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Abstract

In this note we consider the two-dimensional risk model introduced in Avram, Palmowski
and Pistorius (2008) with constant interest rate. We derive the integral-differential
equations of the Laplace transforms, and asymptotic expressions for the finite-time
ruin probabilities with respect to the joint ruin times Tmax(#1, u2) and Tin (41, u2),
respectively.
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1. Introduction and preliminaries

Ruin theory for the univariate risk model has been studied extensively; see [1], [10], and
many recent papers. However, there is limited research on multivariate risk models. Chan et
al. [5] studied the two-dimensional risk model

N
(i) = () + (-2 0)
Us (1) us () = X2j 7
where, for fixedi = 1 or 2, {X;;, j = 1,2, ...} are independent and identically distributed
(ii.d.) claim size random variables, and {Xy;, j = 1,2,...} and {Xp;, j = 1,2,...} are

independent, and also independent of the Poisson process N (¢).
Cai and Li [3] studied the multivariate risk model

Ui\ fur+pit— 0 X,
| = : , (L1)
Us (1) ug + pst — Ziv:(tl) Xy
where {(X1,...,Xsn), n = 1} is a sequence of i.i.d. nonnegative random vectors, and

independent of the Poisson process N (t). Model (1.1) was further studied by Cai and Li [4].
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Yuen et al. [11] discussed the bivariate compound Poisson model

(Ul (t)> _ <“1> + (Cl); - (Z?QUHM(Z) Xi)
)~ \uz) " \ea) T\ da0+MO )
where M (t), M»(t), and M (¢) are three independent Poisson processes, and {X;, i > 1} and
{Y;, i = 1} are i.i.d. claim size random variables, independent of each other and the three

Poisson processes.
Li et al. [7] discussed the bidimemsional perturbed risk model

N(t)
Ui (t X1 B (t
()= )
Uy (1) u 2 = X 02 B (1)
where N (¢) is a Poisson process, {(X1;, X2;), j > 1} is a sequence of i.i.d. random vectors,
(B1(t), B2(t)) is a standard bidimensional Brownian motion, and the three processes are

mutually independent.
Avram et al. [2] studied the two-dimensional risk model

Ui\  (wm cl 8
<U2(l)> - <M2> * <02)t - (52)50)’ (-2

where S(¢) is a Lévy process with only upward jumps that represents the cumulative amount of
claims up to time ¢, and focused on the classic Cramér—Lundberg model, i.e. S(¢) is a compound
Poisson process.

In this note we discuss the two-dimensional risk model (1.2) with constant interest rate. For
univariate ruin models with investment income, a lot of research has been carried out; see the
recent survey paper [8] and the references therein.

Now we introduce our model. Let r be a nonnegative constant, which represents the interest
rate. Then our model can be expressed as

t t
Ui(t)=e”ui+c,-/ e’(’_“)dv—&-/ e 1=V ds,, i=1,2, (1.3)
0 0

where the u; are the initial reserves, the ¢; are the premium rates, and 0 < &1, < 1 with
81 + 82 = 1. Here S; is taken to be a compound Poisson process, i.e. S; = ]1(\/:(:1) or, t >0,
where N (z) is a Poisson process with intensity A > 0 and {ox, k > 1} is a sequence of i.i.d.
random variables independent of N(¢). Denote by F the distribution function and by f the
probability density function of oy. Let 6y be the arrival time of the kth claim. Then we can

rewrite (1.3) as

N(t)

Uty =¢ui + L@ 1) =5 Y W, i=1,2, (1.4)
r
k=1
Fork = 1,2, ..., denote by T} the intertime between the (k — 1)th claim and the kth claim.

Then {7}, k > 1} is a sequence of i.i.d. random variables that has exponential distribution with
parameter A, and 6 = Zf‘: 1 T
Define two joint ruin times by
Tiin(u1, u2) == inf{r = 0 | min{U,(r), U>(1)} < 0},
Tmax(ulv M2) = lnf{t 2 0 | maX{Ul(Z)s Uz(t)} < O}a
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and the corresponding ruin probabilities by
VYmin (1, u2) = P{Tnin (11, u2) < oo},
Ymax (U1, u2) 1= P{Timax(u1, uz) < oo}.

As in [2], we assume that ¢1/81 > ¢2/62. Then if uy /81 > uz /8>, the above two joint ruin
probabilities degenerate into one-dimensional ruin probabilities as follows:

Wmin (U1, u2) = Y2 (up) := P{there exists ¢t < oo such that U, (¢) < 0},
Ymax (U1, u2) = Y1 (uy) := P{there exist r < oo such that U (¢) < 0}.

We refer the reader to [2] for the deduction. Throughout the rest of this note, we assume that
c1/81 > c2/86r and uy /81 < uz /8.

Remark 1.1. For each i, we know that
t t t
Ui(t) = e u; + ¢ f e IV gy — 3,~/ e IV dSs, = eu; +/ e IV d(civ — 8 Sy).
0 0 0

Define U (t) = (Uy(t), Us(t)), il = (uy,u2), and Zy = (c1v — 81 Sy, c2v — 825,). Then we
have

t t
U(l) — ertﬁ +/ er(tfv) dZv — ert <I:i +/ efrv dZv> (15)
0 0

Differentiating both sides of (1.5) relative to ¢, we obtain
t
dU @) = re' (z? + f e v dZU) dt +e'e™dZ, = rU @) dt + dZ;. (1.6)
0
Integrating both sides of (1.6) relative to ¢, we obtain

t t
U(t) = 17(0)+r/ U(s)ds+/ dZ,. (1.7
0 0

By (1.7) and the fact that (z, Z) = (¢, c1t — 818(1), cat — 828(1)) is a three-dimensional Lévy
process, following Protter [9, Theorem 32], we know that U(¢) is a two-dimensional
homogeneous strong Markov process.

The rest of this note is organized as follows. In Section 2 we show the integral-differential
equations of the Laplace transforms of the joint ruin times Tmin (41, #2) and Tyax (41, #2). In
Section 3 we provide two asymptotic expressions for the finite-time ruin probabilities with
respect to the joint ruin times Tiax (11, #2) and Tin (U1, u2).

2. Integral-differential equation

In this section we establish the integral-differential equations of the Laplace transforms of
the joint ruin times Tin (1, u2) and Tiax (11, uz).

2.1. The result for Ty, (11, uz)

In this subsection we consider the joint ruin time Ty, (41, u2). For convenience, we denote
Tmin(u1, up) by t(uy, uz). Its Laplace transform is defined by

Winin (U1, 2, 5) := E[e T@04)] fors > 0.
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Then
0 < Win(uy, uz,s) < 1. 2.1

Now we have the following result.

Theorem 2.1. For ui/81 < uz/8 and s > 0, the function Wnin (-, -, §) satisfies the integral-
differential equation

0 Wi A A
<M1 + C’;_]) min + (u2+ %) min +S‘-I—’min

duy ouy r
)\‘ o0
+2 f Wrnin 01 — 812, w2 — 822, 5) £ (2) dz
0
=0 2.2)
with boundary condition
8
Winin (ul, 5—2u1, s) = E[e 2 1/00)], 2.3)
1

where f(z) is the probability density function of oy and T2 is the ruin time of the risk process
Uy (t). Furthermore, Wy is the unique solution of (2.2)—(2.3).

Proof. Existence. For any h > 0, by considering the occurrence time 77 of the first claim,
we have

E[e™$T#1:42)) = E[e™*T@1#2) Ty > p] 4 E[e5T@042) | Ty < h. (2.4)

For any + > 0, denote by ¥; the information of the two-dimensional risk process {(Uj(s),
Us(s)): s > 0} up to time ¢, and by 6; the shift operator of the sample path, i.e. (6; (w))s = w54+
for any sample path w = (w5, s > 0). By the properties of conditional expectation and the
strong Markov property, we have

Efe 5714 Ty > h]
= E[e™* "2 7]
= E[E[e " “" ) g py | Full
= E[1(7,pmEle 7o | 71

= Elr>me " Ew,m.vpmple 1]
* —sh rh Cl . rp rh €2 p —Au
= e "Whinl e"'ur + —(€"" —1),e""uy + =" —1),s | re du
h r r
C C
=e My (e’hm + L@ 1), ehuy + 2 - ), s>. 2.5)
r r

For the second term on the right-hand side of (2.4), we have

E[e™*1"2), Ty < h]

51 52
ey, —|—c1r_1(e’T1 ) o e Ty, +czr_1(e’T1 -1
81 ) '

rT —1arT) _ rTy —1arTy _
:E[e_”(ul’n), Ty <h, o1 < e up+er (e 1) A e uy +cor” (e 1):|

—i—EI:e_”, T <h, o1 >
(2.6)
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By the strong Markov property, we have

T -1 T T -1 T
E[emm,uz)’ Io<h o < Coutar @ -1 eMu +or i - 1)}

S 8

- E[C_STIE(UI(Tl)»Uz(Tl))[e_”]’ Ty <h,

ey +er tE@l = 1) eTuy+ertEeh —1)
o] < A
31 )

h " urterr N e =) /81 A€ uatear TN (e = 1)) /82
_/ re M dt/
0

— e’
0

X wmin<er’u1 + Cr—1<e” D) =iz uy 4 2 = 1) — bz, s)f(z) dz. (2.7)

r

On the other hand, if

ey, +clr_l(e’Tl -1 A ey, +czr_1(e’T1 -1

ap >
81 )

then 7 (uy, up) = T, and, thus,

rTy —1arT) _ 1 rT —1larT) _ 1
]E|:C_”(u1"'{2), Ty <h, oy > e lup+cir (e ) A e Muy +cor” (e )]

81 )
e Ty +er e — 1) N e Niys + cpr el — 1)
81 )

= EI:C_STI, T, <h, o1 >

h o)
= / re M dr / e f(z)dz. (2.8)
0 (e ur+cir=1(er" =1)) /81 A up+ear—1 (e —1)) /82

By (2.4)—(2.8), we obtain
Wiin (41, U2, §)
=e MOy (e’hul + e = 1), My + e - 1), s)
r r

h @ ur+err e —1) /81 A ug+ear L (e 1)) /8,
+ / re M dt / e 5!
0 0

X Wiin <e”u1 + Cr—l(e” —1)—é8iz,e"ur + Cr—z(e” —1) — &z, S)f(z) dz

h o0
+ / re M dr / e f(z)dz. (2.9)
0 " uy4cyr! (e""—1))/8; A€ uy+cor—1 (e""—1))/8

By the definition of Wi, (-, -, -), we know that if

etur +er~let = 1) . euy + cor e — 1)
81 )

then Wiin (" uy + c1r =1 — 1) — 81z, ¢ up + cor~1 (e — 1) — 85z, 5) = 1. By virtue of
this fact and letting y := erh — 1, q1 ‘= uy + cyr~ !, and q2 ‘= uy + car~ !, we can rewrite
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(2.9) as

Winin (U1, U2, s)

=e MMy + gy, uz + @2y, )

h [e'e)
—|—/ re M dt/ e !
0 0

X Winin (e”ul + cr—l(e” —1) =681z, ur + Cr—z(e” —1) = 8oz, s)f(z) dz.
(2.10)
It is easy to check that y 1 0 if and only if 2 | 0. Hence, by (2.10), we have
lyi% Wmin(u1 +q1y, u2 +q2y, s) = Umin(u1, u2, s). (2.11)

By (2.10), forany 2 > O and y = e’ — 1, we have

_ Winin (U1 +q1y, u2 + g2y, ) — Wmin(uy, uz, s)
y

0

e—()»—i—s)h -1
+ f\pmin(ul +q1y,u2+ q2y, s)

1 h 00
~|——/ re M dt/ e !
yJo 0
)

X ‘I/mm(e”ul + et ) =iz ey + 2 — 1) — 5z, S>f(z) dz
r r
_ Wmin(u1 +q1y, u2 + g2y, 5) — Wmin(u1, u2, 5)
y

+ erh—_l\l’min(’/ll +q1y,u2 +q2y,s)

1 h 00
- f re M dr / e ¥
e —1 0 0

X \Ifmin(e”ul + Cr—l(e” —1)—8iz,e"ur + Cr—Q(e” —1) — &2z, S>f(z) dz.

+

By (2.11), letting y © 0 and 2 | O in the above formula and noting that (2.1) assures the
interchange of the limit and integration, we obtain

OWni OV A+s A [
G— g — ‘Pmin-i-—/ Wiin(u1 — 812, u2 — 82z, 5) f(z) dz = 0. (2.12)
oup ouy r r Jo

Replacing ¢ and ¢> in (2.12) by u; + c¢;r~! and uy + cor~!, respectively, we obtain the

integral-differential equation. When u;/8; = u»/4,, the joint ruin model degenerates into a
univariate model, and then, by the analysis in [2], we obtain the boundary condition.

https://doi.org/10.1239/jap/1371648943 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1371648943

Joint ruin probabilities with constant interest rate 315

Uniqueness. By using similar arguments as in [6] and noting (2.10), we define an operator 7~
by
Tguy, uz, s) = e_(’\ﬂ)hg(m +q1y, u2 +q2y, S)

h 00 l
—i—/ re M dt/ e”g(e”ul + =" =1 -8z,
0 0 r
ey + 2 — 1) — 8z, S>f(z) dz

,
for any & > 0. It can be easily seen that W, is a fixed point of the operator 7, as T Wpin =
Whin. Also, for two different functions g1 and g, we have, forany 4 > 0 and s > 0,
[T g1 — T gl
—(A+s)h
<e lg1(u1 + qry, u2 + q2y,s) — g2(u1 +q1y, uz + q2y, s)|

h
+ / re M dr
0

o0
x/ e !
0

g (e”ul F @ D =81z, e MUy + (e — 1) — 8z, S>
r

r

— g <e”u1 + %(e” 1) =1z, un + Cr—2<e” —1) - bz, s) ‘f(z) dz

h
<e M g1 — galloc + ( /0 el dl‘>||gl — 82lloo

A+ Se_()\."l‘s)h

= Tﬂgl — g2lloo>

where || - ||oo 1S the supremum norm over (41, u) € R2. Therefore, 7 is a contraction and, by
Banach'’s fixed point theorem and (2.1), the solution of (2.2)—(2.3) is unique.

Remark 2.1. One way to obtain the Laplace transform W, of the joint ruin probability
Tmin(u1, uy) is to solve the above integral-differential equation (2.2)—(2.3) numerically. The
following natural question arises.

e Can we give an analytical representation for the solution to (2.2)—(2.3) in some special
cases such as exponential claim sizes?

Unfortunately, even in the case of exponential claim sizes, we have not found a way to solve
(2.2)—(2.3).

2.2. The result for Tiax (11, uz)
Define the Laplace transform of Ty, (11, u2) by

Wiax (U1, U2, 8) := E[C_STmaX(ul’MZ)] for s > 0.
Then we have the following result.

Theorem 2.2. For ui/§1 < uz/8y and s > 0, the function Vmax (-, -, §) satisfies the same
integral-differential equation (2.2) with boundary condition

5
W <u1, ﬁul, s> = Ele—*T1 ), (2.13)
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where f(2) is the probability density function of oy and t is the ruin time of the risk process
U1 (t). Furthermore, Wy is the unique solution of (2.2) and (2.13).

Proof. The proof is almost the same as that of Theorem 2.1; we need only note the following
three things.

1. In this case, (2.6) becomes
E[e™**142) Ty < h]

= IEI:e_”(”“"Z), Ty <h,

ey +er 1@ = 1) e Nuyerr— e — 1)
o] < Vv

31 82

+1E[e‘”, Ty <h,

ey +er 1@l — 1) eTuy+er et — 1)
o] > \ s

51 52
where t(uy, us) stands for Tax (uy, u2).
2. t(uy, un) = Tyifor > @ TNuy +cir 1M — 1) /81v e Tuy + cor 1™ — 1)) /6.

3. Ifz > (uy +c1r e = 1))/81 v (€ 'us + cor (e — 1)) /8, then
‘I’max<€”u1 + c_1(e,, — 1) =81z, ur + C_2(ert —1) — b2z, S) =1.
r r
‘We omit the details.

3. Asymptotics for finite-time ruin probabilities

In this section we consider the finite-time ruin probability associated with Tiax (11, u2) and
Tmin(u1, u2). The original idea comes from [7, Section 4].

Define X;(t) := e ""U;(¢)/8;, i = 1,2. Then (X1(z), X2(¢)) has the same ruin times and
probabilities with (Uy(¢), Ua(t)). Define x; := u;/8; and p; := ¢;/ré;, i = 1, 2. Then, by
(1.4) and our assumptions, we have

N(t)
Xit)=xi+pil—eH =Y "%, i=1.2,
k=1

where p; > py and x1 < x3.
For T > 0, define Wax(x1, x2, T) := P{Tmax (61x1, 62x2) < T}. Then we have
Whax (X1, X2, T) = P{there exists + < T such that X () < 0 and X,(¢) < 0}. 3.1
Alternatively, we can also define Wpin(x1, X2, T) := P{Tmin(81x1, S2x2) < T} and get
Whin(x1, x2, T) = P{there exists r < T such that X{(¢) < 0 or X;,(¢) < 0}. 3.2)

In the following, we will provide asymptotic results on both Wpax (x1, x2,7) and Wipin (x1,
x2, T) under some condition.
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3.1. Asymptotic result for Ti.x (11, u2)

LetT > 0,n € Nyand {Vk, k =1, 2, ..., n} beasequence of i.i.d. random variables with the
uniform distribution on (0, T']. Denote by (V*, ..., V,*) the ordered statistic of (V1, ..., V).
It is well known that, conditioning on {N(¢) = n}, the random vectors (61, ..., 6,) and
(V. ..., V) have the same distribution. Assume that {Vy, k = 1,2, ..., n} is independent of
{ox, k > 1}. Define Fr(x) = P{e™"V1o1 < x}. Then we have

n n
P{Ze_re"ak >x | N(T) = n} = ]P’{Ze_rvk*ak > x}
k=1 k=1
n
= ]P’{Ze_’vkak > x}
k=1

= Fr*(x), (3-3)

where F7*"(x) stands for the n-multiple convolution of Fr(x).

Theorem 3.1. If oy has a regularly varying tail with P{oy > x} = L(x)/x%, where L is
continuous and slowly varying, limy_. L(x) = 00, and « > 0, then, forany T > 0, we have

') ,x0, T
im om0 D) (3.4)
X2>X]1—>00 )\TFT(XQ)

Before proving Theorem 3.1, we need the following lemma.

Lemma 3.1. Suppose that oy satisfies the condition in Theorem 3.1. Then Fr has a regularly
varying tail.

Proof. By the independence of V; and o1, we have

Fr(x) =Ple Vo) > x}

T
:/ P{e ™Yoy >x}—dy

. / L(e’yx)
) eryx)oc

S(x)
= xa N
where ,
1 L7 x)
Sx) == dy,
) T/o @

which together with the assumption that L is continuous and lim,_, s, L(x) = oo implies that

Iim S(x) = oo. (3.5)
X—> 00
By the change of variable, we obtain
B X Ty L(u) q 16
S(x)—ﬁ ; ua+l u. ()
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For any ¢ > 0, by (3.5), (3.6), and the fact that L is a slowing varying function, we obtain

rT
o SO L1 T uth du
o0 SO xmeo e gy ety dyg

o (L Ttx)e Tt/ Tex)t! — L(tx)t/(tx)*Th)
=% L Tx)erT /(erTx)yetl — L(x)/xxt!
LeTtx)/(eT)* — L(tx)
m
X—>00 L(erTx)/(erT)o‘ _ L(x)
o L Ttx)/L@eTx) — & T)*L(tx)/L( Tx)
= lim
x—00 1 —(eT)*L(x)/L(e"Tx)
1— (erT)ot
1 — (erT)a
=1.

Hence, Fr has a regularly varying tail.

Proof of Theorem 3.1. By Lemma 3.1 and [1, Proposition IX.1.4], we know that Fr is a
subexponential distribution. By (3.1) and (3.3), we have

Winax (x1, x2, T)
N(@)
= P{Ze_rg"ak >xi+pi(1—e ™), i=1,2, forsomet < T}

k=1
N(T)
> ]P{ Y e o> xi+pi(l—eT) i=1, 2}
k=1
o0
=Y P(N(T) =n}
n=0
n
x P{Ze—’%k >xi+pi(l—e’T), i=1,2 ‘ N(T) = n} (3.7)

k=1

Ifx;+p1(1— e_’T) >x+ pa(l — e_’T) then, by (3.3) and the assumption that x, > x1,
we obtain

n
P{Ze’gkak >xi+pi(l—e”T), i=1,2 ‘ N(T) = n}
k=1

= P{Ze—“"kak >xi+pi(1—e”T) ‘ N(T) = n}
k=1
= Fr*(x; + pi(1 —e™')), (3.8)

andxs + pi(l—e Ty >x; + p1(1 —e"T) > x2 4+ pa(1 —e™"T) > x, which implies that

Frii(xa+ p1(1 —e ) < Fr(xi + p1(1 —e™'T)) < Fr™(xy),
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and, thus,
Fra+pi(l—e™) _Fra+pd—e ~) _
Fr™(x2) N Fr™(x2)
Since F7 is a subexponential distribution, by [1, Proposition IX.1.5] and (3.9), it holds that

(3.9)

T | —e—rT
liminf FT_ 1P =) (3.10)
x1—>00 Fr*"(x2)

By Fatou’s lemma, (3.10), and [1, Proposition IX.1.7], we have

3% G PIN(T) = n}Fr*(x; + p1(1 —e™'T))

lim inf —
R AT Fr(x2)
T *n _ 1T\ T.*n
:hmmfZ[P’{N(T) }FT (x1+_p](1 L)) FT_(XZ)
X1 —00 Fr*(xs) AT Fr(x2)
*n _ 1T T An
> iZP{N(T) — ) liminf 21 d meT)) e FTT ()
AT = F1—>00 Fr*(x2) ’“‘“’O Fr(x2)
_ 1 ¢ Fr* (x2)
= ZP{N(T) = n}hmlgof o)
1 o0
= ﬁ’;P{N(T) =nn
1
= ﬁ]E[N(t)]
=1. (3.11)

By (3.7), (3.8), and (3.11), and under the condition that x1 + p1 (1 —e Ty > x,p +p2(1 —e—rTy,
we have

. Wmax (X1, x2, T)

liminf ———

xi—~oe AT Fr(xy)

Ifx; + p1(1 —e’T) < xp 4+ po(1 —e™'7T) then

n
P[Ze—%k >xi+pil—e’T), i=12 ‘ N(T) = ni|
k=1

n
= P[Ze_re"ak > x4 po(l —e™'T) ‘ N(T) = ni|

= FT*n(xz + p2(1 — e_rT)). (312)
Since Fr is a subexponential distribution and x» > x1, by [1, Proposition IX.1.5] we have

y | —e—rT
fim 7 et =) (3.13)
X100 Fr**(x2)
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Now, by (3.7), (3.12), and (3.13), similar to the arguments in (3.11), we find that, under the
condition that x; + p1(1 —e™7T) < x + po(1 —e™'7),

w . T
liminf max X2 1)y
x1—>oo AT Fr(x2)

Hence, we always have

w x0T
fim inf max(L 2. 1)y (3.14)
xi—>oo AT Fr(x2)

On the other hand, by the assumption that x, > x1, and (3.3), we have

Winax (x1, x2, T)
N(1)
= P{Ze_rg"ak >xi+pi(1—e ™), i=1,2, forsomet < T}
k=1
N(T)

< IP{ Z e "oy > xz}
k=1

= iIP{N(T) = n}P{Xn:e_re"Uk > X

k=1

N(T):n}

n=0
= P(N(T) = n}Fr™ (x2).
n=0

By Fatou’s lemma, the above formula, and [1, Proposition IX.1.7], we have

7 ,x2, T , * JP{N(T) = n}Fr*"
lim sup —maX(x_l %2, T) < lim sup 2n=o PN L b (x2)
X]—>00 AT Fr(x2) X]—>00 AT Fr(x2)

1 ] W
< — Y P(N(T) = n}lim sup 7 x)
AT = xi—>oo  Fr(xz)

IA

1 oo
T n;) P{N(T) = n}n

—E[N (¢
T [N()]
=1. (3.15)
It follows from (3.14) and (3.15) that (3.4) holds.
3.2. Asymptotic result for Ty, (u1, u2)

By Theorem 3.1 we can easily obtain the asymptotic result for Wi, (x1, x2, T), which is
formulated as follows.

Theorem 3.2. If oy has a regularly varying tail with P{oy > x} = L(x)/x%, where L is
continuous and slowly varying, limy_, oo L(x) = 00, and a > 0, then, for any T > 0, we have

. \I’min(xls X2, T)
hm — =1
wzu—00 AT Fr(xi)
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Proof. First, fori = 1, 2, define
Yi(x;, T) = P{there exists t < T such that X;(t) < 0},

ie. ¥;(x;, T), i = 1, 2 represents the ruin probability of X;(¢), i = 1, 2 within finite time 7.
Note the fact that

P{there exists t < T such that X{(¢) < 0 and X»(¢) < 0}
= P{there exists ¢t < T such that X(¢) < 0}
~+ P{there exists t < T such that X, (z) < 0}
— P{there exists t < T such that X(z) < 0 or X,(¢) < 0}.

Then, by (3.1) and (3.2), we have
Winax (x1, X2, T) = Y1 (x1, T) + ¥2(x2, T) — Wiin(x1, x2, T). (3.16)

By Lemma 3.1, Fr is a subexponential distribution. Then, by [1, Proposition IX.1.5], for
i =1,2, we have
: Yi(xi, T) _1
X2>X]—>00 )\TF_T(xi)

By (3.16), (3.17), (3.4), and the fact that x, > x1, we obtain

(3.17)

Wiin(x1, x2, T) . 1‘
M Fr(xy)
Y1 (x1, T) — AT Fr(x)) + ¥2(x2, T) — Wnax (x1, x2, T)
AT Fr(x1) ‘

Y2 (x2, T) — Wiax (x1, x2, T) HF_T(xz)

AT Fr(x2) Fr(x1)
+ ‘ I/f2()527 T) _imax(xh x2,T) ‘

AT Fr(xp)

Vi (x1, T) — AT Fr(xy)
AT Fr(x1)

Y1 (x1, T) = AT Fr(x1)
AT Fr(x1)

— 0 asxp >x; —> 0.

IA

IA
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