BISIMPLE INVERSE SEMIGROUPS AS SEMIGROUPS OF
ORDERED TRIPLES
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Introduction. In (8) and (13) it has been shown that certain bisimple
inverse semigroups, called bisimple w-semigroups and bisimple Z-semigroups,
can be represented as semigroups of ordered triples. In these cases, two of the
components of each triple are integers, and the third is drawn from a fixed
group. This representation is analogous to that given by the theorem of Rees
(1, p. 94) concerning completely simple semigroups, and shares the same
advantages.

In the present paper, it is shown that any bisimple inverse semigroup has
a representation by ordered triples for each congruence p contained in Green’s
equivalence 2 (1, p. 48), in which one of the components is drawn from a
group. In general, this representation has the defect that distinct triples may
correspond to the same element of the semigroup, but it is one-to-one in the
case when S itself is a congruence and p = 5.

In the case of a bisimple inverse semigroup S with identity for which 57
is a congruence, R. J. Warne (10) found, by using Rédei's theory (6) of
Schreier extensions of a group by a semigroup, a representation of S by
quadruples from which the triples representation can be derived in a few lines.
We shall follow the same procedure in the general case (§4). We can dispense
with the requirement that S have an identity by means of RP-systems (9).
For this we find it necessary to formulate a theory of Schreier extensions of a
group by an RP-system (§3).

For a bisimple inverse semigroup S with identity, Warne (12) has shown
that there exists a one-to-one correspondence between the idempotent separat-
ing congruences on .S and the normal subgroups V of the unit group of S
satisfying aV € Va for every right unit ¢ of .S. We extend this result to bi-
simple inverse semigroups without identity in §2.

1. Preliminary results. We adopt the notation and terminology of (1).
In particular, two elements of a semigroup S are said to be - ( Z%-)equivalent
if they generate the same principal left (right) ideal of .S. We write

K=K
and

D=L ooR=RcL.
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We denote by Ly(R,, H,) the £~ ( R-,H -)class of S containing the element
a of S. S is said to be bistmple if it contains only one Z-class.

The elementary properties of inverse semigroups will be found in (1, §1.9).
The 4nverse a=* of an element ¢ of an inverse semigroup S is characterized by
aola = a, alaa™! = a1, The idempotent element ac1(a"la) is called the
left (right) umit of a. An inverse subsemigroup of an inverse semigroup S is a
subsemigroup T of S such that the inverse of every element of 7" also belongs
to 7.

Let S be a semigroup with an identity 1. If % and » are elements of .S such
that up = 1, then we call u a right unit and v a left unit of S. An element which
is both a left unit and a right unit is call a unit and the set of all units of S
is a subgroup U of S, called the unit group of S. The set of all right units of S
is a subsemigroup P of S, called the right unit subsemigroup of S. We note that
U = H;and P = Ry. If, for a right unit «# of S, there exists a right unit 2 of S
such that ug = 1, then # is a unit of S. Hence the unit group of P is just U
(1, p. 21).

The following lemma is almost immediate from Lemma 1.2 of (11).

LemmA 1.1. Let e be any idempolent of an inverse semigroup S. Then eSe is an
inverse subsemigroup of S with identity e, which is bisimple if S is bistmple.
Let P, be the right unit subsemigroup of eSe. Then

P,=R,MNeSe = {a € R,: ae = al.
Moreover, the unit group of P, is just H,.

For any idempotent e of an inverse semigroup .S, we shall denote by P, the
right unit subsemigroup of eSe.

The following definition is the left-right dual of that given by Rees (7).
Let P be a right cancellative semigroup with an identity. Then a subgroup V
of the unit group of P is called a left normal divisor of P it aV & Va for all
ain P. If Sis an inverse semigroup, then we shall call a subgroup V of .S a left
normal divisor of S if V is a left normal divisor, in the above sense, of P,,
where ¢ is the identity of V.

We define a right partial semigroup R to be a set R together with a partial
binary operation on R satisfying the following condition:

(A) i, for elements a, b, ¢ of R, a(bc) is defined, then so also is (ab)c defined,
and then a(bc) = (ab)c.

A right partial semigroup S is said to be isomorphic with a right partial
semigroup 71 if there exists a bijection ¢ of S onto T such that ab is defined in .S
if and only if (a¢) (beo) is defined in T', and then (ab)g = (a¢) (be).

We define an RP-system (R, P) to be a right partial semigroup R together
with a subsemigroup P of R such that:

(P1) ab is defined {(a,b € R) if and only if ¢ € P;

(P2) R has a left identity contained in P;

(P3) ac = bc (a,b € P;c € R) implies ¢ = b;

(P4) for every a, b in R, there exists ¢ in R such that Pa M Pb = Pe.
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It follows from (P1) and (P3) that any left identity of R contained in P is a
two-sided identity for P, and so is unique. We describe (P3) by saying that
R is right cancellative.

For the remainder of this section, let (R, P) be an RP-system. From (9,
Lemma 2.1) we have the following.

LemMa 1.2, The relation &' defined on R by
&' = {(@,b) € R X R: Pa = Pb)

s an equivalence relation on R, and (a, b) € X' if and only if a = ub for some
unit u of P.

We denote the %’-class of R containing the element ¢ of R by L’,, and
partially order the set P (.£”) of .¥’-classes by writing L/, < L', if and only if
Pa C Pb. Then P(¥’) is, by (P4), a semilattice. Select and keep fixed a
representative from each %’-class. If, for elements a, b of R, Pa M Pb = Pc,
then let ¢ V b denote the representative from the .¥’-class L', containing
the element ¢. Since we lose nothing in the way of generality by doing so, we
adopt the convention that the representative from the .%’-class L'y is 1,
where 1 denotes the left identity of R. We call V a join operation on R.

Define the operation * on R by the rule that

(1.1) (a*xd)b=a¢VDd (ala,binR).

Then, for every pair of elements o, b of R, @ xb € P, and is, on account of
(P3), uniquely determined.

We note the following immediate consequences of this definition. For any
¢ in R, (a *a)a = a V a = ua, for some unit z in P, and so, by (P3), a xa
is a unit. By our convention above, 1«1 =1V 1 = 1. We also have

(axb)b=aVb=bVa= (bx*a.
The following theorem (9, Theorem 2.2) is basic for our present objective.

TueoreM 1.3. Let (R, P) be an RP-system, and let the operation * be defined
on R as above. Let R~ o R denote R X R under the multiplication

(1.2) (a,b)(c,d) = ((c *b)a, (b *c)d),

where we identify the pairs (a,b) and (a/, V") if and only if @ = ua’, b = ub’,
for some unit u of P.

Then R0 R is a bistimple inverse semigroup such that the semilatiice of
idempotents of R~ o R is isomorphic with P( L"), and, for some R-class R’
of R-1 o R, R is isomorphic with R as a right partial semigroup.

Conversely, 1f S is a bistmple inverse semigroup, then, for any idempotent e of
S, (R,, P,) is an RP-system, and S s isomorphic with R,~' o R,.

We list here some simple properties of R~! o R, which follow directly from
the definition of multiplication given in the theorem, and which we shall need
later.
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The idempotents of R~ o R are the “‘diagonal” elements (g, a) of R~ o R,

and
(1.3) (a,a)(b,b) = (a V bya V b) (all g, b in R).
For all @, b in R, we have
(1.4) (a,0)71 = (b, a),
(1.5) (a,b)(a,b)" ' = (a, b)(b, a) = (a, a).
(1.6) {a,b)~Ya, b) = (b,a)(a, b) = (b, ).
Thus (a, a) is the left unit, and (b, &) the right unit, of (a, ). Furthermore,
1.7 1,a)(1,b) = (1, ab) (@llein P,bin R),
and
(1.8) (a, 1Y(1,0) = (a,b) (all g and b in R).

It is easy to see that Rgnp =1 X R and Py, =1 X P, and then (1.7)
shows that the mapping ¢ — (1, @) is an isomorphism of R onto R,y as partial
semigroups; thus R, 1 is the %#-class R’ referred to in the theorem.

Ifa, b € Rand % is a unit of P, then

uaVb=aVub=aVd
from which it follows, using (P3), that
(1.9) uaxb = (a % ub)u = a xb.
Finally we note that b * b is, for every & in R, a unit of P. Hence
(1.10) (a,b) (b, ¢) = ((bxb)a, (bxb)c) = (a,c).

If x and y are elements of any inverse semigroup, then x &% v if and only if
x and y have the same left unit, i.e., xx™! = yy~L From (1.3) above, it follows
that (a, b) &% (¢, d) if and only if (@, a) = (¢, ¢). From the definition of equality
given in Theorem 1.3, this is the case if and only if ¢ = uc for some unit of P.
Combining this remark with its left-right dual, we have

LEmMMmA 1.4 Let (R, P) be an RP-system. Then, in R~ o R,
(i) (a,b) X (c, d) if and only if a = uc for some unit u of P, or, equivalently,
if and only if Pa = Pc;
(i) (a, )& (¢, d) if and only if b = vd for some unit v of P, or equivalently,
if and only if Pb = Pd;
(i) (a, b)) (¢, d) if and only if a = uc and b = vd for some units u, v of P,
or, equivalently, if and only if Pa = Pc and Pb = Pd.

2. Idempotent separating congruences and left normal divisors.

A congruence on a semigroup S is called idempotent separating if each con-
gruence class contains at most one idempotent of S. It was essentially shown by
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Preston (4) that a congruence p on an inverse semigroup S is idempotent
separating if and only if p C 7.

It follows from a general result of Preston’s (5, Lemma 1, p. 568) that, for
any semigroup, there exists a maximum congruence u contained inJ#. Various
formulations of u when S is an inverse semigroup have been given by Howie
2).

In (12), Warne showed that there is a one-to-one correspondence between
the idempotent separating congruences on a bisimple inverse semigroup S
with identity, and the left normal divisors of the right unit subsemigroup of S.
The purpose of the present section is to establish a corresponding result for
an arbitrary bisimple inverse semigroup.

By a congruence on a right partial semigroup R we mean an equivalence
relation ¢ such that if ¢ o @/, b ¢ &', and ab is defined, then a'b’ is also defined,
and ab s &’b. Let ao denote the s-class containing ¢, and let R/o denote the
set of o-classes of R. We define a partial product in R/¢ by letting

(ac) (be) = (ab)o

if ab is defined in R; otherwise the product (eo)(be) is not defined. That this
definition is independent of the choice of the representative element a of ao
and b of be follows from the defining property of the congruence ¢. It is clear
that R/ becomes thereby a right partial semigroup.

LeEmMMA 2.1, Let o be a congruence on the right partial semigroup R of an
RP-system (R, P). Then P is a union of o-classes and P/c is a subsemigroup of
R/o such that R/c and P /o satisfy conditions (P1) and (P2) for an RP-system.

Proof. Let ¢ 0 b with @ in P and let ¢ € R. Then ac is defined, by (P1) for
(R, P). Since o is a congruence on R, b¢ is also defined, whence & € P, Thus P
is a union of s-classes.

Properties (P1) and (P2) for (R/¢, P/c) are obvious.

Now let (R, P) be an RP-system and let V be a left normal divisor of P.
Letu € Vanda € P.Since aV C Va, there exists #’ in V such that eau = 7’a,
and, by (P3), #’ is uniquely determined by # and a. We denote it by u% so
that the element u% of V is defined by

(2.1) au = u'a @laein P,uin V).

Again using (P3), we see that the mapping # — u® is, for each fixed element
a of P, an endomorphism of V.

LemMma 2.2. Let (R, P) be an RP-system and V a left normal divisor of P. Then
(2.2) or = {(a,b) € R X R: a = ub for some u in V}

is ¢ congruence on R such that o C & and R/ov 1s right cancellative.
Conversely, if ¢ is a congruence on R such that ¢ C %' and R/c is right
cancellative, then ¢ = oy where V = lo.
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Proof. It is trivial to verify that ¢y is an equivalence relation. To show that
oy 1s a congruence on the partial semigroup R, let (a,d) € oy, say b = ua
with#in V,and let ¢ € R. If acisdefined, thena € Pby (P1)and b = ua € P.
From bc = uac we conclude that (ac, bc) € oy. If ca is defined, then ¢ € P,
and so ¢b is also defined. From ¢b = cua = u‘ca, and u® € V, we conclude
that (ca, cb) € oy. Hence oy is a congruence on R.

Clearly oy C€.%’. Now suppose that asce = boco. Then (ac)s = (bc)o
and so ac = ubc, for some u € V, whence ¢ = ub and a¢ = bo.

Conversely, let ¢ be a congruence on R such that ¢ © .’ and R/o is right
cancellative. Denote 1o by V. Then as = bo implies that ¢ = ub for some unit
nof P,ase € %’. Hence

lobo = bo = aoc = ucbo

and by cancellativity in R/e, # € V. Conversely, if ¢ = ub, with u € V, then
aoc = ucbo = lobe = bo.

Clearly V is a subgroup of the unit group of P and it only remains to be
shown that V' is a left normal divisor of P. Let p € P, u € V. Then

(pu)e = pouc = pole = po.
Hence, pu = #'p for some #' € V, as required.

TurorEM 2.3. Let (R, P) be an RP-system, V be a left normal divisor of P,
and oy be defined as in (2.2). Then (R/ov, P/ov) 1is an RP-sysiem. Moreover,
if V 1s a join operation in R, then we can define a join operation V in R/oy by

(2.3) asy V boy = (a V D)oy (all @, bin R).
It then follows that

(2.4) aoy * boy = (a * D)oy

and the mapping 6 defined by

(2.5) (a, 0)8 = (aoy, boy)

15 @ homomorphism of Rt o R onto (R/oy)™ 0 (R/ov).

Proof. We know from Lemmas 2.1 and 2.2 that (R/oy, P/oy) satisfies
conditions (P1), (P2), and (P3) for an RP-system.

We establish both (P4) and the legitimacy of the definition (2.3) by showing
hat

(2.6) P(aay) M P(bav) = P(a V b)oy,

where we have written P for P/oy.
From PaM\Pb = P(a V b) we have a V b = pa with p in P. Hence
(a V b)oy = (pov)(asy), and so (a V b)oy € P(acy). Similarly

(@ V b)oy € Pbay).
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Conversely, let doy € Plasy) N P(boy), say

doy = (prov)(aoy) = (pzoy)(bay).

Consequently @ € (p1a)oy = (p2b)oy, which implies that d = up;a = vp, b,
where # and v belong to V. Hence, d € Pa M Pb and so d = p3(a V b). This
implies that doy € P{a V b)cy, which establishes (2.6).

Equation (2.4) is immediate from (1.1), (2.3), and (P3) for R/oy. To see
that 4 is single valued, we note first that if « is a unit of P, then uoy is a unit
of P/oy. Thus (a,b) = (¢,d) implies that a = uc, b = ud for some unit
u of P, and then

(aov, boy) = ((uoy)(cov), (wov)(doy)) = (cov, doy).

That 8 is a homomorphism then follows from (1.2) and (2.4), and it is clearly
onto.

THEOREM 2.4, Let (R, P) be an RP-system and let V be a left normal divisor
of P. Define the relation py on R~ o R as follows:

(2.8) (a,0) pv (¢, d) < there exist units u and v in P such that a = uc, b = vd,
andu=v € V.

Then py is a congruence on R~ 0 R such that py SH. If Vi and V., are left
normal divisors of P, then py, © pv, if and only of Vi C Vi Conversely, if p is
any congruence on R0 R such that p CI, then there exists a left normal
dvvisor V of P such that p = py.

The restriction of py t0 R,y 15 essentially oy, as defined in (2.2), in the sense
that (1, ) py (1,8) 4f and only if a ov b (a,bin R). The mapping 0 defined by
(2.5) 1s a homomorphism of R-1 0 R onto (R/oy)™' o (R/oy) with kernel py,
and hence

(2.9) (BP0 R)/pv =2 (R/ov)™ 0 (R/avy).

Before proving Theorem 2.4, we give an immediate corollary. By the left-
right dual of Lemma 2.12 of (7), there is a unique maximum left normal
divisor of P, namely

M= 1{u € U:au € Ua,foralla € P},

where U is the group of units of P.

COROLLARY 2.5. Under the hypothesis of Theorem 2.4, py = u, the maximum
idempotent separating congruence on R™' o R, if and only if V 1is the maximum
left normal divisor M of P. Moreover, u = S if and only if the unit group U of P
is left mormal in P.

The last assertion of this corollary is due to Munn (verbal communication,
May 1965).

Proof. Let py be defined by (2.8). Clearly py is reflexive and symmetric.
Let (a,b) py (¢, d) and (¢, d) py (e, f), so that @ = uc, b = vd, ¢ = we, d = xf,
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with «, v, w, x units of P such that #~ v, wlx € V. Then ¢ = uwe and b = vxf
with
(w) 1 (ox) = w (w)x = ()" 'wlk,

which belongs to V since #~'» and w—x belong to V. Thus py is an equivalence
relation.

Again let (a,d) py (¢, d), where ¢ = uc, b = vd, and w9 € V. Let (x,v)
be any element of R~! o R. Then

(a,0)(x, ) = ((x % b)a, (b *x)y),
(¢, d)(x,9) = ((x % d)e, (d*x)y).
Using (1.9), we have
(xxb)a = (x*xvd)uc = (x *d)vluc = wlx * d)c,
where w = (v~ )™ € V; and also
bxx=vdxx = d *x.
Hence
(a,0) (%, ) = (w(x *d)c, (d *x)y),
from which we conclude that (a, &) (x, v) pv (¢, d) (x, v), since w € V. Simi-
larly we can show that (x, ) (a, b) py (x, v)(c, d), and thus py is a congruence.
By Lemma 1.4, o C2#. Let V; and Vs be left normal divisors of P. It is
immediate from the definition of py, and py, that Vi C V, implies pv; C py,.
The converse is immediate from the fact that 7 is the set of all units » of P
such that (1, ) pv (1, 1).
Now let p be a congruence on R~! o R such that p S . Then the p-class

V'’ containing (1, 1) is contained in H 1,1, and so every element of 1’ is express-
ible in the form (1, %) with # a unit of P. Let

V=4u€&P:(lL,u) € V'} ={ué€ Pruisaunitof Pand (1, ) p (1, 1)}.

Clearly V' is a normal subgroup of H,1y, and, by (1.7), Vis a normal subgroup
of the group of units of P (isomorphic with 7’). We proceed to show that V' is
left normal in P.

Letu € V,a € P.From (1, u) p (1, 1) we have

La)Lu)p (1, 0)(1, 1),
or, by (1.7),
(1, au) p (1, @).
Multiplying on the right by (a, 1), and using (1.5), we have
(1, au)(a, 1) p (1, 1).

Thus (1, au) (e, 1) € V', and so has the form (1, 2) with » € V. Multiplying
on the right by (1, a), we obtain

(1,va) = (1, au)(a, a) = (a * au, (au * a)a)
= (a*au,au V a) = (a *au, (a * au)aun).

https://doi.org/10.4153/CJM-1968-004-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-004-4

BISIMPLE INVERSE SEMIGROUPS 33
By the definition of equality in R~! o R, there exists a unit w of P such that
a*au = wl, (¢ % au)au = w(va).

This implies that a# = wa, which shows that V is left normal in P.

We proceed to show that p = py. First let (¢, b) pv (¢, d). Then ¢ = uc and
b = vd for some units %, v of P such that u=% € V. Hence (1, u—%) p (1, 1),
and, by (1.7),

(1, uw'vd) p (1, d).
Multiplying on the left by (¢, 1), and using (1.8), we have
(c, u='od) p (¢, d).

But (¢, u='wd) = (uc,vd) = (a, b). Hence py C p.
Conversely, let (a, ) p (¢, d). By Lemma 1.4 and the hypothesis p €37,
we have ¢ = uc, b = vd, for some units %, v of P. Since

(a,b) = (uc,vd) = (¢, wvd),
we have
(L, e) (e, u=wd)(d, 1) p (1, ¢) (¢, d)(d, 1).
By (1.10) the left member is equal to
A, uwd)(d, 1) = (1, u=d) (u='vd, u=v) = (1, u~),

and the right member is equal to (1, 1). Ience ' € V, and we conclude that
(a, b) py (¢, d). Hence p C pyand so p = py.

That (1, a) py (1,0) if and only if aoy b (a,bin R) is evident. That 6
defined by (2.5) is a homomorphism onto follows {from Theorem 2.3, and all

that remains is to show that the kernel § o 1 of 0 is p+.
Let ((a, 0), (c,d)) € 6067, thatis (a, b)0 = (¢, d)6. Then

(aJVy Z)UV) = (CUV) dUV)y
and hence there exists a unit wo of P/ such that
acy = (wo'v) (C(T V) and bO’V = (‘wa V) (dgv).

Thus a oy wecand b oy wd, so @ = xwe, b = ywd, withx, v in V. Since ¢y & &,
w must be a unit of P, and hence # = xw and v = yw are units of P. Since
w9 = wl{x"y)w € V,and ¢ = uc, b = vd, we conclude that (a, b) py (¢, d).
Hence 6 0 67 C py.

Conversely, assume that (a, d) py (¢, d), so that e = u¢, b = vd, with «
and v units of P such that w = u~% € V. Since (wd)oy = doy, we have
acy = (uoy)(coy) and boy = (uwd)oy = (uoy) (doy), whence

(acy, boy) = (coy, daoy), (a, b)8 = (¢, d)9,

and pyr S 00671
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3. Rédei-Schreier extension theorem for RP-systems. Let (R, P) be
an RP-system, and let V be a left normal divisor of P. Denote the identity
element of P (and V) by e. By Lemma 2.2, ¢y is a congruence on R, and
(R, P) is an RP-system, where B = R/oy and P = P/sy. We shall denote
the elements of B by Greek letters a, 8, v, . . . , and its identity element by 1.

For each element o of B pick an element 7, of R such that 7,0y = . In
particular, choose 71 = e. By (P3) and the definition of ¢y, every element of
R is uniquely expressible in the form ur, with  in V and « in R.

By (P3) and the hypothesis that 1 is left normal in P, the rule

8.1) Tah = U
defines an endomorphism # — u* of V. Since 7,75 € 7.5 0, there exists, for
each « in P and B in R, an element f, ¢ of V, unique by (P3), such that

(3.2) Ta? = fa.p Vap-

Exactly as in the classical theory of group extensions (see, for example,
Kurosh (3, Chapter 12)), we find that the system of endomorphisms u — u®
and the factor set f, g together satisfy the following conditions:

(3.3) Jagu® = (uf)*fop (@,B€ P;ucV),
(3.4) Jasfosr = fiafasy (B E Py €R),
(3.5) ul =y (w €V),

(3.6) Jar = f18 = ¢ (@€ P;BCR).

(3.3) and (3.4) arise from the associativity conditions (r, 7g)u = 7,(rs ) and
(ra 78)7y = 7a(rs 7y), respectively, making vital use of (P3). These products
exist if and only if @ and B are restricted to P. (3.5) and (3.6) arise from the
normalization condition 7y = e.

If ur, € Pand wrg € R, then by (3.1) and (3.2),
(B.7)  uravrs = UV 75 = UVop Tap (4,0 € Via € P;B8 € R).

If we represent the element urz of R by the pair (, 8) in V X R, then (3.7)
becomes
(3.8) (u, a) (@, B) = (ufup, ab) (w,9 € Via € P;8 € R).
THEOREM 3.1. Let (R, P) be an RP-system, and let V be a group. Let 1 be the
identity of P, and e that of V. For each o in P, let u — u* (u € V) be an endo-
morphism of V, and for each o in P and B in R, let fa,s be an element of V, such
that the conditions (3.3)—(3.6) hold. Define a partial product in R = V X R by
(3.8). Then R becomes a partial semigroup with a subsemigroup P = V X P
such that (R, P) is an RP-system. The unit group of P is U = V X U, where
U is the unit group of P. Moreover, V X 11s a left normal divisor of P isomorphic
with V, and R/cyx: = R. If a join operation \ has been defined in R, then we
can define V in R by

(3.9) (,0) V (0,8) = (La VB  (wve ViaBcR).
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Conversely, let (R, P) be an RP-system, and let V be a left normal divisor of P.
Let R = R/oy and P = P/ov. If we select a system of representatives r, (@ € )
from the ov-classes of R, then (3.1) and (3.2) define a system of endomorphisms
u—urof V(u€V,a€ P)and a factor system fup (o € P, 8 ¢ R) satisfying
(3.3)-(3.6), and R= V X R, with product in V X R defined by (3.8).

Proof. Except for the routine details of verification of (3.3)-(3.6), which we
omit, the converse part has already been shown. Comparison of (3.7) and (3.8)
shows that u7, — (%, @) is an isomorphism of R onto V X R under which P
is mapped onto V X P.

Turning to the direct part, condition (P1) for the pair (R, P) is immediate
from (3.8), and the associativity condition (A) then follows, as in the classical
case of group extensions, from (3.3) and (3.4). From (3.5) and (3.6) we see
that (e, 1) is a left identity of R, so that (P2) holds. The proof of (P3) is also
mechanical, using (P3) for R and cancellation in the group V. We shall estah-
lish both (P4) and (3.9) by showing that

(3.10) P(u,a) VP, B8) = P(1,a V B) (u,v € Vo, B € R).

It is clear from (3.8) that P(#,a) = V X Pa. From Pa N\ PB = Pla V B)
we have

(VX Pa)y "N (VX PB)=VXPlaVB),

which is the same as (3.10).
An element (#, ) of P is a unit if and only if there exists (v, 8) in P such
that

(u, @) (v, 8) = (v,8)(u,a) = (e, 1),
that is,

(Uv*fa8, aB) = (VPfg,ar Ba) = (e, 1).
This requires that @8 = 8o = 1,50 @ € U and 8 = «~L. Hence UC V X U.

Conversely, if « € U, then we may solve
(3.11) VU Y1, = €
for v in V, and then check as follows that
(3.12) UV y a1 = e.
Setting 8 = o1, and ¥ = « in (3.4), and using (3.6), we obtain

fa,a‘l = faa_l,m
Setting 8 = o' in (3.3),

faa-rw = (W) foa-1 = (7)1,
Hence, from (3.11),
e = e = W) a1,0 = Va1 U,
which implies (3.12). Hence U = V X U.
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Finally, to show that ¥V X 1 is left normal in P, let (#,a) € P and
(v, 1) € V X 1. Then, since fo,1 = f1. = ¢,

(n,0) (0, 1) = (w, a) = (woew™, 1) (u, a) € V(n, a).

That R/cyx1 = R follows from the observation that the mapping (4, a) -«
is a homomorphism of R = V X R onto I, the kernel of which is ¢yx1. This
concludes the proof of Theorem 3.1.

For later purposes, we give a consequence of (3.9). From (1.1) and (3.9), we
have
[(u, @) * (v, 8)](v, 8) = (1, V B).
Since
(w,a *8) (@, B8) = (Wr*fouss a V B),
we conclude that

(B.13)  (,a) % (v, 8) = (fopel@ ) a%B)  (w,9€ Vi, B€ R).

4. Representation by triples. Let S be a bisimple inverse semigroup, and
let V be a left normal divisor of S. By definition (§1) this means that V is a
left normal divisor of P,, where ¢ is the identity of V. We shall write P for P,
and R for R..

By Theorem 1.3, (R, P) is an RP-system, and S= R-'o R; we shall
identify S with R~! o R. By Lemma 2.2, ¢ is a congruence on R, and (R, P)
is an RP-system, where B = R/oy and P = P/ocy. By Theorem 3.1,
R~V X R, where V X R is provided with the partial product defined by
(3.8), and we shall identify R with V X R. The unit group U of Pis V X U,
where U is the unit group of P. Clearly, V is normal in U, and U/V == U.

Putting these results together, each element of S'is represented as a quadruple
((u, &), (v, 8)), with , vin V and a, 8 in B. Now (z~!, 1) € U, and, by defini-
tion of equality in R~* o R,

((u, @), (v, 8))

(@™, 1) (u, &), (™, 1) (, 8))
(L), (wv, 8)).

Il

Let us write

(4.1) (a;u; ) = ((1, @), (u, B)).

Then

(4.2) ((u, @), (@, 8)) = (a; u'v; B).
Moreover,

(a;u; 8) = (&5 u';8')
if and only if there exists (v, ¢) with v in V and ¢ in U such that

J,a") = (w6 1,a) = ¥fca ex)

and

W', B) = (v, e)(u, B) = (WuFfep 8).
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The first of these implies that v = f:i, and we conclude that
(o;u; B) = (50’5 8")

if and only if there exists a unit e in P such that

4.3) o = e, B = eB, W = foaufes

Clearly this implies equality of triples if and only if V' = U, which is possible
if and only if # is a congruence on S (Corollary 2.5).
Using (4.1), (1.2), and (3.13), we have

(e; u; B)(viv; 8) = ((1, @), (u, B)((L, 7)), (v,6))
= ([(1, v) * (u, B)I(1, ), [(«, B) * (1, ¥)](v, 6))
= ((Fps @)™,y % B) (1, @), (fenins B%7) (@, 8))
= ((Frs.s W) Fragiar (v % B)), (fiwry 0 Foey,078 % 7)9).

Now, using (4.2), we conclude that

(44 (aiu; B)(v;v;8) = ((v % B Frapua U Fons s Fory O fawys3 (8 % 7)6).

The expressions for equality (4.3) and product (4.4) of triples appear less
forbidding if we introduce the notation

(4.5) Uy = faptfar (@EP;BvyERue V).
Then (4.3) becomes

4.3") o = e, 8 = €8, u = ugg,
and (4.4) becomes
(4.4") (@; u; B) (v; 03 8) = ((v * B)a; ul§ o7 (B % 7)d).

This brings us to the principal objective of this note.

TurorEM 4.1. Let (R, P) be an RP-system and V a group. Let u — u=
(u € V,a € P) and fag (@ € P,B € R, fas € V) be a system of endomorphisms
and factors satisfying (3.3)—(3.6). Define a binary operation on the set
T =R XV X Rby (4.4), and a relation v on T by (a; u; 8) v (o ;4'; 8') if and
only if (4.3) holds for some unit ¢ of P. Then 7 is a congruence on the groupoid
T, and T/7 s a bistimple inverse semigroup isomorphic with R~ o R, where
R = V X R with product defined by (3.8). We denote the semigroup T/t by
R-'oVoR.

Conversely, let S be a bisimple inverse semigroup, and let 'V be a left normal
divisor of S. Let ¢ be the identity of V, and let R = R, and P = P,. Let o be the
congruence on R defined by (2.2), and let R = R/oy and P = P/ocy. Then
(R, P) is an RP-system, and there exists a system of endomorphisms u —> u®
and factors f, g satisfying (3.3)—(3.6), such that S= RE~10o Vo R.
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Proof. (R,P) = (VX R,V X P) is an RP-system by Theorem 3.1, and
hence R~! o R is a bisimple inverse semigroup, by Theorem 1.3. As noted above,
every element of R~1 o R can be represented, in at least one way, in the form
(1, @), (#,8)) withuin Vand «, 8in RB. Define : T — R~ o R by

“4.5) (a;u; B)0 = ((1, @), (u, ).

From the derivation of (4.4) when we were thinking of («; u#; 8) as just another
notation for ({1, &), (%, 8)), and the fact that product in T is defined by (4.4},
it follows that 0 is a homomorphism of the groupoid T onto the semigroup
R-10o R. But from the derivation of (4.3) it is apparent that the kernel of 0 is
just 7, whence 7'/t = R™'o R.

The converse follows from the first two paragraphs of this section, and the
direct part of the theorem.

Our final theorem gives some elementary properties of the semigroup
R1oVoR.

THEOREM 4.2. Let (R, P) be an RP-system, and V o group salisfying the
hypotheses of Theorem 4.1. Let U be the umit group of P. Then the following
assertions hold for the bistmple tnverse semigroup

S=FR1oVoR (e, BE Ryu € V):

(@) (a;u; B)7 = (B;u™; a).

(b) The idempotents of S are the elemenis of the form {(a; e; o).
(€) Rampy = Ua X VX E=aXVXR.

(d) Loup = BEX VX UB=RXV X8

(€) Hauusp = Ua X V X UB.

() Py = Ua X VX Pa =a X V X Pa.

(g) V' =1 X V X 1is aleft normal divisor of P.¢.1)-

Proof. By (4.1), (1.4), and (4.2),

(a;u; )71 = ((L, @), (u,B))7" = ((, B), (L, a)) = By ;).
Hence (a) holds, and (b) is immediate from (a). By Lemma (1.4),
(L a), @, 8)) Z ((,7), (@ 8)
if and only if there exists a unit (w, ¢) in U = V X U (Theorem 3.1) such that
(1,7) = (w, e){1,a) = (Wf..a ), hence if and only if there exists ¢ in U
such that ¥ = ex. Thus
Reup = {(ea;0;0): e € Uyp € V,6 € R}

= {(a;v';8): 9 € V, 8 € R}
by (4.3). Hence (c) holds, and (d) is the left-right dual of (c). (e) follows from
(c) and (d) since

Heawgy = Reup (M Leaup-
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From (4.4), recalling that 1 * 8 = 1, and using (3.6), we have
(4.6) (L u;8)(1;2;8) = (1; uv™Yguy 55 (B + 1)0).
Now P (a0 consists of all elements (o; #; 8) of R0 such that

(o; 13 BY (s €5 @) = (o5 u; B),
that is, by (4.4),

—1 * —1 * oy
(0% B); funta 1" Focnp p frnera € fosars (B @)) = (a; 5 B),
or

4.7) (o * B)at; farpra U™ fangps (B* @)a) = (a; u; ).

By (4.3), this means that 8 V @ = (8 *a)a = €8, for some unit e of P so that
B8 € P,. Conversely, with 8 € P,, (B *a)a = 8 V a = €3 for some unit ¢ of P
and then since (@ *8)8 = a V B = €8, (@ x8) = e and, by (4.3), (4.7) holds.
Thus (a; %; 8) € Pew if and only if 8 € Pa and (f) follows.
When 8 € P, (4.6) becomes
(L;u;8) (1505 8) = (1; uvifpz; B8).

Comparing with (3.8), we see that the mapping (4, «) — (1;%;a) is an iso-
morphism of the partial semigroup R = V X R onto Ru.p;y. P = VX P
is mapped onto P, 1, and the subgroup V X 1 of P is mapped onto the
subgroup V' =1 X V X 1 of Py,.1. By Theorem 3.1, V X 1 is a left normal
divisor of R, whence (g) follows.
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