
SOLUTION TO A MATROID P R O B L E M POSED BY D . J . A. WELSH 

D. T. Bean 

( r ece ived A p r i l 5, 1968) 

The p a i r (S , M) is a m a t r o i d if S is a finite se t and M a 
co l lec t ion of s u b s e t s of S such that (1) e v e r y subse t of a se t of M 
is in M , and (2) a l l m a x i m a l s e t s in M have a c o m m o n c a r d i n a l i t y . 
The span of a se t A C S is T(A) w h e r e y G r ( A ) if and only if y G A 
or t h e r e is A' C A , A' G M and {y } U A' i M. A m a x i m a l se t in M 
is cal led a b a s e . F o r each b a s e B in M define B : S - * M b y : B(x) 
is {x} if x £ B ; o t h e r w i s e B(x) is the unique m i n i m a l s u b s e t of B 
such that B ( x ) U { x } i M. 

R e m a r k . Using the n a t u r a l c o r r e s p o n d e n c e be tween b a s e s and 
c i r c u i t s the se t B ( x ) U {x} is j u s t the a tom J(D; x) of Tut te [1] w h e r e 
D is 'the dendro id E - B when B is a b a s e and x G S - B . 

F o r A C S and x e S , x is B - o r t h o g o n a l to A , w r i t t e n x G C) (A), 

if B ( x ) H B ( a ) = 0 for a l l a G A . 

A p r o b l e m posed by Welsh [2] is the following: If A G M , B is a 
b a s e and x G O (A) i s X G O ( r ( A ) ) ? The a n s w e r is yes and is in fact 

B B 
t rue for any A C S . To p r o v e th is two l e m m a s a r e r e q u i r e d . 

LEMMA 1. Let (S , M) be a m a t r o i d and b G B , B a b a s e in M . 
Then B1 = (B - { b ) ) U { a } is a b a s e if and only if b e B ( a ) . 

P roo f . N e c e s s i t y . Jf a e B then B1 = B and {b} = B ( a ) . If 
a ^ B then B ' ( b ) C B ' and B ' ( b ) U { b } ^ M . Thus a e B ' ( b ) and 
B(a) = ( B ' ( b ) U { b } ) - { a } by u n i q u e n e s s . 

Suff ic iency. If a e B then b = a and so B ' = B . If a ^ B and B ' 
is dependen t then t h e r e i s A C B', A m i n i m a l dependen t . Since B is 
independent , a e A C ( B - { b } ) U { a } so that A - {a } - B(a) and 
b 4. B(a) , a c o n t r a d i c t i o n . B1 is independent and | B | = | B ' | . Hence 
B ' is a b a s e . ( | x | deno te s the c a r d i n a l i t y of X . ) 

LEMMA 2. Let (S , M) be a m a t r o i d , B a b a s e , a G S - B , b G B(a) , 
and B' - (B - {b} ) U { a } . Then for p € S , 

(i) B»(p) - B(p) _if b i B ( p ) , 

(ii) B'(b) = ( B ( a ) U { a } ) - {b} , 
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(iii) B ! (a) = { a } , and 

(iv) B(a) + B(p) C B'(p) C B(a) U B(p) U { a } if b e B(p), b / p . 

(X + Y deno tes the s y m m e t r i c d i f f e rence of X and Y . ) 

P roof . B' is a b a s e by L e m m a 1. 

(i) If b iB{p) then B ( p ) C B ' . Hence B' (p) = B ( p ) . 

(ii) The proof of L e m m a 1 shows that B'(b) = ( B ( a ) U {a } ) - {b } . 

(iii) By def in i t ion . 

(iv) Right hand s i d e . The m i n i m a l dependen t s e t s f o r m a " c i r c u i t " 
m a t r o i d (Edmonds [3, P r o p . 2]) . 

Since b G B(p) U {p } and b G B ( a ) U {a } , t h e r e is a m i n i m a l 
dependen t s e t C with p G C C B(a) U B(p) U {a , p} - { b } C B ' U { p } . 
Hence B' (p) = C - { p } C B(a) U B ( p ) U { a } . Also a G B'(p) by 
L e m m a 1 s ince B = (B f - { a } ) U { b } . 

Left hand s i d e , (a) F o r z G B(p) - B(a) , B " = (B - { z } ) U { p } 
i s a b a s e by L e m m a 1 and s i n c e z é B(a) , B(a) = B"(a) by L e m m a 2, ( i) . 
a ç B ' ( p ) U { p } i s a c i r c u i t , and if z ^ B ! ( p ) then B' (p) U {p } C B " U { a } 
giving b € B ( a ) = B"(a) = B ' ( p ) U { p } - { a } , a c o n t r a d i c t i o n . ((3) F o r 
z G B(a) - B(p) , B " = (B - {z}) U { a } is a b a s e by L e m m a 1 and s i n c e 
z r f B ( p ) , b e B n ( p ) = B(p) by L e m m a 2, ( i ) . If z 4 B '(p) then 
B' (p) C (B(p) U B(a) U { a } ) - { z } C B " . Since B ' ( p ) U {p} i s a 
c i r c u i t in B " U { p } we have b e B ' ( p ) = B"(p) = B ' ( p ) , a c o n t r a d i c t i o n . 
Thus B(p) + B(a) C B»(p) . 

T H E O R E M . Let (S , M) be a m a t r o i d , B a b a s e , A C S and 
x e O ( A ) . Then x e O Q ( r ( A ) ) . 

r> n> 

Proof . If B(x) = d) t h e r e i s nothing to p r o v e . If y eT(A) with 
B(x) P B(y) i 0 then y i A and t h e r e is a c i r c u i t C , y G C = A' U {y} 
with A' C A , A' G M. Then x e O (A 1 ) , x r f O f r C A 1 ) ) so that it is 

B B 
suff ic ient to p r o v e the t h e o r e m for s e t s A G M. 

We now h a v e : if the t h e o r e m is not t r u e t h e r e is a t r i p l e (x , A , B) 
w h e r e x. e S , B is a b a s e , A G M , 0 < | A - B | , x G O (A) and 

B 
x r f O _ ( r ( A ) ) . Suppose ( x , A , B ) such a t r i p l e . If A C B then U B(a) = A 

B acA 
and for y G T(A) - A t h e r e is a c i r c u i t C with y e C •= A' U { y } , A ' C A . 
Hence B(y) = A ' C A and B(x) Pi B(y) = ^ f a c o n t r a d i c t i o n . Thus for 
such t r i p l e , 0 < | A - B | and we m a y choose one with |A - B | l e a s t . 

Take a G A - B . Since a e M t h e r e is b G B(a ) and by h y p o t h e s i s 
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b i B(x) . By L e m m a 1, B f = (B - { b } ) U { a } is a b a s e and by L e m m a 2 

(i) B(x) = B ' ( x ) . Now a i B ' ( x ) , for o t h e r w i s e by L e m m a 2 (iv) 

(with B ' and B in t e r changed) B ' (a ) + B»(x) = B(x) = B'(x) giving 

B ' (a ) = {a } ~ é> a c o n t r a d i c t i o n . F o r the r e m a i n i n g a G A aga in 

us ing L e m m a 2 (iv), B ' (a) C B(a) U B(a ) U {a } so that B ' ( x ) P B ' (a ) = é 

for a l l a G A . Thus x ç O , (A) and by the m i n i m a l i t y of 
B 

| A - B | , x G 0 B , ( r ( A ) ) . 

Now take y G T(A) . If b 4 B(y) then by L e m m a 2 (i), é = B ' (x) O B'(y) = 
B(x) H B(y) . If b G B(y ) , B'(y) D B(a ) + B(y) by L e m m a 2 (iv) and 

0 - B»(x) H B'(y) = B(x) O (B(a ) + B(y)) - B(x) D B(y) . In a l l c a s e s , 

B(x) O B(y) - (j) and so x G O (r(A)) , a c o n t r a d i c t i o n to the e x i s t e n c e of 
B 

a t r i p l e (x , A , B) . Thus the t h e o r e m is p r o v e d . 
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