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Splitting Families and Complete
Separability

Heike Mildenberger, Dilip Raghavan, and Juris Steprans

Abstract. 'We answer a question from Raghavan and Steprans by showing that s = s,,.,. Then we
use this to construct a completely separable maximal almost disjoint family under s < aq, partially
answering a question of Shelah.

1 Introduction

The purpose of this short note is to answer a question posed by the second and third
authors in [5] and to use this to solve a problem of Shelah [6]. We say that two infinite
subsets a and b of w are almost disjoint or a.d. if aN b is finite. We say that a family ./
of infinite subsets of w is almost disjoint or a.d. if its members are pairwise almost
disjoint. A Maximal Almost Disjoint family or MAD family is an infinite a.d. family
that is not properly contained in a larger a.d. family.

For an a.d. family <7, let J(.o/) denote the ideal on w generated by of —that is,
a € J(&) if and only if Jay, ..., ar € &/[a C* ay U --- U ax]. For any ideal J on
w, J* denotes P(w) \ J. An a.d. family &7 C [w]” is said to be completely separable if
for any b € J*(&7), there is an a € o/ with a C b. Notice that an infinite completely
separable a.d. o7 must be MAD. Though the following is one of the most well-studied
problems in set theory, it continues to remains open.

Question 1 (Erd6s and Shelah [3]) Does there exist a completely separable MAD
family of C [w]“?

Progress on Question 1 was made by Balcar, Dockalkova, and Simon who showed
in a series of papers that completely separable MAD families can be constructed from
any of the assumptions b = d, s = w;, or d < a. See [1], [2], and [7] for this
work. Then Shelah [6] recently showed that the existence of completely separable
MAD families is almost a theorem of ZFC. His construction is divided into three
cases. The first case is when s < a, and he shows on the basis of ZFC alone that a
completely separable MAD family can be constructed in this case. The second and
third cases are when $ = aand a < s respectively, and Shelah shows that a completely
separable MAD family can be constructed in these cases provided that certain PCF-
type hypotheses are satisfied. More precisely, he shows that there is a completely
separable MAD family when s = a and U(s) holds, or when a < s and P(s, a) holds.
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Definition 2 For a cardinal k > w, U(k) is the following principle. There is a

sequence (U, : w < o < k) such that

(1) uy C avand |u,| = w,

) VX e [k]"Iw < a<k[luaNX|=wl.

For cardinals £ > X\ > w, P(k, A) says that there is a sequence (1, : w < a < K)

such that

(3) uy C avand |u,| = w,

(4) for each X C &k, if X is bounded in x and otp(X) = A, then Jw < a <
sup (X)[|ua NX|=w].

It is easy to see that both U(s) and P(s, a) are satisfied when s < N, so in partic-
ular, the existence of a completely separable MAD family is a theorem of ZFC when
¢ < V. Shelah [6] asked whether all uses of PCF-type hypotheses can be eliminated
from the second and third cases.

The second and third authors modified the techniques of Shelah [6] in order to
treat MAD families with few partitioners in [5] (see the introduction there). In that
paper they introduced a cardinal invariant s, ,,, which is a variation of the splitting
number s. They showed that if 5,,,, < b, then there is a weakly tight family. Recall
that an a.d. family &7 C [w]” is called weakly tight if for every countable collection
{by : n € w} C T (&), there is a € &7 such that 3°n € w[|b, Na| = w].
The question of whether s = s, ,, was raised in [5], and the authors pointed out
that an affirmative answer to this question could help eliminate the use of PCF-type
hypotheses from the second case of Shelah’s construction.

In this paper we answer this question from [5] by proving that s = s, ,,. We then
use this information to partially answer the question from Shelah [6]. We show that
the second case can be done without any additional hypothesis. So it is a theorem
of ZFC alone that a completely separable MAD family exists when s < a. We give
a single construction from this assumption, so Shelah’s first and second cases are
unified into a single case.

The question of whether the hypothesis P(s, a) can be eliminated from the case
when a < s remains open.

2 s=5,,

In this section we answer Question 21 from [5] by showing that s = s, ,,. For a set
x C w, x° is used to denote x and x! is used to denote w \ x. This notation will be
used in the next section also. Recall the following definitions.

Definition 3 For x,a € P(w), x splitsaif [x* Na|] = |x' Na| = w. F C P(w)
is called a splitting family if Va € [w]*3x € Flx splitsa]. F C P(w) is said to be
(w, w)-splitting if for each countable collection {a, : n € w} C [w], there exists
x € F such that 3%°n € w[|x* Na,| = w]and 3°n € w[ |x' Na,| = w]. Define

s = min{|F| : F C P(w) A F is a splitting family}
Sy = min{|F| : F C P(w) A Fis (w, w)-splitting}.
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Obviously every (w, w)-splitting family is a splitting family. So s < s, . It was
shown in Theorem 13 of [5] thatif s < b, then s = s,,,. We reproduce that result
here for the reader’s convenience.

Lemma 4 (Theorem 13 of [5]) Ifs < b, then s = 5.

Proof Let (e, : @ < k) witness that x = s. Suppose {b, : n € w} C [w]” isa
countable collection such that Voo < k3i € 2¥>®°n € w[b, C* €, ]. By shrinking
them if necessary we may assume that b, N b,, = 0 whenever n # m. Now, for each
o < K define f, € w” as follows. We know that there is a unique i, € 2 such that
thereisak, € wsuchthatVn > k,[ |b,Nes| < w]. We define f,(n) = max(b,Nes)
ifn > ko, and f,(n) = 0ifn < k,. Ask < b, thereisan f € w* with f*> f, for each
a < k. Now, for each n € w, choose I, € b, with [, > f(n). Since the b, are pairwise
disjoint, ¢ = {I, : n € w} € [w]“. So by definition of s, there is @ < & such that
lcNel| = |cNel| = w. In particular, c N ¢’ is infinite. However we know that there
is an m,, € w such thatVn > m,[ fo(n) < f(n)]. So there exists n > max{m,, ko }
with [, € b, N ei;'. But this is a contradiction because I, < f,(n) < f(n). [ |

In the case when b < s it turns out that s = 5, , can still be proved by considering
the following notion appearing in [4].

Definition 5 F is called block-splitting if given any partition {(a, : n € w) of w into
finite sets there is a set x € JF such that there are infinitely many »n with a, C x and
there are infinitely many »n with a, N x = 0.

It was proved by Kamburelis and Weglorz [4] that the least size of a block-splitting
family is max{D, s}. Therefore, when b < s, there is a block-splitting family of size s.

Theorem 6 5= 5,,.

Proof In view of Lemma 4, we may assume that b < s. By results of Kamburelis
and Weglorz [4] fix (x, : a < s) C P(w), a block-splitting family. We show that
(xq 1 a < s is an (w,w)-splitting family. Let {a, : n € w} C [w]” be given. For
n € w, define s, € [w]™* as follows. Suppose (s; : i < n) have been defined. Put
s = J;_,si- Puts, = {min(w \ s)} U {min(a; \ s) : i < n}. Note that (s, : n € w) is
a partition of w into finite sets and that Vi € wV*°n € w[s, Na; # 0]. Now choose
a < ssuch that 3%°n € w(s, C x°]and 3°n € w(s, C x. ]. So for eachi € w,
3°n € wls,Na;Nx® # 0] and 3°n € w[s,Na;Nx, # 0]. Since the s, are pairwise
disjoint, it follows that |a; N x%| = |a; N x.| = w, for each i € w. [

3 Constructing a Completely Separable MAD Family from s < a

As s = s,,,, and as every (w, w)-splitting family is also a splitting family, fix once and
for all a sequence (x, : @ < k) witnessing that K = s = s,,,,. We will construct
a completely separable MAD family assuming that x < a. The construction closely
follows the proof of Lemma 8 in [5], which in turn is based on Shelah [6]. An impor-
tant point of the construction is that if 7 is an arbitrary a.d. family and b € J*(<7),
then every (w, w)-splitting family contains an element which splits b into two positive
pieces.
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Lemma 7 Let o/ C [w]” be any a.d. family. Suppose b € J* (/). Then there is
a < KsuchthatbNx® € 77 (/) and b N x), € I ().

Proof See proof of Lemma 7 of [5]. [ |

At a stage 6 < ¢, an a.d. family &% = (a, : @ < §) C [w]” is given. Moreover
we assume that there is also a family {c,, : @ < §) C 2<" such that for each @ < 6,
V¢ < dom(o,)| a(,C*xg“(é) 1. We say that o, is the node associated with a,. The next
lemma says that under the assumption £ < a, such an a.d. family must be “nowhere
maximal”, which is of course a property that we need to maintain in order to end up
with a completely separable MAD family.

Definition 8 Letn € 2<". Define J,, = {a € P(w) : V§ < dom(n)] aC*xg(@ 1}

Lemma 9 (Main Lemma) Letx < aand § < c. Suppose that of5 = (a, : a < 9)
and (o, : @ < &) are as above. Assume also thatVa, f < 0[a # = 04 # 03].
Let b € J*(a5). Then there exist a € [b]” and o € 2<% such that

() Va<d[lanay <wl,
(2) foreacha < 6,0 ¢ o, anda € 1,.

Proof Applying Lemma 7, let oy < & be least such that b N x?m € J* () and
bNx}, € J* (). Define 7y € 2% by stipulating that

VE < agVi € 2[1o(§) =i > bNx; € T (%) ).

By choice of cy and by the hypothesis that b € J*(a7%), 79 is well defined. Now
construct two sequences (i : s € 2<¥) C kand (75 : s € 2<¥) C 2" such that the
following hold:

(3) Vs € 2<%Vi € 2[ a; = dom(7;) A Qs (jy > 05 N T (jy D 7).
(4) For each s € 2<% and for each £ < ay, xé—n-(f) nbN (ﬂtcsxfi(“‘)) € J(af5). Here,

X,
,cs Xn(e) js taken to be w when s = 0.

(5) For each s € 2<%, both

.NbN (N xx ) eI (%) and x4 NbN (N x) € T (o).

tCs tCs

o and 7y are already defined. Suppose that o, and 7; are given. By (5), for each i € 2,
xg NoN(N,cs ngt(af)) € J*(o7). Apply Lemma 7 to let o (jy be the least o < £ such
that both x!, N b N (N, x5)) Nxd and x!, NN (N, x5 ) N}, are in T* ().

Again define 7~ (;y € 2%~ by stipulating that

VE < ae )V € 207 (&) = j ¢ %, NBN (N X)) N € T (%) ]

tCs
=

7o~ (iy is well defined because xfys nbnN (ﬂtcsx“(“')) € J* () and because of the

o

choice of o (jy. Now, for each & < a, xi, N b N (N, x5 ) C b (N, x5 )
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and, by (4), b N (N, c, xfr(“‘)) N xé_Ts(E) € J(a%). It follows that o~ (jy > a, and that

for each § < ay, () = 7o~ (;)(£). Next, since xfh NnbnN (ﬂtcsxfjt(“f)) N xi‘,:i =0,
Qg iy > a5 and T~y O 7 (i). Now, it is clear that (4) and (5) hold for s~ (i). This
completes the construction of («; : s € 2<¢) and (7 : s € 2<%).

For each f € 2¢ put ay = sup{asy, : n € whand 74 = (J,c\,Trin- Ask = 5,
cf(k) > w. Therefore, ay < k. Note that 7f € 2. Also, if f,g € 2%, f # g,
and n € w is least such that f(n) # g(n), then 74 O 7,7 (i) and 7, O 7~ (I — i),
where s = f[n = glnandi € 2. So there cannot be & < ¢ such that both
T C 04 and 7, C 0, hold. Therefore, it is possible to find f € 2“ such that

7r ¢ {0 € 2" : 3o < [0 C 0, ]}. Fix such f and for each n € w, define e, to be
bn(N fo(a”'”)). By (5) each e, € J*(). Moreover, e, C e, C b. Therefore,

m<n Afim
by a standard argument, there is e € [b]” N J* (%) such that Van € w[e C* ¢, ].
Now suppose § < orf. Since afpuq1 > gy, forall n € w, it follows that § < arryy,
for some n. By (4) applied to s = f | n, we have x;mg) Ne, € J(). Since eC*e,,
xéin(E) N e € J(a7;). Thus we conclude that V¢ < ozf[x:v(f) Ne € J()]. So for
each & < ay, fix Fe € [6]™* such that

(xé_Tf(g) Ne) C* ( U aa).
(J/GF5

Now put F = U€<afF§ and§ = {a < d:0, C 7f}. Note that [FUG| <k < a
because of the assumption that Vo, f < §[a # f = o0, # 0p]. Since e €
J*(af), there is a € [e]” such that Vae € FU G[ |aNa,| < w]. Note that for each
§ < ajp, x;”(g) M a is finite. Thus, putting 0 = 7y, we have that Voo < §[ o ¢ 0, ]
and a € I,. In order to finish the proof, it is enough to check that Voo < §[ |a, Na| <
w].

Fix @ < §. If & € G, then |aNa,| < w simply by choice of a. Suppose o ¢ G.
Then there must be £ € dom(o,) N oy such that 0,(§) = 1 — 7/(£). However, since
“79 i finite, it follows that |a N aa| < w. [

% Oal

aq C7 X, 9 andan x;
Theorem 10 Ifs < a, then there is a completely separable MAD family.

Proof Fix an enumeration (b, : a < ¢) of [w]”. Let (x, : @ < k) witness kK = § =
$.w- Build two sequences (as : § < ¢) and (o5 : § < ¢) such that the following hold:
(1) Foreach § < ¢, a5 € [w]“, 05 € 2<%, and a5 € I,,.
Q) Vy,d <cvy#0 = (layNas| <w Aoy #os)].
(3) Foreachd < ¢, ifbs € J" (%), then as C by, where o7 = {a,, : @ < 6}.
Note that if we succeed in this, then o7 = {45 : 6 < ¢} will be completely separable.
For given any b € J*(.e#,), bis in I* (o) for every 6 < cand so thereisa d < ¢, where
bs = band by € J* (), whence by (3), a; C b.

At astage § < csuppose {(a, : a < d) and (0, : a < ) are given. If by € T (%),
then let b = by, else let b = w. In either case, the hypotheses of Lemma 9 are satisfied.
So find a5 € [b]” and o5 € 2<" such that

(4) Va < d[|lasNas]| <wl,
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(5) foreach o < 8,05 ¢ 0, and a; € I,.

It is clear that a5 and o5 are as needed. [ |
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