [e%S)

<SS m 2 fly <030 mt 2| £

m=1 k=1 m=1
< Cl[flln-

The argument for [S, b] is similar; by Proposition B3l we get

oo 8m

1S, 81 f iy < > [ Riom, b f 1

m=1 k=1

oo &m

<3S amlle + laon luaio) | Rums 61l

m=1 k=1

oo &m

<CY Y m I blluol £l

m=1 k=1
oo
< Cllbllmo Y m" m D £l
m=1

< Cllbllmol| f1ln- |
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4 Main Results

In this section we give the interior Hardy type estimates for a second order parabolic
operator. For this purpose, we first introduce some Hardy type space on a domain by
restriction. Let Qr = Q x [0, T] with a fixed T > 0 and € a domain in R".

A measure function f € L'(Qr) is said to be in k' (Q7) if it is a restriction to Qr
of a function F € h'(R™), i.e.,

R'(Qr) = {f € L'(Qr) : there exists F € h'(R™") such that F|o, = f},
equipped with the norm

£l = f{]| fll : F € B'(R"™), Flo, = f}.

We say that the function u lies in the Hardy—Sobolev spaces h*!(§2r), if it is weakly
differentiable and belongs to A (21) along with all its derivatives D*Diu, 0 < 2r+s <
2. Then the following norm is finite

ullie @ = lullw@n + 1Dullp@rn + 1Dl ay-

We sometimes use the same notation to represent a function defined in R"*! and its
restriction to a domain.
Next we state some lemmas.

Lemma 4.1 Let Q1 be a bounded domain in R"™'. Ifu € h'(R"') and supp u C Qr,
then ||ul|p < C||u||pqq), with C depending on Q. Hence ||u||jn ~ ||ul|n(qy)-

Lemma 4.2 The restriction of h; to a bounded domain Qr is h' (1) for any q €
(1,00). In other words, if f € hy, then flo, € h'(Qr) with || f|lnq,) < Cllfllm.

Now we introduce the space vanishing LMO.

Definition 4.3 We say a function f € LMO is in the space vanishing LMO, denoted
by LMOy, if lim; .o 7(p) = 0, where

1+ |Inr|

|[f(x) — fB,|dx

n¢(p) = sup ;o p<lL

r<p |Br| B,

Lemma 4.4 LMO, is a closed subspace of LMO and it coincides with the closure of
C> N LMOy in LMO. Moreover, if f € L N LMOy, one can choose a sequence of
functions { fi}2, C C> N L* such that fy — f in LMO and || fi||r < || f||zoe-

The proofs of Lemmas [4.1] [4.2] and [4.4] are simple. We will omit the details; see
also [14].
We consider the uniformly parabolic operator

Pu=u; — Z a;j(x)D;ju,

ij=1

with a;; defined a.e in R"™1. We assume that there exists a constant A € (0, 1], such
that
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(A1) a;(x) = az(0), AP < a; (06 < AP, VE € RY, ae, x € R
(A2) aij € LMO NL*®, with maX,‘_’an(Ha,‘jHLMO + Haij”Loo) < AL

Denote by P a linear parabolic operator with constant coefficients a;’ that satisfy

(A1). It is well known from linear theory (see [10]) that the fundamental solution of
the operator Py is given by the formula

_ ex {_ZZj—lAgjyiyj
T(y) = { (dnr)"/2/detay  F 4r
0 otherwise,

} if 7 >0,

where ay = {aj'} is the matrix of the coefficients of of Py and Ay = {Aj} = a,"
is its inverse matrix. Hereafter, we denote by I'} and T'}; the derivatives 9T /9y; and
9°T'° /Dy jOy;. In the problem under consideration, the coefficients of the operator
depend on x. To express this dependence in the fundamental solution we define

! ex {—_E?.,j_lA"%x)yiyf
T(x,y) = { (@nry2/deta) P ar

0 otherwise,

} if7 >0,

where a(x) = {a"(x)} is the matrix of the coefficients of P and A(x) = {A/} =
a~1(x) is its inverse matrix. The derivatives I'; and I'; ; are taken with respect to the
second variable y.

It is well known that I'; ;(x, y) are PCZ variable kernels; see [6].

Lemma 4.5 If a;; satisfies (A1) and (A2), then k(x, y) = I';;(x, y) satisfies (3.2]) and
B3) in TheoremsB. 4 andB.5 with constants M, and M, depending on n and \.

Proof A direct calculation shows that

! o ex { _ ZZ]'ZI AT(x)yiy; }
(4m7)"/2/deta(x) OyiOy; P 41
1 > ANy
= exp{ ——}
(471)"/2+/det a(x) 4T

A (EL A S o) 2}
27 1672 '

Lij(x,y) =

Using Lemma[2.8] we know that det a(x)~1/2, A¥ ¢ [°° NLMO, with norms depend-
ing only on \ and 7. In addition, it is easy to see that A%/ (x) y, and A”(x)y; belong to
L*>° N LMO with norms independent of y € Y. Finally, by the positivity of a and 4,
we can obtain the desired result. [ |

Now let us state the main result.

https://doi.org/10.4153/CJM-2010-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-011-1

214 L. Tang

Theorem 4.6 Let ) be a bounded domain in R™',u € h*'(Qr). If a;j € LMO,,
then for any Q' CC ),

ID*ull ) + IDeullcry < Cllullmr + 1Dl + [1Pullm@n,

where C depends only on A\, n, Q7, Qr, and 1,,.(1 < i, j < n) as defined in Definition
4.3l

To prove Theorem [L.6] we first establish the following proposition.
Proposition 4.7 Suppose u € h*'(Qr) with supp u C B C Qr, where B = B,(xo) is
a ball with r < 1. There exists ro < 1 such that if r < ro, then

[ID*ulmap) + I Dettlln iy < CllPullwan-

Proof We first introduce some notation. Let

Tife) =pov. [ Tylex=nf0)dy

Rn+1

[T, B1f(x) = p.v. / D5, — )b — b)) f(y) dy.

Rnﬂ

Since u has compact support, the zero extension of u(which we still denote by u) is in
h>1(R™1). For x € supp u the following interior representation formula holds (see

(1D).

n

Diju(x) = Z [Tij, a)Du(x) + Tij(Pu)(x) + (Pu)(x) Li(x, y)njdo,

k=1 S+l

= I(x) + II(x) + I1I(x),
where 1; is the i-th component of the outer normal of the surface $"*!. It is easy to
see that m(x) = [,., Ti(x, y)njdo, € L= NLMO and ||m|| ~ + ||m||mo < C(n, A).
From Lemmas[4.T]and [4.2] we have

(4.1) 11| o) = [[mPullnopy < |mPul|m
< C(|lml[ze + |Im||vo)) [|Pul 4

< Cl|Pullmay)-
Using Theorem [B.5and Lemmas[d.Iland 2} we have
(4.2) [y < ClH[w < Cl[Pullp < CllPul[m < ClIPul[my)-
It remains to estimate I. For this goal, let a be one of ay;; we consider B, center at xg

and of radius r and B¢ = R"*!\ B,. From the properties of LMO and LMOj, functions
(see Lemmal[4.4)), it follows that for any € > 0 there exists a number ry and a smooth
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function g such that ||a — g|lLmo < €/2. Fix aball B, C , such that r € (0, ry) and
construct a function

g(x) forx € B,

x' —x! t—toy
x’+r70,t0+r27) for x € BC.
g(x6 p(x — x0) P — x0)? '

h(x) =

Obviously, 4 is a Lipschitz function, and w;, = SUP, e |h(x) — h(y)| is equal to
wp(r) = Sup, ,cp |h(x) — h(y)|. Now we estimate the LMO norm of h. Let B, be any
ball in R™"! with radius s < 1. If s < r, then

1+ |In7|

5, / |h(x) — hp | dx < 25(1 +|Ins|)||h|Lip, < 2r(1+|1Inr|)||Dh|| @,
s B,

since the function #(1 + |Int|) is increasing in t € (0, 1).
If r < s, then

1+ |In7| /
——— [ |h(x) — hg,
B

dx <2(1+|Ins))wy < (1 + |Inr))wi(r)

< 2r(1 + [In r)wp(r)|| Dh| oo (@1,

Thus, there exists a constant C independent of r such that ||A||imo < Cr(1 + |Inr7]).
By Theorem 3.5 and Lemmas[A.Tland[4.2] we then get

n n
(4.3) [lln0p) < Z I[Tij, an — gulDuul|p + Z (1T, gl Diate| s
ki-1 ki-1

n
< C Y (llaw — gulluvo + l1gullivo) [ Dl
ki1

n
< Ce Y |Duully < CelD?ullqy),
ki=1

if we take r < 1 such that ro(1 + |In7o|) < €/2.
Finally, combining estimates ([4.1]), (4.2)), and (4.3]), we have

[1D%ul[ 0y < Cel|D*ullmay) + CllPullpoy-

By taking € = 1/(2C), we have ||D*u||ni,) < C||Pullyq,). To estimate u,, we
employ the equation 4, = a;;(x)D;ju + Pu(x). Hence, by Lemma[27} we have

n
uellwir < C Y lajllee + laijllio) ID*ullr + [ Pull o)

ij=1

< C||Pullmqy)- .
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Proof of Theorem[d.6] Let {;}} | be the partition of unity subordinate to {2’ with
supp o C Bx C  such that the radius of every By (in R") is less than ry/4. Take
T, = [, ) with t; = (T})/(2/16),1 = 1,....L — 1 = [T/(12/16)] and T; =
[t—1, T]. Let m = xr1,(¢) and @ = g Then {@kl}g:’LU:l is the partition of unity
subordinate to Q'T with supp pr C B C S such that the radius of every ball By (in
R™*1) is less than 7. Let uyy = yu. Then

n
Tukl = gﬁklfpl/l +2 Z aijDiwleju + ufP(pkl.
ij=1

Since supp uy C By C Qr, by Proposition[4.7] we obtain

| Drttgall ) + 1D a0y < CllPutlliniar

n
< C( leaPullnon + Y llaiDiguDjullm )
i, j=1

+luPoullon )

< Cllullw @ + [Dulli@n + [1Pullw@n-
Summing over k from 1 to N and / from 1 to L we obtain the estimate for
IDeul| gy + 1D ullmiog)- [ ]

Acknowledgement The author would like to thank the referee for some valuable
suggestions.

References

[1] M. Bramanti and M. C. Cerutti, W;’z solvability for the cauchy-Dirichlet problem for parabolic
equations with VMO coefficients. Comm. Partial Differentail Equations 18(1993), no. 9-10,
1735-1763. 1doi:10.1080/03605309308820991

[2]  A.P.Calderén, An atomic decomposition of distributions in parabolic HP spaces. Adv. in Math.
25(1977), no. 3, 216-225. |doi:10.1016/0001-8708(77)90074-3

[3]  A.P.Calder6n and A. Torchinsky, Parabolic maximal functions associated with a distribution. Adv.
in Math. 16(1975), 1-64. |doi:10.1016/0001-8708(75)90099-7

, Parabolic maximal functions associated with a distribution. II. Adv. in Math. 24(1977), no.
2,101-171. |doi:10.1016/S0001-8708(77)80016-9

[5] D.C.ChangandS.Y. Li, On the boundedness of multipliers, commutators and the second derivatives
of Green’s operators on H' and BMO. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 28(1999), no. 2,
341-356.

[6] E.R.Fabes and N. Riviere, Singular integrals with mixed homogeneity. Studia Math. 27(1966),
19-38.

[7]  C.L.Fefferman and E. M. Stein, HP-space of several variables. Acta Math. 46(1972), no. 3-4,
137-193. |doi:10.1007/BF02392215

[8]  D. Goldberg, A local version of real Hardy spaces. Duke Math. J. 46(1979), no. 1, 27-42.
doi:10.1215/50012-7094-79-04603-9

[9]  P. W.Jones, Extension theorems for BMO. Indiana Univ. Math. J. 29(1980), 41-66.
doi:10.1512/iumj.1980.29.29005

https://doi.org/10.4153/CJM-2010-011-1 Published online by Cambridge University Press


http://dx.doi.org/10.1080/03605309308820991
http://dx.doi.org/10.1016/0001-8708(77)90074-3
http://dx.doi.org/10.1016/0001-8708(75)90099-7
http://dx.doi.org/10.1016/S0001-8708(77)80016-9
http://dx.doi.org/10.1007/BF02392215
http://dx.doi.org/10.1215/S0012-7094-79-04603-9
http://dx.doi.org/10.1512/iumj.1980.29.29005
https://doi.org/10.4153/CJM-2010-011-1

Interior h' Estimates for Parabolic Equations with LM O Coefficients 217

[10] O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N Ural’tseva, Linear and Quasilinear Equations of
Parabolic Type. Translations of Mathematical Monographs 23. American Mathematical Society,
Providence, RI, 1968.

[11] G. M. Liberman, Second Order Parabolic Differential Equations. World Scientific, Singapore, 1966.

[12] D. Sarason, Functions of vanishing mean oscillation. Trans. Amer. Math. Soc. 207(1975), 391-405.
doi:10.2307/1997184

[13] L. Softova, Parabolic equations with VMO coefficients in Morrey spaces. ]. Differential Equatiopns
51(2001), 1-25. (electronic)

[14] Y. Sunand W. Su, Interior h!-estimates for second order elliptic equations with vanishing LMO
coefficientes. J. Funct. Anal. 234(2006), no. 2, 235-260. |doi:10.1016/}.jfa.2005.10.004

LMAM, School of Mathematics and Sciences, Peking University, Beijing, 100871, P. R. China
e-mail: tanglin@math.pku.edu.cn

https://doi.org/10.4153/CJM-2010-011-1 Published online by Cambridge University Press


http://dx.doi.org/10.2307/1997184
http://dx.doi.org/10.1016/j.jfa.2005.10.004
https://doi.org/10.4153/CJM-2010-011-1

