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COMPRESSIBLE MATRIX RINGS

EFRAIM P, ARMENDARIZ AND JAE KEOL PARK

Let Z(K) denote the center of a ring X. A ring R is
compressible if Z(eRe) = eZ(R) for each idempotent e of

R. 1In response to a question of S. Berberian, G. Bergman has
constructed a (non-commutative) integral domain, satisfying a
polynomial identity, for which the 2x2 matrix ring over the
domain is not compressible. In contrast to Bergman's example,
we show that the ring of nxn matrices over any commutative ring

is always compressible.

The example constructed by Bergman [3] eliminates a large class of
rings, prime Goldie rings, for which compressibility is a Morita invariant
property. In a positive vein, A. Page has shown in unpublished work that
compressibility is preserved in matrix rings over (compressible) von

Neumann regular rings.

In contrast to Bergman's P.I. domain we have been able to show that

Rn is always compressible whenever R is a commutative integral domain.

In fact, a much more general result holds.

THEOREM 1. If R <is a commutative ring then R is compressible
for all n > 1.

Proof. Let 4 = Rn and € € A with €? = e. From Passman (4,

Lemma 4.5, p. 253] we have A4ded N QA(AEA) = (0. We claim that
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A =AcA @ R.A(Aall). Indeed E(In-e) = 0 so we have E(In-e)adj(In-e) = 0.
However (In—e)adj (In—s) = det(In-e)In. Hence det(In—e) e=s~det(In—e)In=0.

Let U be the ideal of R <c¢enerated by the entries of €. Then
det(In—e) =1 -x where x € 7/. Since (I-x)e = (¢ and (l-x)In € Z(A)

we have (I-x)I € % (Aecd). ~hus I_ - xI € 2,(AcA). Because Acd
n A 7 n A

contains all matrices yIn with y € U we have .rIn € AeA and so

In € Aed + ZA(AEA). According'y A = Aed @ !LA(AEA) as we claimed.

However, both A4ec4 and SEA(/‘.E.',) are ideals of A so Aed = Ap for some

central idempotent ¢ € A. Then ¢ := e so ede = edApe; hence we may
assume that 4 = AcA. Now suppose x € Z(ede). The mapping 6 : 4 > 4

i = . . i 11- i . i . ., =
given by G(Zaieei) Zottxsz is well-defined. Indeed, if ZaLth 0

V s 3 = =
then for all o,B € A we have (;:ai.z:Bi)aEB 7?otix(eﬁicxe)ﬁ gaiesiws

(Xotisﬁi)oux:s = (0; therefore Zaixsi € SLA(A) = (0 showing that 6 is well-
1

defined. Then because x € Z(ede), © is an A-A-bimodule mapping.
Thus 6 is given by a right multiplication by a central element 2 of A.
In particular, x = 6(e) = ez and so x € cZ(A). Since we always have

€Z(A) < Z(eAe) the proof is complete.
An immediate consequence is the

COROLLARY. If M 1is a finitely generated projective R-module over

a commutative ring R then HomR(M,M) is a compressible ring.

Recall that an algebra A over a commutative ring R is a
separable R-algebra in case A is a projective 4%-module, where

Ae =4 ()DR AP is the enveloping algebra of A. The separable R-algebra

A is central separable, or an Azumaya algebra if R = Z(A). (See [3] for

properties of separable algebras.)

THEOREM 2. A4n Azumaya algebra A over a commutative ring R 1is

compressible.
Proof. Since A is Azumaya we have Ae:HomR(A,A) and RA is a

progenerator. By the corollary, 4% is a compressible ring. Furthermore

R is both a left and right R-module direct summand of A. Suppose f is
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an idempotent in A. Then f® I is an idempotent in 4 and
2@ VAF® 1)) = (F@1)2(4%). also Z(fAf) &, R < fAf @, R.
Since R is a direct summand of EA we also have that R is a direct
summand of RAOP and so fo'C% R c f%f'C% 4°P.  However every element of

Z(fAf) C% R is central in fﬂf'C% AP 5o that, in fact,

2(fAf) @, R < 2(fAf @), a%)

Z(f® 1)A%(F@1)) = (F® 1)2(4°).

If t € Z(fAf) then t®1 = (f@z)(mi @bi) = Zfai®bi , where
Zai C)bi € 2(4%°). Now the isomorphism 6 : 4 > HomR(A,A) is given by
0(ic. ®d.) : a > sec.ad. . Thus 6(ta. ®b.) € Z(Hom_(A,A))} hence

1 1 1T 1 7 R
e(Zai C)bi) commutes with all left and right multiplications by elements
A’ap denote left and right multiplication by a € 4 ,
respectively. Then we have (S(Zai C)bi) °ax)(1) = S(Eai C)bi)(a) =

of A. Let a

fa,ab, and (a, e 8(za, C)bi))(l) = ala,b, ; thus Ia.ab, = a(Zaobi).
Using ap we also have Zaiabi = (Zaibi)a. Combining these we get
a(fa.b.) = (ta.b.)a for all a € A. Therefore Ia.b. € Z(A) = R.

11 17 177
From t®1 = Zfai ®bi with Eai ®bi € Z(Ae), we have 0(t (® 1)(x) = tx
and 8(t® 1)(x) = o(xfa, ®bi)(x) = ifaxb, for all x € A.
In particular for x = 1 we obtain ¢ = f(Zaibi) € fZ(A). We conclude
that 4 is compressible.

By [3, Theorem 3.8], A is a separable algebra over a commutative
ring R if and only if A is central separable over Z(4) and Z(4) is
a separable algebra over R. 1In particular A 1is an Azumaya algebra over

its center which yields:

COROLLARY. If R 1is a commutative ring then any separable R-algebra

is compressible.

A particular example of separability occurs when G is a finite

group whose order is a unit in the commutative ring R. Thus we have
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COROLLARY. If R 1is a commutative ring, G a finite group whose
order is invertible in R then the group ring RG is compressible.

In a personal correspondence to the second author, K. Motose has

pointed out that the group algebra ZZ[S4] is not a compressible ring.

This example, coupled with Bergman's example, demonstrates the limitations

of compressibility.
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