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DENSENESS OF OPERATORS WHICH ATTAIN THEIR
NUMERICAL RADIUS

WANG Jia-PING AND YU XIN Tal

We show that a bounded linear operator on a dual Banach space X may be
perturbed by a compact operator of arbitrarily small norm to yield an operator
which attains its numerical radius provided the weak star and norm topologies
coincide on the unit sphere of X.

Let X be a Banach space, X* its dual space and L(X) the algebra of bounded
linear operators on X . Let

(X, X¥) = {(z, 2") € X x X*;27(z) = [|=]| = [|l=*|| =1},
(X7, X) = {(2", 2) € X" x X;2%(=) = |[=]| = ||| = 1}.

Define the numerical radius of T' € L(X) by
UT) = sup{|z*(T=)|; (=, ") € =(X, X*)}

and say T attains its numerical radius if there exists (z¢, z§) € (X, X*) with v(T) =
|25(Tzo)|. Denote

NRA(X)={T € L(X); T attains its numerical radius}.

Say a Banach space X has property (P) if every T € L(X) may be perturbed
by a compact operator of arbitrarily small norm to obtain an operator in NRA(X) in
L(X).

In [2], Berg and Sims proved that uniformly convex Banach spaces have property
(P) and asked how far this result may be extended. In [1], Acosta and Paya proved
that every reflexive Banach space has property (P). Recall that a dual Banach space
X has property (*#) if it satisfies: whenever (z4) is a2 net in X, zo converges to z in
the weak topology and ||zo|| converges to ||z||, then ¢, converges to = in norm. We
show that every dual Banach space with property (#*) has property {P).
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THEOREM. For X a dual Banach space with property (*x), given T € L(X) and
€ > 0, there exists a compact operator C with ||C|| < € such that T + C belongs to
NRA(X).

PROOF: Assume X = Y*. For € > 0, define a, = ¢/8" and b, = ¢/2™. Given
an arbitrary T € L(Y™), we shall construct an operator To, € B(Y*) such that T €
NRA(Y*), Too — T is compact and ||To — T|| < €. This will complete our proof.

For this purpose, we need
LEMMA. There exist (Tn),.., in L(Y*) with Ty = T, (y%,yn) € 7(Y*,Y) such
that
(1) I(Tny:)(yn)' > V(Tn) —Qp, N = 1» 2, A
(31) ||Tn — Ta-1|| € ba—1 and T, — T,,—1 is a rank one operator, n =2, ...
(i)  |ya(ym)l > 1—1/2%, where k = min(n, m), n,m=1,2,....
We first show how the proof of the theorem can be completed by using the above

lemma.

Since Y [T — Ta-al <
n=2

™8

bn-y = €, T, converges to To, € L(Y*) in norm
n

81

and ||Teo — T|| = |Too — T1|| € 3 ||Tn — Tn-1|| < €. Moreover T, — T is compact as
n=2

T, — T: is of finite rank for every n. Now it remains to show To, € NRA(Y*).

Since Y has property (*#), ¥ has the Radon-Nikodym property by [6], which
implies that Y is weak sequentially compact and £, & Y (see [4]). So we may assume
that y, converges weakly* to y* in Y* and y, converges weakly to y** in Y**.

Now
""" > lim ly" ()| > limlm [y (u)] > im lim1 - 2} = 1,
where k = min(n, m).
Since |ly™|l < limlyafl =1 and |ly"]] < Emllyall =1, fly™ll = lly™[ =1, and
(v*, Ady**) € «(Y'*, Y**), where A = y*=(y*).
It now follows that y); converges weakly* to y* and |ly;|| = |v*|| = 1, so ¥},

converges to y* in norm by the property (**) of Y.

Now

V(Too) = li;n v(T,) because T, converges to T in norm
= lim |(Tnyn)(yn)| by the lemma
=lim |(Tooy™)(yn)| because y;, converges to y* in norm

= |y**(Tsoy™)| because y, converges to y** weakly”
= [Ay™ (Teoy™)l -
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Hence Ty attains its numerical radius, that is Too € NRA(Y™). 1

Now we turn to the proof of the lemma. First we quote a theorem from [3] as a
sublemma.

SUBLEMMA. (3, p.84, Theorem 5] v(A4) = sup{|{Ay*(y)|;(y*, ¥) € n(Y*, Y)} for
every A € L(Y™).

Let Ty = T, choose (y}, y1) € #(Y*, Y) by the sublemma such that |(Tyy{)(v1)| >
v(T1) — a; . Define Toy* = Thiy* + bie*® y*(y1 )y, where 6, = arg (T1y;)(v1)-

Obviously, T — T} is of rank one and ||T2 — Thf| < ;.

Further,

v(T2) 2 [(Tey1) (1)l
= [(Tuy)(y1) + bre™ |
= [(Tay1)(m1)l + b1 > v(T1) —ay + by,
or equivalently, v(T3) — v(T1) > by — a;.

Now choose (y3,y2) € m(Y*,Y), again by the sublemma, with |[(T2y3)(y2)| >
v(Ty) — az. Similarly, define Tsy* = Toy* + b2e*®y*(y2)y5 , where 6, = arg(T2y3 )(y2)
and again T3 — T3 is of rank one, ||T3 — T2|| € b2, v(T3) — v(T32) > bz — a2 . Inductively,
we may construct (T,) and (yi, y») € n(Y*, Y) with

(1) Tn = Ta-all € bay;
(2) Ty =Ty + bn—leia"_ly*(yn—l)y:—l;
(3) v(Tn) —v(Tno1) > baer — @ns;
(4)  [(Tnyn)(yn)l > v(Tn) — an.
CLamM. (T,) and (yZ, yn) satisfy (i), (ii) and (iii) of the lemma. In fact, (1) and (2)
imply (ii) and (4) is (i). It remains to establish (iii).
Since v(Tn) — v(Tp=1) > bn1 — @n-1,

UT) = v(Tm) >bp_1+ ... + b —@noy1 — ... — am(n > m).
Now
Toy* = Ty + b,,_leia"—‘y*(yn_l Yoy =...
= Ty + bme ™y (Um )yl + bns1€ 0™ Y (Yt 1 Wiy + - - -
+ bn—l eian.’l y*(yn—l )y:;—l ’
and
U(Tn) = an < [(Tntn) Wa)l = (Tmys)(n)l + bm ey (ym )y (vn)

+ b1 Y (Y1 g1 (Un) + - -+ b 1€y (Yo )y 1 (¥n)
S U(Tm) + b [Yn(¥m)ym(Un)l + b1 + - .. + bna,
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SO

|y (ym )y (yn)| > (¥(Tn) = ¥(Tm) = @n = bmi1i— ... = bn1)/bm
> (bm — Qm — QAm41 — ...—a.,.)/bm >1-— 51;
Hence |y} (ym)| > 1—1/2™ and |y;,(yn)| > 1 —1/2™, which implies (iii) of the lemma.
This establishes the lemma and all the proof is completed. a

From the above proof, we can eaily deduce the following

CoROLLARY 1. If X* has property (**), then X** has property (P). In par-
ticular, L(H) and £ have property (P), where H is a Hilbert space.

COROLLARY 2. 7Ti(H), the trace class on a Hilbert space H with the trace
norm, has property (P) and NRA(7T,(H)) is norm dense in L(T,(H)).

ProOF: (H) has property (*x) [5]. 0

REMARK. Paya has given two examples of Banach spaces for which the numerical radius

attaining operator is not dense.
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