
Glasgow Math. J. 59 (2017) 167–187. C© Glasgow Mathematical Journal Trust 2016.
doi:10.1017/S0017089516000100.

BEREZIN–TOEPLITZ QUANTIZATION, HYPERKÄHLER
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1. Introduction. (Berezin–)Toeplitz quantization, while interesting to study by
itself, also has turned out to be a useful tool in several areas of mathematics. Over the
years it was found to have applications to deformation quantization (see e.g. [30, 43]),
to study of the Hitchin connection and TQFT (work of J. Andersen, see in particular
[1, 2]), L. Polterovich’s work on rigidity of Poisson brackets [38], and work of Y.
Rubinstein and S. Zelditch [41] on homogeneous complex Monge–Ampère equation,
in connection to geodesics on the space of Kähler metrics. T. Foth (T. Barron) and
A. Uribe applied Berezin–Toeplitz quantization to give another proof of Donaldson’s
“scalar curvature is a moment map” statement [24].

In this paper, we discuss how to use Berezin–Toeplitz quantization to quantize
hyperkähler manifolds or two types of multisymplectic manifolds.

Geometric quantization and Kähler/Berezin–Toeplitz quantization associate a
Hilbert space (say, H) and operators on it to a symplectic manifold (M, ω). In physics’
terminology this is a way to pass from classical Hamiltonian mechanics to a quantum
system. Let C∞(M) denote the space of complex-valued smooth functions on M.
Quantization is a linear map C∞(M) → {operators on H}, f �→ f̂ , satisfying a version
of Dirac’s quantization conditions:

1 �→ const(�)I ,
{f, g} �→ const(�)[f̂ , ĝ].
It is probably fair to say that geometric quantization was developed and

mainstreamed in the 1950s–1960s, by representation theorists, including Kostant,
Kirillov and others, whose primary agenda was to look for representations of infinite-
dimensional Lie algebras with certain properties, and who found this language to be
quite convenient.
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Berezin–Toeplitz quantization can be regarded as a version of geometric
quantization. In the case when the symplectic manifold is, moreover, Kähler, it is also
referred to as Kähler quantization. The groundwork for Berezin–Toeplitz quantization
was laid in [10, 13]. Well-known Theorem 2.9(i) below shows that in the framework
of Berezin–Toeplitz quantization the {., .} � [., .] quantization condition is satisfied
in the semiclassical limit � = 1

k → 0, which is essentially the best one can get, due to
various no-go theorems.

There are physical systems whose behaviour is encoded by an m-plectic form on M
(i.e. a closed non-degenerate m + 1-form), �, for m ≥ 1. The case m = 1 is when � is
symplectic. Specific examples from physics, with m ≥ 2, are discussed in [6,17,37]. See
also discussion and references in [16]. Multisymplectic geometry has been thoroughly
studied by mathematicians. See, in particular, [6,7,15,16,34,35,39,45]. There has been
extensive discussion of quantization of n-plectic manifolds in physics literature, and
substantial amount of work has been done by mathematicians too. See, for example,
[17,19–22,37,40,42,45,46]. Work of C. Rogers [40] addresses quantization of 2-plectic
manifolds. It seems that the appropriate quantum-mechanical setting there involves a
category, instead of a vector space, and intuitively this makes sense because an (integral)
2-plectic form corresponds to a gerbe and sections of a gerbe form a category, not a
vector space.

There have been attempts, informally speaking, “to embed a multisymplectic
physical system into Hamiltonian system” [9, 21, 36]. As far as we know, there is
no known canonical way of doing this.

DeBellis, Sämann and Szabo [21] used Berezin–Toeplitz quantization for
multisymplectic spheres via embedding them in a certain explicit way into complex
projective spaces ��q and using Berezin–Toeplitz quantization on ��q. This is
somewhat related to our results in Section 3, only for M = S2 (because among spheres
only S2 admits a Kähler form).

Let (M, ω) be a compact connected integral Kähler manifold of complex
dimension n. In this paper, we are looking into two situations when the m-plectic
form � on (M, ω) is constructed from the Kähler form (or forms):

(I) m = 2n − 1, � = ωn

n!
(II) M is, moreover, hyperkähler, m = 3,

� = ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3

where ω1 = ω,ω2, ω3 are the three Kähler forms on M given by the hyperkähler
structure.

It is well known (and easy to prove) that a volume form on an oriented N-
dimensional manifold is an (N − 1)-plectic form, and that the 4-form above is a 3-
plectic form on a hyperkähler manifold. See, for example, [16, 39].

It is intuitively clear that in these two cases the classical multisymplectic system
is essentially built from Hamiltonian system(s) and it should be possible to quantize
(M,�) using the (Berezin–Toeplitz) quantization of (M, ω). We discuss case (I) in
Section 3, case (II) in Section 4. Semiclassical asymptotics are the content of Theorems
3.4, 4.5, 4.7, 4.16, Propositions 3.5, 4.6, 4.12, 4.15, Corollary 4.14. In both cases there
are natural multisymplectic analogues of the Poisson bracket and the commutator:
an almost Poisson bracket {., . . . , .} and the generalized commutator [., . . . , .]. Our
discussion mainly revolves around the {., . . . , .} � [., . . . , .] quantization condition.

The main result of Section 3 is Theorem 3.4. It is an analogue, for brackets of
order 2n, of well-known Theorem 2.9(i) (and of its Cl analogue (l ∈ �) from [8]).
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In Section 4, we work on a hyperkähler manifold M. For a smooth function f
on M we have three Berezin–Toeplitz operators T (k)

f ;1 , T (k)
f ;2 , T (k)

f ;3 , and to four smooth
functions f, g, h, t on M we associate three brackets of order 4: {f, g, h, t}r, r = 1, 2, 3.
In Section 4.1, we show that the direct sum of generalized commutators is asymptotic
to

T (k)
{f,g,h,t}1;1 ⊕ T (k)

{f,g,h,t}2;2 ⊕ T (k)
{f,g,h,t}3;3

(Theorem 4.5). In Section 4.2, we show that the attempt to formulate everything on one
vector space (not three), by taking direct sums, goes through all the way in the case when
M is the 4-torus with three linear complex structures, where we get a straightforward
analogue of Theorem 2.9(i)—see Example 4.8 (7). In Section 4.3, we take the tensor
product of the three operators, instead. Tensor product of generalized commutators is
asymptotic to

T (k)
{f,g,h,t}1;1 ⊗ T (k)

{f,g,h,t}2;2 ⊗ T (k)
{f,g,h,t}3;3

(Proposition 4.15). Asymptotic properties of commutators and generalized
commutators of operators �

(k)
f = T (k)

f ;1 ⊗ T (k)
f ;2 ⊗ T (k)

f ;3 are captured in Proposition 4.12
and Theorem 4.16.

We note that while, for simplicity, the exposition throughout the paper is for C∞

symbols, all our results hold, in fact, for C4 symbols. To modify the proofs in order to
get the same statements for C4 symbols, the estimates from [12] should be replaced by
estimates from [8]—see Section 2.3.2. Results from [8] allow to tackle the case of C2

and C3 symbols as well, but we do not include the corresponding version of our results
(the asymptotics will differ from the C∞ case).

This paper is a part of the Ph.D. thesis of the second author who is co-supervised
by the first author and M. Pinsonnault.

2. Preliminaries.

2.1. Some notations and definitions. Throughout the paper, we shall use the
following notations:

Sn, for a positive integer n, will denote the symmetric group (i.e. the group of
permutations of 1, . . . , n), for a finite-dimensional complex vector space V and A, B ∈
End(V ) [A, B] = AB − BA,

I will denote the identity operator on V ,
if V is equipped with a norm, then ||A|| will denote the operator norm of A,
C∞(M) will denote the algebra of smooth complex-valued functions on a smooth

manifold M,
for f ∈ C∞(M), we write |f |∞ = supx∈M |f (x)|.
DEFINITION 2.1. An (m + 1)-form � on a smooth manifold M is called an m-plectic

form if it is closed (i.e. d� = 0) and non-degenerate (i.e. v ∈ TxM, v��x = 0 ⇒ v = 0).
If � is an m-plectic form on M, (M,�) is called a multisymplectic, or m-plectic,

manifold.

DEFINITION 2.2. ([25, 45]) Let M be a smooth manifold. A multilinear map

{., . . . , .} : (C∞(M))⊗j → C∞(M)
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is called a Nambu–Poisson bracket or (generalized) Nambu bracket of order j if it satisfies
the following properties:
� (skew-symmetry) {f1, . . . , fj} = sign(σ ){fσ (1), . . . , fσ (j)} for any f1, . . . , fj ∈ C∞(M)

and for any σ ∈ Sj,
� (Leibniz rule) {f1, . . . , fj−1, g1g2} = {f1, . . . , fj−1, g1}g2 + g1{f1, . . . , fj−1, g2} for any

f1, . . . , fj−1, g1, g2 ∈ C∞(M),
� (Fundamental Identity)

{f1, . . . , fj−1,, {g1, . . . , gj}} =
j∑

i=1

{g1, . . . , {f1, . . . , fj−1, gi}, . . . , gj},

for all f1, . . . , fj−1, g1, . . . , gj ∈ C∞(M).

It is natural to ask how to generalize the Hamiltonian formalism of symplectic
geometry to the multisymplectic setting. We don’t need the full multisymplectic
formalism for the purposes of this paper, and we refer the reader to [26, 39, 45].

DEFINITION 2.3. ([4, 5]) Let M be a smooth manifold and suppose j is an even
positive integer. A multilinear map

{., . . . , .} : (C∞(M))⊗j → C∞(M)

is called a generalized Poisson bracket if it satisfies the following properties:
� (skew-symmetry) {f1, . . . , fj} = sign(σ ){fσ (1), . . . , fσ (j)} for any f1, . . . , fj ∈ C∞(M)

and for any σ ∈ Sj,
� (Leibniz rule) {f1, . . . , fj−1, g1g2} = {f1, . . . , fj−1, g1}g2 + g1{f1, . . . , fj−1, g2} for any

f1, . . . , fj−1, g1, g2 ∈ C∞(M),
� (Generalized Jacobi Identity)

Alt{f1, . . . , fj−1, {fj, . . . , f2j−1}} =

∑
σ∈S2j−1

sign(σ ){fσ (1), . . . , fσ (j−1), {fσ (j), . . . , fσ (2j−1)}} = 0

for any f1, . . . , f2j−1 ∈ C∞(M).

DEFINITION 2.4. ([28]) A bracket as in Definition 2.3 satisfying only the first two
conditions (skew-symmetry and Leibniz rule) is called an almost Poisson bracket of
order j.

REMARK 2.5. A Nambu–Poisson bracket of even order is a generalized Poisson
bracket [28].

2.2. Generalized commutator. Let [., ., ., .] denote the Nambu generalized
commutator ([17, 37, 45]): for a finite-dimensional complex vector space V and
A1, . . . , A2n ∈ End(V )

[A1, . . . , A2n] =
∑
σ∈S2n

sign(σ )Aσ (1) . . . , Aσ (2n).
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For example, for n = 2

[A1, A2, A3, A4] =
∑
σ∈S4

sign(σ )Aσ (1)Aσ (2)Aσ (3)Aσ (4) =

[A1, A2][A3, A4] − [A1, A3][A2, A4] + [A1, A4][A2, A3]+
[A3, A4][A1, A2] − [A2, A4][A1, A3] + [A2, A3][A1, A4].

(1)

The bracket [., ., ., .] defines a map
∧4 End(V ) → End(V ) which does not satisfy the

Leibniz rule and does not satisfy the Fundamental Identity. There has been some
discussion of this in physics literature (e.g. [19]) and they seem to think that requiring
these two conditions is not necessary. There has been investigation into algebraic
properties of this bracket—see e.g. [18] and [4], where some ideas go back to [14, 23],
and earlier work by Kurosh and his school.

Let us denote, for convenience,

∑′

σ∈S2n

=
∑
σ∈S2n

σ (1)<σ (2),...,
σ (2n−1)<σ (2n)

.

LEMMA 2.6.

[A1, . . . , A2n] =
∑′

σ∈S2n

sign(σ )[Aσ (1), Aσ (2)][Aσ (3), Aσ (4)] . . . [Aσ (2n−1), Aσ (2n)].

Proof. Each monomial from the left-hand side appears in the right-hand side,
exactly once, with the same sign. Each term from the right-hand side appears in the
left-hand side. Therefore the expressions are identical. �

LEMMA 2.7.

[A1, . . . , A2n] = 1
2n

∑
σ∈S2n

sign(σ )[Aσ (1), Aσ (2)][Aσ (3), Aσ (4)] . . . [Aσ (2n−1), Aσ (2n)].

Proof. By straightforward comparison of the polynomials. Observe that each
monomial from the left-hand side appears in the sum in the right-hand side exactly
2n times, with appropriate sign, and this accounts for all the terms in the right-hand
side. �

REMARK 2.8. Equality (1) is (93) [19]. It is not hard to see that Lemma 2.7 is
equivalent to (94) [19].

2.3. Berezin–Toeplitz operators. Suppose (M, ω) is a compact connected Kähler
manifold and the Kähler form ω

2π
is integral. Let L be a holomorphic hermitian line

bundle such that the curvature of the hermitian connection is −iω. Let k be a positive
integer. The space H0(M, L⊗k) of holomorphic sections of L⊗k is a finite-dimensional
complex vector space. Let �k denote the orthogonal projection from L2(M, L⊗k) onto
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H0(M, L⊗k) (the Hermitian inner product is obtained from the hermitian metric on
L).

2.3.1. Smooth symbol. Reference used throughout this subsection is [12], where
the method is based on the analysis of Toeplitz structures from [13]. Results mentioned
here and more extensive discussion can be found in surveys on Berezin–Toeplitz
quantization, for example in [44].

For f ∈ C∞(M) the operator

T (k)
f = �k ◦ (mult. by f ) ∈ End(H0(M, L⊗k)),

or the operator ⊕T (k)
f , is called the Berezin–Toeplitz operator for f . Here are some

properties of these operators that will be most frequently used in this paper.
For α, β ∈ � and f, g ∈ C∞(M)

T (k)
αf +βg = αT (k)

f + βT (k)
g .

THEOREM 2.9 ([12] Theorem 4.1, 4.2; [31, 32]). For f, g ∈ C∞(M), as k → ∞,
(i)

||ik[T (k)
f , T (k)

g ] − T (k)
{f,g}|| = O

(
1
k

)
,

(ii) there is a constant C = C(f ) > 0 such that

|f |∞ − C
k

≤ ||T (k)
f || ≤ |f |∞.

PROPOSITION 2.10 ([12] p. 291). For f1, . . . , fp ∈ C∞(M)

||T (k)
f1

. . . , T (k)
fp

− T (k)
f1...,fp

|| = O
(

1
k

)

as k → ∞.

PROPOSITION 2.11 ([12] p. 289). For f, g ∈ C∞(M)

lim
k→∞

||[T (k)
f , T (k)

g ]|| = 0.

REMARK 2.12. Proof of this Proposition (it’s one line, use Theorem 2.9 and triangle
inequality) actually implies that

||[T (k)
f , T (k)

g ]|| = O
(

1
k

)

as k → ∞.
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2.3.2. Cl symbol. The reference for theorems analogous to those above in
Section 2.3.1, with f ∈ Cl(M), is [8]. In [8], the method is different from [12]. It relies on
techniques developed in [31,32], see also [33]. For l = 4, statements similar to Theorem
2.9, Proposition 2.10 follow from Corollary 4.5, Remark 5.7(b), Corollary 4.4 of [8].
The fact that for f, g ∈ C4(M) ||[T (k)

f , T (k)
g ]|| = O

( 1
k

)
as k → ∞ easily follows too, from

Corollary 4.5 and Remark 5.7(b) [8].

3. Quantization of the (2n − 1)-plectic structure on an n-dimensional Kähler
manifold. Let (M, ω) be a compact connected n-dimensional Kähler manifold (n ≥ 1).
We shall denote by {., .} the Poisson bracket for ω. Assume that the Kähler form ω

2π
is

integral. Let L be a hermitian holomorphic line bundle on M such that the curvature
of the hermitian connection is equal to −iω.

It is clear that the volume form � = ωn

n! is a (2n − 1)-plectic form. The bracket
{., . . . , .} :

∧2n C∞(M) → C∞(M) defined by

df1 ∧ . . . ∧ df2n = {f1, . . . , f2n}�

is a Nambu–Poisson bracket [25, Corollary 1 p. 106] .

LEMMA 3.1. For f1, . . . , f2n ∈ C∞(M)

{f1, . . . , f2n} = 1
2nn!

∑
σ∈S2n

sign(σ )
n∏

j=1

{fσ (2j−1), fσ (2j)}. (2)

REMARK 3.2. In particular, for n = 2

{f1, f2, f3, f4} = {f1, f2}{f3, f4} − {f1, f3}{f2, f4} + {f1, f4}{f2, f3}.

REMARK 3.3. For M = �2n with the standard symplectic form equality (2) is (7)
in [19].

Proof of Lemma 3.1. Let’s use Darboux theorem and compare the left-hand side
and the right-hand side of (2) in a local chart with coordinates x1,. . . ,x2n such that in
this chart ω = ∑n

j=1 dx2j−1 ∧ dx2j. Locally, in this chart, the Poisson bracket of fi, fl

(1 ≤ i, l ≤ 2n) is

{fi, fl} =
n∑

j=1

(
∂fi

∂x2j−1

∂fl

∂x2j
− ∂fi

∂x2j

∂fl

∂x2j−1
)

and {f1, . . . , f2n} = det J, where J = ( ∂fi
∂xl

). det is the only function on (2n) × (2n)
complex matrices which takes value 1 on the identity matrix, linear in the rows,
and takes value zero on a matrix whose two adjacent rows are equal (axiomatic
characterization of the determinant, see e.g. Theorem 1.3.(3.14) [3]). The right-hand
side of (2) is a polynomial in the entries of J that satisfies these three conditions,
therefore it must be equal to det J. �

The following theorem shows that, informally speaking, {., . . . , .} → [., . . . , .] as
k → ∞.
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THEOREM 3.4. For f1, . . . , f2n ∈ C∞(M)

|| (ik)n

n!
[T (k)

f1
, . . . , T (k)

f2n
] − T (k)

{f1,...,f2n}|| = O
(

1
k

)

as k → ∞.

Proof. By Theorem 2.9 (i)

||ik[T (k)
f2j−1

, T (k)
f2j

] − T (k)
{f2j−1,f2j}|| = O

(
1
k

)
(3)

for j = 1, . . . , n. Using Proposition 2.10 and the triangle inequality, we get:

||(ik)n[T (k)
f1

, T (k)
f2

] . . . [T (k)
f2n−1

, T (k)
f2n

] − T (k)
{f1,f2}...{f2n−1,f2n}||

≤ ||(ik)n[T (k)
f1

, T (k)
f2

] . . . [T (k)
f2n−1

, T (k)
f2n

] − T (k)
{f1,f2} . . . T (k)

{f2n−1,f2n}||
+ ||T (k)

{f1,f2}...{f2n−1,f2n} − T (k)
{f1,f2} . . . T (k)

{f2n−1,f2n}||
= ||((ik[T (k)

f1
, T (k)

f2
] − T (k)

{f1,f2}) + T (k)
{f1,f2}

)
. . .

(
(ik[T (k)

f2n−1
, T (k)

f2n
] − T (k)

{f2n−1,f2n}

+ T (k)
{f2n−1,f2n}

) − T (k)
{f1,f2} . . . T (k)

{f2n−1,f2n}|| + O
(

1
k

)
.

This is O
( 1

k

)
. Indeed, within ||.|| the term T (k)

{f1,f2} . . . T (k)
{f2n−1,f2n} cancels and all the other

terms are products of factors of the form (ik[T (k)
f2j−1

, T (k)
f2j

] − T (k)
{f2j−1,f2j}) (at least one of

these appears) and of the form T (k)
{f2j−1,f2j}. Using the triangle inequality, (3) and Theorem

2.9 (ii), we get O
( 1

k

)
. Thus, as k → ∞,

||(ik)n[T (k)
f1

, T (k)
f2

] . . . [T (k)
f2n−1

, T (k)
f2n

] − T (k)
{f1,f2}...{f2n−1,f2n}|| = O

(
1
k

)
.

Exact same proof shows that

||(ik)n[T (k)
fσ (1)

, T (k)
fσ (2)

] . . . [T (k)
fσ (2n−1)

, T (k)
fσ (2n)

] − T (k)
{fσ (1),fσ (2)}...{fσ (2n−1),fσ (2n)}|| = O

(
1
k

)
.

We note that

T (k)
{f1,...,f2n} = 1

2nn!

∑
σ∈S2n

sign(σ )T (k)∏n
j=1{fσ (2j−1,fσ (2j)}

(by Lemma 3.1). The desired statement now follows from Lemma 2.7 and the triangle
inequality. �

The following proposition is similar to Proposition 2.11. It implies that
limk→∞ ||[T (k)

f1
, . . . , T (k)

f2n
]|| = 0 (i.e. T (k)

f1
, . . . , T (k)

f2n
“Nambu-commute as k → ∞”).

PROPOSITION 3.5. For f1, . . . , f2n ∈ C∞(M)

||[T (k)
f1

, . . . , T (k)
f2n

]|| = O
(

1
kn

)

as k → ∞.
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Proof.

||[T (k)
f1

, . . . , T (k)
f2n

]||
= ||

∑′

σ∈S2n

sign(σ )[T (k)
fσ (1)

, T (k)
fσ (2)

][T (k)
fσ (3)

, T (k)
fσ (4)

] . . . [T (k)
fσ (2n−1)

, T (k)
fσ (2n)

]||

≤
∑′

σ∈S2n

||[T (k)
fσ (1)

, T (k)
fσ (2)

]|| . . . ||[T (k)
fσ (2n−1)

, T (k)
fσ (2n)

]||

which is O( 1
kn ) by Remark 2.12. �

4. Quantization on a hyperkähler manifold. Let (M, g, J1, J2, J3) be a compact
connected hyperkähler manifold. Let 4q denote the real dimension of M. Denote
ωr = g(., Jr.) for r = 1, 2, 3. The 4-form

� = ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3

is 3-plectic [16]. Define the brackets {., ., ., .}r, {., ., ., .}hyp (multilinear maps∧4 C∞(M) → C∞(M)) as follows:

{f1, f2, f3, f4}r = {f1, f2}r{f3, f4}r − {f1, f3}r{f2, f4}r + {f1, f4}r{f2, f3}r,

where {., .}r is the Poisson bracket on (M, ωr), r = 1, 2, 3,

{f1, f2, f3, f4}hyp =
3∑

r=1

{f1, f2, f3, f4}r.

From the properties of the Poisson bracket it immediately follows that the Leibniz rule
is satisfied:

{f1, f2, f3, f4f5}r = f4{f1, f2, f3, f5}r + {f1, f2, f3, f4}rf5

{f1, f2, f3, f4f5}hyp = f4{f1, f2, f3, f5}hyp + {f1, f2, f3, f4}hypf5.

Therefore {., ., ., .}r, {., ., ., .}hyp are almost Poisson brackets of order 4.
For q = 1, ωr ∧ ωr (r = 1, 2, 3) and � are volume forms. The standard bracket

{., ., ., .}(r) is defined by

df1 ∧ df2 ∧ df3 ∧ df4 = {f1, f2, f3, f4}(r) 1
2
ωr ∧ ωr.

From Lemma 3.1, or by a direct calculation (using Darboux theorem, in local
coordinates), we get:

LEMMA 4.1. For q = 1 {., ., ., .}r coincides with {., ., ., .}(r).

From [25, Corollary 1 p. 106] it immediately follows that for q = 1 (M is 4-
dimensional) the Fundamental Identity
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{f1, f2, f3, {g1, g2, g3, g4}hyp}hyp = {{f1, f2, f3, g1}hyp, g2, g3, g4}hyp+

{g1, {f1, f2, f3, g2}hyp, g3, g4}hyp + {g1, g2, {f1, f2, f3, g3}hyp, g4}hyp+

{g1, g2, g3, {f1, f2, f3, g4}hyp}hyp

is satisfied (similarly for {., ., ., .}r). For q > 1 {., ., ., .}r, {., ., ., .}hyp are not necessarily
Nambu–Poisson brackets (the Fundamental Identity may not be satisfied if q > 1).

Assume that the Kähler forms ω1
2π

, ω2
2π

, ω3
2π

are integral.
Let Lr be a holomorphic Hermitian line bundle with curvature of the Hermitian

connection equal to −iωr, for r = 1, 2, 3. For a positive integer k and f ∈ C∞(M)
denote by T (k)

f ;r ∈ End(H0(M, L⊗k
r )) the Berezin–Toeplitz operator for f .

There are two obvious ways to form a Hilbert space out of three Hilbert spaces
H0(M, L⊗k

r ) (r = 1, 2, 3): by taking direct sum or tensor product. Another way to
approach this is to say that the vector space of quantization is H0(M, (L1 ⊗ L2 ⊗
L3)⊗k), this would be just the usual Berezin–Toeplitz quantization, with the line
bundle L1 ⊗ L2 ⊗ L3. Note: in general H0(M, (L1 ⊗ L2 ⊗ L3)⊗k) is not isomorphic
to H0(M, L⊗k

1 ) ⊗ H0(M, L⊗k
2 ) ⊗ H0(M, L⊗k

3 ).
Of course, the hyperkähler structure defines a whole S2 of complex structures

(and of Kähler forms) on M, not just three. A. Uribe pointed out to us that maybe
an appropriate notion of quantization on a hyperkähler manifold should take into
account all J ∈ S2, and should involve an appropriate vector bundle over the twistor
space, with fibres H0(M, L⊗k

J ). We look forward to seeing his work on this.
Note that the twistor space of a hyperkähler manifold is not Kähler (it is generally

well known, see for example [29] p. 37, or [27]), so it’s not possible to construct a
Berezin–Toeplitz quantization on the twistor space.

REMARK 4.2. Denote by πr : M × M × M → M the projection to the rth factor
(r = 1, 2, 3). For sufficiently large k

H0(M × M × M, (π∗
1 L1 ⊗ π∗

2 L2 ⊗ π∗
3 L3)⊗k)) ∼= Hk.

The proof was explained to us by K. Yoshikawa and it goes as follows:

dim H0(M × M × M, (π∗
1 L1 ⊗ π∗

2 L2 ⊗ π∗
3 L3)⊗k)

=
∫

M×M×M
Td(M × M × M)ch((π∗

1 L1 ⊗ π∗
2 L2 ⊗ π∗

3 L3)⊗k)

=
∫

M×M×M
π∗

1 Td(M)π∗
2 Td(M)π∗

3 Td(M)π∗
1 ch(L⊗k

1 )π∗
2 ch(L⊗k

2 )π∗
3 ch(L⊗k

3 )

=
∫

M
Td(M)ch(L⊗k

1 )
∫

M
Td(M)ch(L⊗k

2 )
∫

M
Td(M)ch(L⊗k

3 )

= dim H0(M, L⊗k
1 ) dim H0(M, L⊗k

2 ) dim H0(M, L⊗k
3 ).

�

In this paper, we shall work with functions and structures on M, rather than on
M × M × M.

We shall find useful the following statement.
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PROPOSITION 4.3. For f, g, h, t ∈ C∞(M), r = 1, 2, 3,

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t}r;r
|| = O(

1
k

)

as k → ∞.

Proof. As k → ∞, for r = 1, 2, 3, by Theorem 2.9 (i) for f, g ∈ C∞(M)

||ik[T (k)
f ;r , T (k)

g;r ] − T (k)
{f,g}r;r

|| = O
(

1
k

)
, (4)

||ik[T (k)
h;r , T (k)

t;r ] − T (k)
{h,t}r;r

|| = O
(

1
k

)
. (5)

Using Proposition 2.10, we get:

||(ik)2[T (k)
f ;r , T (k)

g;r ][T (k)
h;r , T (k)

t;r ] − T (k)
{f,g}r{h,t}r;r

||
≤ ||(ik)2[T (k)

f ;r , T (k)
g;r ][T (k)

h;r , T (k)
t;r ] − T (k)

{f,g}r;r
T (k)

{h,t}r;r
|| + ||T (k)

{f,g}r;r
T (k)

{h,t}r;r
− T (k)

{f,g}r{h,t}r;r
||

= ||(ik[T (k)
f ;r , T (k)

g;r ] − T (k)
{f,g}r;r

+ T (k)
{f,g}r;r

)(ik[T (k)
h;r , T (k)

t;r ] − T (k)
{h,t}r;r

+ T (k)
{h,t}r;r

)

− T (k)
{f,g}r;r

T (k)
{h,t}r;r

|| + O
(

1
k

)

= ||(ik[T (k)
f ;r , T (k)

g;r ] − T (k)
{f,g}r;r

)(ik[T (k)
h;r , T (k)

t;r ] − T (k)
{h,t}r;r

)

+ (ik[T (k)
f ;r , T (k)

g;r ] − T (k)
{f,g}r;r

)T (k)
{h,t}r;r

+ T (k)
{f,g}r;r

(ik[T (k)
h;r , T (k)

t;r ] − T (k)
{h,t}r;r

)|| + O
(

1
k

)

≤ ||ik([T (k)
f ;r , T (k)

g;r ] − T (k)
{f,g}r;r

)|| ||ik[T (k)
h;r , T (k)

t;r ] − T (k)
{h,t}r;r

)||
+ ||ik[T (k)

f ;r , T (k)
g;r ] − T (k)

{f,g}r;r
|| ||T (k)

{h,t}r;r
|| + ||T (k)

{f,g}r;r
|| ||ik[T (k)

h;r , T (k)
t;r ]

− T (k)
{h,t}r;r

|| + O
(

1
k

)

= O
(

1
k

)
O

(
1
k

)
+ |{h, t}r|∞O

(
1
k

)
+ |{f, g}r|∞O

(
1
k

)
+ O

(
1
k

)
= O

(
1
k

)
.

In the last line, we used (4), (5), and applied Theorem 2.9 (ii) twice. Similarly we
conclude, for f, h and g, t:

||(ik)2[T (k)
f ;r , T (k)

h;r ][T (k)
g;r , T (k)

t;r ] − T (k)
{f,h}r{g,t}r;r

|| = O
(

1
k

)
,

etc. (i.e. we get similar asymptotics for f, t and g, h, for h, t and f, g, for g, t and f, h, for
g, h and f, t). Note:

T (k)
{f,g,h,t}r;r

= T (k)
{f,g}r{h,t}r;r

− T (k)
{f,h}r{g,t}r;r

+ T (k)
{f,t}r{g,h}r;r

.

Therefore, by (1) and the triangle inequality,

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t}r;r
|| = O

(
1
k

)
.

�
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4.1. Direct sum. Denote

Hk = H0(M, L⊗k
1 ) ⊕ H0(M, L⊗k

2 ) ⊕ H0(M, L⊗k
3 )

(direct sum of Hilbert spaces) and

T(k)
f = T (k)

f ;1 ⊕ T (k)
f ;2 ⊕ T (k)

f ;3,

(T(k)
f acts on Hk by T(k)

f (s1, s2, s3) = (T (k)
f ;1s1, T (k)

f ;2s2, T (k)
f ;3s3)).

REMARK 4.4. Since ||T(k)
f || = max{||T (k)

f ;1 ||, ||T (k)
f ;2 ||, ||T (k)

f ;3 ||}, we immediately have:
� For f, g ∈ C∞(M), as k → ∞,

||ik[T(k)
f , T(k)

g ] − T(k)
{f,g}|| = O

(
1
k

)
, ||[T(k)

f , T(k)
g ]|| = O

(
1
k

)
.

� For f ∈ C∞(M), there is a constant C = C(f ) > 0 such that, as k → ∞,

|f |∞ − C
k

≤ ||T(k)
f || ≤ |f |∞.

� For f1, . . . , fp ∈ C∞(M)

||T(k)
f1

. . . T(k)
fp

− T(k)
f1...,fp

|| = O
(

1
k

)

as k → ∞.

For f, g, h, t ∈ C∞(M), we have:

[T(k)
f , T(k)

g , T(k)
h , T(k)

t ] = ⊕3
r=1[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ].

THEOREM 4.5. For f, g, h, t ∈ C∞(M)

|| − k2

2
[T(k)

f , T(k)
g , T(k)

h , T(k)
t ] − ⊕3

r=1T (k)
{f,g,h,t}r;r

|| = O
(

1
k

)

as k → ∞.

Proof. Using Proposition 4.3, we get:

|| − k2

2
[T(k)

f , T(k)
g , T(k)

h , T(k)
t ] − ⊕3

r=1T (k)
{f,g,h,t}r;r

|| =

max
1≤r≤3

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t}r;r
|| = O

(
1
k

)
.

�
The following proposition is similar to Proposition 2.11. It implies that T(k)

f , T(k)
g ,

T(k)
h , T(k)

t “Nambu-commute as k → ∞”.
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PROPOSITION 4.6. For f1, f2, f3, f4 ∈ C∞(M)

||[T(k)
f1

, T(k)
f2

, T(k)
f3

, T(k)
f4

]|| = O(
1
k2

)

as k → ∞.

Proof.

||[T(k)
f1

, T(k)
f2

, T(k)
f3

, T(k)
f4

]|| = max
1≤r≤3

||[T (k)
f1;r, T (k)

f2;r, T (k)
f3;r, T (k)

f4;r]||

= max
1≤r≤3

||
∑′

σ∈S4

sign(σ )[T (k)
fσ (1);r

, T (k)
fσ (2);r

][T (k)
fσ (3);r

, T (k)
fσ (4);r

]||

≤ max
1≤r≤3

∑′

σ∈S4

||[T (k)
fσ (1);r

, T (k)
fσ (2);r

]|| ||[T (k)
fσ (3);r

, T (k)
fσ (4);r

]||.

By Remark 2.12 it is O( 1
k2 ). �

4.2. Direct sum: dimension 4. To discuss the correspondence between the bracket
on functions and the generalized commutator (as k → ∞) in the hyperkähler case: we
showed (Theorem 4.5) that for a hyperkähler manifold M of arbitrary dimension and
smooth functions f, g, h, t on M [T(k)

f , T(k)
g , T(k)

h , T(k)
t ] is asymptotic to

⎛
⎜⎝

T (k)
{f,g,h,t}1;1

T (k)
{f,g,h,t}2;2

T (k)
{f,g,h,t}3;3

⎞
⎟⎠ ,

not to

T(k)
{f,g,h,t}hyp

=

⎛
⎜⎝

T (k)
{f,g,h,t}hyp;1

T (k)
{f,g,h,t}hyp;2

T (k)
{f,g,h,t}hyp;3

⎞
⎟⎠ .

To clarify, we have obtained an asymptotic relation between a map

∧4
C∞(M) → C∞(M) × C∞(M) × C∞(M)

f, g, h, t �→ ({f, g, h, t}1, {f, g, h, t}2, {f, g, h, t}3)

and the Nambu generalized commutator [., ., ., .]. It is not the same as a correspondence
between {., ., ., .}hyp :

∧4 C∞(M) → C∞(M) and [., ., ., .].
From now on M will be of real dimension 4 (hence M is isomorphic to a K3-surface

or a torus [11] 14.22). In this case we get Theorem 4.7 below, and in the case when M is
a 4-torus with three standard linear complex structures (Example 4.8 below)—we get
that [T(k)

f , T(k)
g , T(k)

h , T(k)
t ] is asymptotic to T(k)

{f,g,h,t}hyp
.

We have: for r = 1, 2, 3

� = μr

2
ωr ∧ ωr,
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where μr is a smooth non-vanishing function on M. Denote by {., ., ., .} the Nambu–
Poisson bracket defined by

df1 ∧ df2 ∧ df3 ∧ df4 = {f1, f2, f3, f4}�.

Therefore

{f1, f2, f3, f4}r = {f1, f2, f3, f4}(r) = μr{f1, f2, f3, f4}.
Denote

T(k)
μ =

⎛
⎜⎝

T (k)
μ1;1

T (k)
μ2;2

T (k)
μ3;3

⎞
⎟⎠ .

The following theorem shows that [T(k)
f1

, T(k)
f2

, T(k)
f3

, T(k)
f4

] is asymptotic to T(k)
{f1,f2,f3,f4}T

(k)
μ .

THEOREM 4.7. For f, g, h, t ∈ C∞(M)

|| − k2

2
[T(k)

f , T(k)
g , T(k)

h , T(k)
t ] − T(k)

{f,g,h,t}T
(k)
μ || = O

(
1
k

)

as k → ∞.

Proof. For r = 1, 2, 3, the same argument as in the proof of Proposition 4.3 gives:

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t}r;r
|| = O

(
1
k

)
. (6)

We have:

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t};rT
(k)
μr;r||

≤ || − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t}μr;r
|| + ||T (k)

{f,g,h,t}μr;r
− T (k)

{f,g,h,t};rT
(k)
μr;r||.

This is O
( 1

k

)
by (6) and Proposition 2.10. Hence,

|| − k2

2
[T(k)

f , T(k)
g , T(k)

h , T(k)
t ] − T(k)

{f,g,h,t}T
(k)
μ ||

= max
1≤r≤3

|| − k2

2
[T (k)

f ;r , T (k)
g;r , T (k)

h;r , T (k)
t;r ] − T (k)

{f,g,h,t};rT
(k)
μr;r|| = O

(
1
k

)
.

�
EXAMPLE 4.8. Denote M̃ = �4, with coordinates x1, x2, x3, x4, and equipped with

three (linear) complex structures

J1 =

⎛
⎜⎜⎝

0 1
−1 0

0 −1
1 0

⎞
⎟⎟⎠ , J2 =

⎛
⎜⎜⎝

1 0
0 1

−1 0
0 −1

⎞
⎟⎟⎠ , J3 =

⎛
⎜⎜⎝

1
−1

1
−1

⎞
⎟⎟⎠ .

We have: J1J2 = J3 and, of course, J2
1 = J2

2 = J2
3 = −I .
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Note: if we regard M̃ as the one-dimensional quaternionic vector space, with basis
1, i, j, k (i2=j2=k2=−1, ij=k), then J1, J2, J3 correspond to left multiplication by i, j, k,
respectively.

For the standard Riemannian metric on M̃, with the metric tensor g = I , the
symplectic forms are as follows:

ω1 = −dx1 ∧ dx2 − dx3 ∧ dx4,

ω2 = −dx1 ∧ dx3 + dx2 ∧ dx4,

ω3 = −dx1 ∧ dx4 − dx2 ∧ dx3.

For r = 1, 2, 3,

1
2
ωr ∧ ωr = dx1 ∧ dx2 ∧ dx3 ∧ dx4,

� =
3∑

r=1

ωr ∧ ωr = 6dx1 ∧ dx2 ∧ dx3 ∧ dx4.

Everything is �4-invariant and g, J1, J2, J3, ω1, ω2, ω3, � descend to M = M̃/�4. We
get: μ1 = μ2 = μ3 = 6 and

6{., ., ., .} = {., ., ., .}r = {., ., ., .}(r) = 1
3
{., ., ., .}hyp.

Theorem 4.7 gives: for f, g, h, t ∈ C∞(M)

|| − ck2[T(k)
f , T(k)

g , T(k)
h , T(k)

t ] − T(k)
{f,g,h,t}hyp

|| = O
(

1
k

)
(7)

as k → ∞, where c is a positive constant.

4.3. Tensor product. Denote

Hk = H0(M, L⊗k
1 ) ⊗ H0(M, L⊗k

2 ) ⊗ H0(M, L⊗k
3 )

(tensor product of Hilbert spaces) and

�
(k)
f = T (k)

f ;1 ⊗ T (k)
f ;2 ⊗ T (k)

f ;3,

(�(k)
f (s1 ⊗ s2 ⊗ s3) = T (k)

f ;1s1 ⊗ T (k)
f ;2s2 ⊗ T (k)

f ;3s3 and the action extends to Hk by linearity,

also note: ||�(k)
f || = ||T (k)

f ;1 || ||T (k)
f ;2 || ||T (k)

f ;3 ||).
In the proofs below, we shall need the following elementary statement.
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LEMMA 4.9. If Mj, Nj are linear operators on a finite dimensional Hilbert space Vj

(j = 1, 2, 3), then

||M1 ⊗ M2 ⊗ M3 − N1 ⊗ N2 ⊗ N3|| ≤ ||M1 − N1|| ||M2 − N2|| ||M3 − N3||
+ ||M1 − N1|| ||M2|| ||N3|| + ||M1|| ||N2|| ||M3 − N3|| + ||N1|| ||M2 − N2|| ||M3||.

Proof. This immediately follows from the equality

(M1 − N1) ⊗ (M2 − N2) ⊗ (M3 − N3) = M1 ⊗ M2 ⊗ M3 − N1 ⊗ N2 ⊗ N3

− (M1 − N1) ⊗ M2 ⊗ N3 − M1 ⊗ N2 ⊗ (M3 − N3) − N1 ⊗ (M2 − N2) ⊗ M3.

�
We also note the following identity for tensor products of operators:

[A1 ⊗ A2 ⊗ A3, B1 ⊗ B2 ⊗ B3] = [A1, B1] ⊗ [A2, B2] ⊗ [A3, B3]

+ [A1, B1] ⊗ B2A2 ⊗ A3B3 + A1B1 ⊗ [A2, B2] ⊗ B3A3 + B1A1 ⊗ A2B2 ⊗ [A3, B3].

(8)

REMARK 4.10.
� For f ∈ C∞(M), there is a constant C = C(f ) > 0 such that, as k → ∞,

(|f |∞ − C
k

)3 ≤ ||�(k)
f || ≤ (|f |∞)3.

� For f1, . . . , fp ∈ C∞(M)

||�(k)
f1

. . . �
(k)
fp

− �
(k)
f1...,fp

|| = O
(

1
k

)

as k → ∞.
The last statement holds for p = 2 by Lemma 4.9, Theorem 2.9 and Proposition 2.10.
It follows for arbitrary p by induction.

PROPOSITION 4.11. For f, g ∈ C∞(M)

||(ik)3[T (k)
f ;1, T (k)

g;1 ] ⊗ [T (k)
f ;2, T (k)

g;2 ] ⊗ [T (k)
f ;3, T (k)

g;3 ] − T (k)
{f,g}1;1 ⊗ T (k)

{f,g}2;2 ⊗ T (k)
{f,g}3;3|| = O

(
1
k

)

as k → ∞.

Proof. This follows from Lemma 4.9, Theorem 2.9 and Remark 2.12. �
PROPOSITION 4.12. For f, g ∈ C∞(M)

||ik[�(k)
f , �(k)

g ] − (T (k)
{f,g}1;1 ⊗ T (k)

fg;2 ⊗ T (k)
fg;3 + T (k)

fg;1 ⊗ T (k)
{f,g}2;2 ⊗ T (k)

fg;3

+ T (k)
fg;1 ⊗ T (k)

fg;2 ⊗ T (k)
{f,g}3;3)|| = O

(
1
k

)

as k → ∞.

https://doi.org/10.1017/S0017089516000100 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089516000100


BEREZIN–TOEPLITZ QUANTIZATION 183

Proof. Using (8), we get:

||ik[�(k)
f , �(k)

g ] − (T (k)
{f,g}1;1 ⊗ T (k)

fg;2 ⊗ T (k)
fg;3 + T (k)

fg;1 ⊗ T (k)
{f,g}2;2 ⊗ T (k)

fg;3

+ T (k)
fg;1 ⊗ T (k)

fg;2 ⊗ T (k)
{f,g}3;3)||

≤ ||ik[T (k)
f ;1, T (k)

g;1 ] ⊗ T (k)
g;2T (k)

f ;2 ⊗ T (k)
f ;3T (k)

g;3 − T (k)
{f,g}1;1 ⊗ T (k)

fg;2 ⊗ T (k)
fg;3||

+ ||T (k)
f ;1T (k)

g;1 ⊗ ik[T (k)
f ;2, T (k)

g;2 ] ⊗ T (k)
g;3T (k)

f ;3 − T (k)
fg;1 ⊗ T (k)

{f,g}2;2 ⊗ T (k)
fg;3||

+ ||T (k)
g;1T (k)

f ;1 ⊗ T (k)
f ;2T (k)

g;2 ⊗ ik[T (k)
f ;3, T (k)

g;3 ] − T (k)
fg;1 ⊗ T (k)

fg;2 ⊗ T (k)
{f,g}3;3||

+ k||[T (k)
f ;1, T (k)

g;1 ] ⊗ [T (k)
f ;2, T (k)

g;2 ] ⊗ [T (k)
f ;3, T (k)

g;3 ]||.

Each of the first three terms is O
( 1

k

)
by Lemma 4.9, Theorem 2.9, Proposition 2.10

and Remark 2.12. The last term is O( 1
k2 ) by Remark 2.12. �

COROLLARY 4.13. For f, g ∈ C∞(M)

||[�(k)
f , �(k)

g ]|| = O
(

1
k

)

as k → ∞.

Proof. Follows from Proposition 4.12 and Theorem 2.9(ii) by triangle
inequality. �

COROLLARY 4.14. For f, g, h, t ∈ C∞(M)

||[�(k)
f , �(k)

g , �
(k)
h , �(k)

t ]|| = O(
1
k2

)

as k → ∞.

Proof. Follows from equality (1) and Corollary 4.13 by triangle inequality. �
PROPOSITION 4.15. For f, g, h, t ∈ C∞(M)

|| − k6

8
[T (k)

f ;1, T (k)
g;1, T (k)

h;1, T (k)
t;1 ] ⊗ [T (k)

f ;2, T (k)
g;2, T (k)

h;2, T (k)
t;2 ] ⊗ [T (k)

f ;3, T (k)
g;3, T (k)

h;3, T (k)
t;3 ]

− T (k)
{f,g,h,t}1;1 ⊗ T (k)

{f,g,h,t}2;2 ⊗ T (k)
{f,g,h,t}3;3|| = O(

1
k2

)

as k → ∞.

Proof. For r = 1, 2, 3,

||[T (k)
f ;r , T (k)

g;r , T (k)
h;r , T (k)

t;r ]|| = O(
1
k2

)

as k → ∞ (this follows by triangle inequality from (1) and Remark 2.12). The statement
now follows from Lemma 4.9, Proposition 4.3 and Theorem 2.9 (ii). �

It is natural to ask about asymptotics of [�(k)
f , �

(k)
g , �

(k)
h , �

(k)
t ] for given f, g, h, t ∈

C∞(M). Proposition 4.12 dictates the following very technical statement.
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THEOREM 4.16. For f1, f2, f3, f4 ∈ C∞(M)

|| − k2

2
[�(k)

f1
, �

(k)
f2

, �
(k)
f3

, �
(k)
f4

] − �
(k)
f1,f2,f3,f4

|| = O
(

1
k

)

as k → ∞, where

�
(k)
f1,f2,f3,f4

= T (k)
{f1,f2,f3,f4}1;1 ⊗ T (k)

f1f2f3f4;2 ⊗ T (k)
f1f2f3f4;3

+ T (k)
f1f2f3f4;1 ⊗ T (k)

{f1,f2,f3,f4}2;2 ⊗ T (k)
f1f2f3f4;3 + T (k)

f1f2f3f4;1 ⊗ T (k)
f1f2f3f4;2 ⊗ T (k)

{f1,f2,f3,f4}3;3

+
∑

(i,j,m,l)=(1,2,3,4),
(1,3,2,4),(1,4,2,3)

sign(i, j, m, l)
[
T (k)

fifj{fm,fl}1;1 ⊗ (T (k)
fmfl{fi,fj}2;2 ⊗ T (k)

fifj fmfl ;3

+ T (k)
fifj fmfl ;2

⊗ T (k)
fmfl{fi,fj}3;3) + T (k)

fmfl{fi,fj}1;1

⊗ (T (k)
fifj{fm,fl}2;2 ⊗ T (k)

fifj fmfl ;3
+ T (k)

fifj fmfl ;2
⊗ T (k)

fifj{fm,fl}3;3)

+ T (k)
fifj fmfl ;1

⊗ (T (k)
fifj{fm,fl}2;2 ⊗ T (k)

fmfl{fi,fj}3;3 + T (k)
fmfl{fi,fj}2;2 ⊗ T (k)

fifj{fm,fl}3;3)
]
.

Proof. First, we observe: as k → ∞

||(ik)2[�(k)
fi

, �
(k)
fj

][�(k)
fm

, �
(k)
fl

] − (T (k)
{fi,fj}1;1 ⊗ T (k)

fifj ;2
⊗ T (k)

fifj ;3

+ T (k)
fifj ;1

⊗ T (k)
{fi,fj}2;2 ⊗ T (k)

fifj ;3
+ T (k)

fifj ;1
⊗ T (k)

fifj ;2
⊗ T (k)

{fi,fj}3;3)

× (T (k)
{fm,fl}1;1 ⊗ T (k)

fmfl ;2
⊗ T (k)

fmfl ;3
+ T (k)

fmfl ;1
⊗ T (k)

{fm,fl}2;2 ⊗ T (k)
fmfl ;3

+ T (k)
fmfl ;1

⊗ T (k)
fmfl ;2

⊗ T (k)
{fm,fl}3;3)|| = O

(
1
k

)
.

This follows from the elementary inequality

||M1M2 − N1N2|| = ||M1M2 − M2N1 + M2N1 − N1N2||
≤ ||M2||||M1 − N1|| + ||N1||||M2 − N2||

by setting

M1 = ik[�(k)
fi

, �
(k)
fj

], M2 = ik[�(k)
fm

, �
(k)
fl

]

N1 = T (k)
{fi,fj}1;1 ⊗ T (k)

fifj ;2
⊗ T (k)

fifj ;3
+ T (k)

fifj ;1
⊗ T (k)

{fi,fj}2;2 ⊗ T (k)
fifj ;3

+ T (k)
fifj ;1

⊗ T (k)
fifj ;2

⊗ T (k)
{fi,fj}3;3,

N2 = T (k)
{fm,fl}1;1 ⊗ T (k)

fmfl ;2
⊗ T (k)

fmfl ;3
+ T (k)

fmfl ;1
⊗ T (k)

{fm,fl}2;2 ⊗ T (k)
fmfl ;3

+ T (k)
fmfl ;1

⊗ T (k)
fmfl ;2

⊗ T (k)
{fm,fl}3;3,
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with the use of Theorem 2.9 (ii), Proposition 4.12 and Corollary 4.13. Next, using
Lemma 4.9, Theorem 2.9 (ii) and Proposition 2.10, we get:

|| − k2[�(k)
fi

, �
(k)
fj

][�(k)
fm

, �
(k)
fl

] −
[
T (k)

{fi,fj}1{fm,fl}1;1 ⊗ T (k)
fifj fmfl ;2

⊗ T (k)
fifj fmfl ;3

+ T (k)
fifj fmfl ;1

⊗ T (k)
{fi,fj}2{fm,fl}2;2 ⊗ T (k)

fifj fmfl ;3
+ T (k)

fifj fmfl ;1
⊗ T (k)

fifj fmfl ;2
⊗ T (k)

{fi,fj}3{fm,fl}3;3

+ T (k)
fifj{fm,fl}1;1 ⊗ (T (k)

fmfl{fi,fj}2;2 ⊗ T (k)
fifj fmfl ;3

+ T (k)
fifj fmfl ;2

⊗ T (k)
fmfl{fi,fj}3;3)

+ T (k)
fmfl{fi,fj}1;1 ⊗ (T (k)

fifj{fm,fl}2;2 ⊗ T (k)
fifj fmfl ;3

+ T (k)
fifj fmfl ;2

⊗ T (k)
fifj{fm,fl}3;3)

+ T (k)
fifj fmfl ;1

⊗ (T (k)
fifj{fm,fl}2;2 ⊗ T (k)

fmfl{fi,fj}3;3 + T (k)
fmfl{fi,fj}2;2 ⊗ T (k)

fifj{fm,fl}3;3)
]
|| = O

(
1
k

)
.

After that, we note:

[�(k)
f1

, �
(k)
f2

, �
(k)
f3

, �
(k)
f4

] =
∑

(i,j,m,l)=
(1,2,3,4),(1,3,2,4),(1,4,2,3),
(3,4,1,2),(2,4,1,3),(2,3,1,4)

sign(i, j, m, l)[�(k)
fi

, �
(k)
fj

][�(k)
fm

, �
(k)
fl

]

(see (1)). Taking the sum, we get:

|| − k2[�(k)
f1

, �
(k)
f2

, �
(k)
f3

, �
(k)
f4

] − 2�
(k)
f1,f2,f3,f4

|| = O
(

1
k

)
.

�
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