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Subregular Nilpotent Elements
and Bases in K-Theory

Dedicated to Professor H. S. M. Coxeter

G. Lusztig

Abstract. In this paper we describe a canonical basis for the equivariant K-theory (with respect to a C*-action)
of the variety of Borel subalgebras containing a subregular nilpotent element of a simple complex Lie algebra
of type D or E.

Introduction

Let e be a nilpotent element in a semisimple Lie algebra g over C. Let B, be the variety of all
Borel subalgebras of g that contain e. This variety has a very complicated geometry which
is of great interest for representation theory. For example, the ordinary cohomology of B,
carries representations of the Weyl groups (Springer) which enter in the character theory
of reductive groups over a finite field; on the other hand, the equivariant K-theory Ky (B.)
of B, (with respect to a torus H acting on B, and maximal in a suitable sense) carries
a representation of an affine Hecke algebra which enters in the representation theory of
reductive groups over a p-adic field.

It is known [S] that B, lies naturally inside a smooth variety A, of twice its dimension,
with the same homotopy type as B,.

In [L4], [L5] I gave a conjectural definition of a canonical (signed) basis B%e of Ky (B,)
and one, Bi, of Ki(A,), as modules over the representation ring Rg+. This conjectural
definition is trivially correct in the case where e is regular; as shown in [L4], it is also correct
in the case where e = 0 and in the case where e is subregular in type D;.

In this paper we show that the conjectural definition of B%c, Bi is correct in the case
where e is subregular in type D,(n > 5) or Eg, E;, Es. (Here we have H = C*.) In these
cases it turns out that B%e is just £ the canonical basis of the reflection representation of the
affine Hecke algebra considered in [L1]. On the other hand, it turns out that Bi, which
in some definite sense, is dual to B%e, consists of certain natural vector bundles on A,.
These vector bundles can be considered as examples of the “tautological vector bundles”
on quiver varieties (Nakajima [N1]), via Kronheimer’s realization [Kr] of A,, and seem to
be also related to the vector bundles considered by Gonzales-Sprinberg and Verdier [GV].

This leads us to the following question (for not necessarily subregular e): can one repre-
sent any element in the conjectural signed basis Bi as £ a vector bundle on A,?
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1 Preliminaries on Hilbert Schemes

1.1

Let I' be a finite group. Let Cr be the category whose objects are C-vector spaces with
a given linear I'-action and such that the space of morphisms from M to M’ is the set
Homp (M, M) of linear maps from M to M’ compatible with the I'-action. Let C): be the
full subcategory of Cr whose objects are finite dimensional over C. For M, M’ € €Y we set
(M,M")r = dimHomrpr(M,M").

1.2

Let T be a two-dimensional C-vector space with a given non-singular symplectic form
(,):TXT — C.Forr € NletT" = T® T ® --- ® T (r factors) and let S” be the r-
th symmetric power of T regarded as a quotient of T". Let ST = D, cn S be the symmetric
algebra of T (a quotient of the tensor algebra TT = @D,cn T). Let T’ be the dual space of
T.

1.3

Assume now that T" is a finite subgroup # {1} of the symplectic group Sp(T). Then I acts
naturally on Tt, St preserving each subspace 77, §'.

Let I be the set of isomorphism classes of irreducible I'-modules over C. For each i € T
we assume given a simple I'-module p; in the class i. Following McKay [M], we regard I as
the set of vertices of a graph in which i # i’ € T are joined by

(pi ® T, pi)r = (pir ® T, pi)r

edges. (The number above will be denoted by —i - i’; we also set i - i = 2.) This graph is an
affine Coxeter graph.

Let © € I be the class containing the unit representation C of . Let I = I — {Q}. We
regard I as the set of vertices of a full subgraph of the affine Coxeter graph; this is called the
Coxeter graph.

The quiver varieties attached by Nakajima [N1] to the affine Coxeter graph can be also
described directly in terms of objects of €. as follows.

Let M, M’ be objects of Cp. Let Ay, be the set of all triples (x, p, q) where x is a Tt-
algebra structure on M’ compatible with the natural T'-action, p € Homp(M,M’),q €
Homrp(M’, M) and the following hold:

(a) ife, e’ is any basis of T such that (e,e’) = 1,thene®e’ — e’ ® e € T? acts on M’ as
the map pg;

(b) p(M) generates M’ as a TT-module.

Let Ay ) be the set of all triples (x, p,q) € Aj; ) such that g = 0 and such that, for
the TT-module structure defined by x, there exists ry > 1 such that T" acts on M’ as zero
forall r > ry.
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1.4

Let Gy be the group of automorphisms of the I'-module M’. Then Gy acts naturally on
Afvf,M' leaving stable the subset Aj(,}’M,, and these actions are free. Nakajima [N1] shows
that

(@) Gmr \ Ay is naturally a smooth variety of pure dimension

(MlaM/® T)F *Z(MlaM/)I‘ +2(M7M/)F

and with trivial canonical bundle.
On the other hand, as a consequence of [L2, 12.3]:
(b) G \ Ay is naturally a projective variety of pure dimension

1
E(MlaM/ ® T)F - (M/vM,)F +(M3M/)F-

1.5

For an integer r > 1, let T’ [l be the set of all ideals J of ST of codimension r. This is
naturally an algebraic variety, the Hilbert scheme of r points on T’. Let Sym’(T’) be the
r-th symmetric product of T”, that is, the quotient of the r-fold product T/ x T’ x --- x
T’ by the natural action of the symmetric group &,. Let 7: Tl — Sym'(T’) be the
canonical (Hilbert-Chow) morphism. The fibre T’ ([)r] = 7(0,0,...,0) is the subvariety of
T'I") consisting of the ideals J € T’!") such that S C J for large enough r'.

For M’ € @Y, we denote by HM' the set of all ideals J in St which are T'-submodules
such that ST/J = M’ in Gr. Note that H¥' is a closed subvariety of the Hilbert scheme
T/dimM] Lt HM = HM' N T’([)dimM’], that is, the set of all ideals J in ST which are I'-
submodules such that ST/J =2 M’ in Cr and such that J contains S" for large enough r. (A
closed subvariety of H".)

1.6

Assume now that M = C (the unit representation of I'). If (x, p,q) € ASCVM,, then we
have automatically g = 0. Indeed, applying [N2, Proposition 2.7] to (x, p, q) (with the I'-
module structures ignored), we see that ¢ = 0 on the TT-submodule M/ of M’ generated
by p(C). But M{ = M’ by 1.3(b). Hence g = 0.

We now apply [L3, 6.14] (which simplifies due to the previous paragraph) and we see
that there is a natural isomorphism

Gur \ Ay — HY.
Similarly, applying [L3, 6.15] we see that there is a natural isomorphism
Gy \ AZy > HY.

From 1.4(a), (b) we deduce:
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(a) HM' is naturally a smooth variety of pure dimension
(M, M"® T)r —2(M',M")r +2(C,M")r

and with trivial canonical bundle;
. . . . . .
(b) H)' is naturally a projective variety of pure dimension

1
E(M/’M/® Tr — (M',M")r + (C,M")r.

In the remainder of this section, let M’ = [I'] be the regular representation of I'. We have
M T=[I'l® [I'lin Cr and (C, [I'])r = 1. Hence

(c) H is a smooth variety of pure dimension 2 and with trivial canonical bundle; H([)F] is
a projective subvariety of H) of pure dimension 1.

1.7

Let r = |T'|. Let (Symr(T'))F be the fixed point set of the natural I'-action on Sym’(T’).
Note that the obvious map

T\ T' — (Sym"(1"))"

is an isomorphism. (We use the fact that I" acts freely on T’ — {0}.)

Ito and Nakamura [IN] have proved that

(a) The map H — (Syrnr(T’))F =T\ T’ (restriction of w) is a minimal resolution of
singularities of T\ T'.

We sketch a proof. It is easy to see that our map restricts to an isomorphism H' —
H'' — T\ (T” — {0}). Since H™ is smooth of pure dimension 2 and the fibre at 0, that
is H([)F], is of pure dimension 1 (see 1.6), it follows that HTT — H([)F] is dense in H'?, Hence
our map is a resolution of singularities of I' \ T’. This resolution is minimal since H') has
trivial canonical bundle. (a) follows.

1.8

From now on we assume that I is not cyclic. Let (S")' be the space of I'-invariants in S
and let (ST be the algebra of I'-invariants in ST. Then (ST)'' = G}r(Sr)F is generated as an
algebra by three elements Py, P,, P; with P; € S foru = 1,2,3 where 0 < r; < r, < 3.
Moreover, the vector spaces CP; + CP, and CP; are independent of the choice of Py, P, Ps,
that is, they are canonically attached to I'. Also, ry, 13, 13 are canonically attached to I'; we
have r1r, = 2|T'|, r; + r, = r3 — 2 and b’ = r3/2 is an integer equal to half of the Coxeter
number of the Coxeter graph. (We have h’ = n — 1 in type D, and h' = 6,9, 15 in type
Es, E7, Eg respectively.)

Let I be the set of all g € GL(T) such that g acts trivially on CP; + CP, and acts by
multiplication by +1 on CPs. It is known that T is a subgroup of GL(T) containing I'
with index 2 and that T is generated by the (complex) reflections of order 2 in T that it
contains. Now I acts naturally on ST by algebra automorphisms. Let (S")L be the space of
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[-invariants on S". Let J be the ideal in ST generated by @DO(Sr)F. We have an induced
action of I on the algebra § = ST /J which, by a theorem of Chevalley, is isomorphic in C.
to the regular representation of I'. By restricting to I, we see that § = [TI'] & [I'] in Cr.

Let Hy be the set of all ideals J of S such that Jis a ['-submodule and §/J = [I'] in Cr.

(a) We have an isomorphism Hy = H([)F].

(It attaches to J the inverse image of J under the canonical map st —=38)

We shall only verify that the map (a) is an isomorphism at the level of sets. It suffices to
show that

(b) any ideal J in HY' must contain J.

Let J € H{''. Let P € & be a T-invariant element with r > 0. Assume that P ¢ J. We
show that

(c) the T-linear map C @ C — St/ ] given by (a,b) — al + bP mod ] is injective.

Indeed, assume that al + bP € ] with (a, b) # (0, 0). From our assumption on P we see
that a # 0. Hence 1 — ¢P € ], wherec = —b/a.

Since S C J for large enough 7', we have (1 — cP)(1 + cP + 2P* + --- + ¢'P*) = 1
mod ] if s is large enough. (We use r > 0.) Hence 1 € J, so that ] = St, a contradiction.
This proves (c).

From (c) we see that [T'] = ST /] contains the trivial representation of I" with multiplicity
at least 2. This is absurd. Thus, our assumption that P ¢ J leads to a contradiction.

We see therefore that ] contains any I'-invariant element in S” where r > 0. In particular,
J contains any I'/-invariant element in S” where r > 0. Since these elements generate the
ideal J, we see that J contains J. This proves (b), hence (a).

We have clearly I = @,(J N S"). Hence S = @, S where S = §"/(J N §") is the image

of §"in S.
1.9
We have
_ .1 .1 .1 .2 .2 .2 .3 .3 .3
I={ig, iy, oyig FULig, a1, yig, F Uig, i1, 00000,
(a disjoint union except for i(l) = i(z, = ig) where a;,a,,as are > 1,1,i’ € Isatisfyi-i’ = —1

precisely when {i,i'} = {i}',i}',;} withu € {1,2,3},0 <t < a,.

We denote i} = i3 = i3 by io.

1.10 The Polynomials B;

The requirements

By =1,
(v+v 1B, — Z Bj =0, ifiel—{i},
j€Li-j=—1
(v+v HB, — Z B; = vh/(v— v, ifi =i,
j€hi-j=—1
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define uniquely elements B; € Q(v) for all i € I. Here v is an indeterminate. One can easily
compute the elements B; in each case. In the following tables the elements B; are attached
to the elements of I in an obvious way (two vertices are joined in I if they are consecutive
in the same horizontal line or the same vertical line). The vertex © is marked with the
polynomial 1.

Type D,,.

Type Es.

Type E;.

TypeEg.

v 4+

1O+ 8 12 4 14

VA 70 v B gl 10 + 10 4 14
V48 10 412 e
vV 3
V21042
v+l
1

In particular, we have B; € Z[v] foralli € I.
The polynomials B; were introduced in [L1, p. 647].

1.11

From [GV, 5.3] one can extract that

(a) > (S prv' = B + v B;

r>0
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forany i € I. Here : Q(v) — Q(v) is the field involution such that # = v~1.

Let S: be the p;-isotypic component of §". Using 1.11(a) and the tables in 1.10, we see that

the following hold.

(a) S+ 0implies0 < r < 2h'.

(b) § =8 " for0<r<2h'.

(c) S?g/ = Piy D Piy-

(d) Ifi # Qandi = i witht > O then 8 " 22§+ = p and SV 1 = §'=+2 — ... =
gh’ﬂ—l —0.

(e) Ifi=Qthen§? =8 =~ pand § = 0 for0 < r < 2h’.

Lemma 1.13 Let V be a I'-submodule of S?Ol such that V.= p;.. For any k € I, define a

subspace Ji of @, S; by

i @ Siev, k=i,
k= & . .
Dron e ifk # do.

Then JV = @1 Jk C S belongs to Hy.

Lemma 1.14 Assume that i € I is of the form i)' wheret > 0. Let j = i}. LetV be a
I'-submodule ofgf?o such that

v, S&cv, Svndit=o.

Let V' be a T'-submodule ofgf’/_t @ S+ such that V' = p;. For any k € I, define a subspace

Ji of B, S by
®r>h'+t glrc & Vl?/ , ifk=if,
= Doy S ® S ifk=in,0 <t <t
®r>h/ S}Z @ V, 1fk == io,
D, Sk, for all other k € I.

Then VW' = Dici Sk C S belongs to H.

Let Jbe J¥V' or JV in 1.13. It is clear that | = [T'] in Cr. Since § 2 [['] & [I'] in Cr,
it follows that S /] = [T'] in Cr. To prove that [ is an ideal of S, itis enough to check that
multiplication by S! maps [ into itself. This follows immediately from the assumptions and
the properties 1.12(a)—(e), using the inclusion

ssc s
k'€Lk-k’'=—1

Lemma 1.15 Assume that M is both an ST-module and a T-module, so that the module
structure St @ M — M is T'-linear. Assume also that the T'-module M has at most two non-
zero isotypic components. Then S*M = 0.
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As explained in [L3, Section 6], giving M is the same as giving a module M over the
preprojective algebra of the corresponding affine Coxeter graph. Our assumption on M
implies that

(a) M has a zero component at all but two vertices.

We must show that any path of length 2 acts as 0 on M. But this clearly follows, using
(a), from the relations of the preprojective algebra. The lemma is proved.

Lemma 1.16 Letu € {1,2,3}. Let j = i%. There exists a unique I'-submodule V (u) ofgﬁjl
such that

V() = p,, S v, SVnSitt=o.

To prove this, we define subspaces S’ = @,; S}, 5" = @y St of Sby

Si= P S fork=j,
r>h'+1

522@52 for k # j,
r>h'

S = @ S, fork=j,
r>h’'—1

S =S fork#j.

r>h’

Then §' C S are ideals of S. Hence M = §’’/S' is naturally an S-module (hence
an ST-module) and it is also a I'-module with only two isotypic components M;,, M,
(corresponding to iy and j). Moreover, M, ,M; inherit Z-gradings from S. We have
M;, = M!" = p, @ pj, and M; = M!'" @ MY with MY T = MEH = p Let
X = SIM;’I_l. Equivalently, X is the image of the I'-linear map §' ® M?,_l — MZ' given
by the S-module structure. Since M? = pjand T ® p; contains p;, with multiplicity
one, it follows that either X = 0 or X = p;, in Cr.

Let X’ be the set of all m € Mff), such that fm = 0 for any f € S'. Equivalently, X’ is
the kernel of the I'-linear map Mf:), - S8'® M;’/“ given by m — e ® (e'm) — e’ @ (em),
where e, ¢’ form a symplectic basis of T. Since M;’ = pjand T ® p; contains p;, with
multiplicity one, it follows that either X’ = Mf; "or X’ 2 p;, in Cr. Applying Lemma 1.15
to M we see that S?M = 0. In particular, we have X C X’. Hence there are four possibilities:

(a) X=0,X"2p;;

(b) X=X"=p;;
(C) Xgpi()»X/:MiP;;
d) X=0,X"=M"
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To prove the lemma, it is enough to show that there is a unique I'-submodule X, of Mfl’J l
such that Xy & p;, and X C Xy C X’. This is clear in cases (a), (b), (c): we take X to be
X', X = X', X respectively.

It remains to show that the case (d) cannot occur. Assume that we are in/ case (d).
Then any I'-submodule V' of S,}-; such that V = p;, automatically satisfies S‘ISIJ? “cv,
S'v n 5‘?,“ = 0. Applying Lemma 1.14 with i = i¥ = j for any V as above and any
I-submodule V' of S? g Sf?l“ such that V' 2 p;, we obtain a two-parameter family
of distinct points of Hy. (Both V and V'’ run through a P'.) This contradicts the fact that
Hy = H!"! has pure dimension 1. The lemma is proved.

Let IT;, be the set of points J € Hy = H}! attached in Lemma 1.13 to the various I'-
submodules V of Sf?ol such that V 22 p; . This is a projective line contained in Hy = H([)F].

Foranyi € I of the form i = i} witht > 0, let I]; be the set of points fV’V/ cH, = H([)F]
attached in Lemma 1.14 to V. = V(1) (as in 1.16) and to the various I'-submodules V' of
§h' =t g S+ such that V'’ 2 p;. This is a projective line contained in Hy = H{'.

The projective lines II;(i € I) are clearly distinct. From 1.7(a) it follows that H([)F] has
exactly |I| irreducible components, each of dimension 1. It follows that IT; (i € I) are exactly
the irreducible components of H ! so that HY'! = Uie; I

1.18

Let k € I. We consider the vector bundle EX over HI'! whose fibre E’} at J € HY is
Homr(px, ST/J). This is a vector bundle with fibres of dimension dim py.

The action of C* on T given by A: x — Ax extends to an action of C* on S' by algebra
automorphisms; an element A € C* acts on §" as multiplication by A". We denote this
automorphism of ST by 7. Note that, if J is an ideal of S, then 7,(J) is an ideal of S. If
furthermore, J € H, then 7,(J) € HI!. (This is because the C*-action on ST commutes
with the T-action on St.) Note also that, if ] € H'!, then 7, induces an isomorphism
ST/] = ST/T/\(]) in Cr and this, in turn, induces an isomorphism E’} Y Eg(]) of vector
spaces. We see that HI'! has a natural C*-action and that the vector bundle EF is natu-
rally C*-equivariant. Now Hy = H([)F] is a C*-stable subvariety of HI''; hence each of its
irreducible components I1;, (i € I) is C*-stable.

The C*-action \: x — A~ 'x on T’ induces a C*-action on I\ 7’ and one on Sym'(T");
the last action is A: (x1,%x2,...,%) — (A7'x, A %, ..., A7 !x,). This, in turn, restricts to
a C*-action on (Symr(T' ))F when r = dim([I']) which is compatible with the C*-action
onT'\ T’ under the identification in 1.7. Note that the map H'! — (Symr(T’))F =T\T'
in 1.7(a) is C*-equivariant. Indeed it is enough to show that p: 7' Sym”(T')in 1.5 is
C*-equivariant. This follows immediately from the definitions.

Lemma 1.19 LetV be a I'-submodule ofgz)’ such that V = p; . The fibre of E¥ at ]V € 1I;,
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is canonically

@D Homr(pr, Sp) & Homr(ow, Sp /V),  ifk = io,

r<h’

@ Homr (px, Si), if k # 1.

r<h’

Lemma 1.20 Assume thati € I is of the form i}’ wheret > 0. Let V(u) C Sﬁ; be asin 1.16.

Let V' be a T-submodule of S =" & SV'** such that V' = p;. The fibre of E at V' e II;
is canonically

@ Homr(px, S;) & Homr (pk, (§f’l7t @ S?/“)/V/), ifk =i,

r<h’—t
P Homr(pi, $) & Homr(pr, S ), ifk =i, 0 <t <t
r<h’—t’
@D Homr (o, $;) @ Homr (o, St /V(w),  ifk = i,
r<h’

@Homr(pk, St), forallotherk € I.

r<h’

This and the previous lemma follow directly from definitions, since the fibre of Efata
point J € Hy is Homr(py, S/ J).

1.21

Let i € I. We define a line bundle O; on II; as follows. If i = iy, the fibre of O; at J¥ € II;,
is the line

,./hl
Hom(p;, S;, /V).
Ifi = i with ¢ > 0, the fibre of O; at /YY" € II; is the line
Hom (p;, (S?/_t & S?/”)/V').
O; has a unique C*-equivariant structure such that the following holds:
If i = ip (so that C* acts trivially on II;), then C* acts trivially on each fibre of O;. If
i = i with t > 0 (so that C* acts on II; with exactly two fixed points, 7V w8~ and
JV@ST™) then A € C* acts on the fibre of O; at J” @8 ™" s multiplication by A’ and on

!

the fibre of O; at f‘/(“)’gi " as multiplication by A~*.

For any m € Z we define the line bundle O?* on II; to be O;X””, if m > 0, or the dual of
O®"™ if m < 0. This line bundle inherits a C*-equivariant structure from O;.

We shall generally use the following notation. If € is a C*-equivariant vector bundle on a
variety with C*-action and r € Z, we denote by v"€ the C*-equivariant vector bundle given
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by the tensor product of € with the trivial line bundle C with C*-equivariant structure in
which A € C* acts as multiplication by A". We denote by C the trivial vector bundle with
the obvious C*-equivariant structure.

Proposition 1.22 (a) Ifk = <, then EX = C.

(b) Ifk € [andi € I are such that k # i, then EX|yy, is a trivial vector bundle (if we forget
the C*-equivariant structure).

(c) Forany J € II;, (necessarily a fixed point of the C*-action) we have Ek\f X1 Hrv P
-+ - @ v® as a C*-equivariant vector bundle over a point. (Here By = v' +v2 +--- +vSisas
in 1.10.)

(d) Ifk € I, then E*|y;, = vh'O}( @ U, where U is a C*-equivariant vector bundle over 11}
which is trivial if we forget the C*-action.

This follows immediately from Lemmas 1.19, 1.20 and from 1.11(a).

Corollary 1.23 For k € I, let E'* be the vector bundle on H') dual to E* with the C*-
equivariant structure inherited from E¥.

(a) Ifk = Q, then E'*=C.

(b) Ifk € Tandi € I are such that k # i, then E'¥|p, is a trivial vector bundle (if we forget
the C*-equivariant structure).

(c) Forany J € I1;, we have E’k|,~ 2y APV 2@ - B v S asa C -equivariant vector
bundle over a point. (Here By = v' + v + -+ -+ v isasin 1.10.)

(d) Ifk € I, then E'¥|py, = v’h'Ok_1 @ U’, where U’ is a C*-equivariant vector bundle
over 11y which is trivial if we forget the C*-action.

1.24

Foru € {1,2,3},0 <t < a,, we denote by p{,,, the unique point in the intersection
H’}" n H,‘?ﬂ , that is,

~1 ! !
u A (), S ), s ;o gu gl
pt,t+1:] w5 =] (w55 ) 1ft>Ovl:lt71 = Lty

ah’+1
phy = J"W = VWA =0, i =Y.

Note that pg,, pg,, po, are distinct points of II;, (a consequence of 1.7(a)) and that all
intersections II; N II; other than those just considered are empty.

Foru € {1,2,3},leti = i andletq" = JY0STT e 1.

The C*-actions on HI', H([)F] have the same fixed point set:

HS = @D = |
i€l

u

where y; is the connected component of (HT ner = (H([,F] )€ defined as

I, ifi =i,

{pten}, ifi=i/ withu e {1,2,3}and 0 <t < a,,

{¢q"}, ifi=i}withue{1,2,3}andt = a,.
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1.25

The equivariant K-groups K¢~ () are as in [L4, 6.1]; Rc~ is the representation ring of C*,
that is, K¢+ of a point.
Consider the homomorphism

@ Ko (plyiy) —— @Kc* (IT;)

ut;0<t<a,
with components Kc-(pf;,;) — Kc-(Ilix) (direct image map) and Kc-(pf,y) —
Kc-(IL# ) (minus the direct image map); the other components are 0. The homomor-
phism @iel K- (I1;) — K= (H([)F]) with components given by the direct image maps is
zero on the image of a hence it induces a homomorphism coker(a) — K¢~ (H([)F] ).

Lemma 1.26 a is injective and K¢~ (H([)F]) = coker(a).

The same statement can be formulated in the case where H([)F] is replaced by a variety
X of pure dimension 1 with C*-action such that each irreducible component is a P!, any
two components are either disjoint or intersect at exactly one point, no point belongs to
three components and the pattern of intersection of the components is given by a tree. We
prove this more general statement by induction on the number of irreducible components
of X. If X has exactly one component, the result is clear. Assume now that X has N > 2
components. Then we have X = X’ U X'/ where X’ is a closed subset of X of the same type
as X but with only N — 1 components and X'’ is a component of X which intersects X' in
exactly one point p. The desired result holds for X’ by the induction hypothesis; it gives an
exact sequence of the form

0—A — A— K- (X)) — 0.
We would like to show that we have an analogous exact sequence
0 — A" ® K- (p) — A® K« (X"") — K= (X) — 0.

We have a commutative diagram
0 0 0
0 —— A" —— A ®Ke-(p) —— Ke=(p) —— 0

0 —— A —— A®Kc+(X") —— Ke«(X"") —— 0

0 — Ke+(X') —— Ke«X) —— R+ —— 0
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with exact horizontal lines. The vertical lines (except possibly for the middle one) are exact.
But then the middle vertical line is automatically exact. The desired statement for X follows.
The lemma is proved.

2 Preliminaries on B, A,
2.1

Let G be a connected, semisimple, almost simple, simply connected algebraic group of
simply laced type. Let g be the Lie algebra of G. Let g, be the variety of nilpotent elements
in g. Let B be the variety of all Borel subalgebras of g. A parabolic subalgebra p of g is said
to be almost minimal if there exists b € B such that b C p, dim(p/b) = 1.

Let I’ be a finite set indexing the set of G-orbits on the set of almost minimal parabolic
subalgebras (for the adjoint action). A parabolic subalgebra in the G-orbit indexed by 1
is said to have type i. Let P; be the variety of all parabolic subalgebras of type i. Let
m;: B — P; be the morphism defined by 7;(b) = p whereb € B, p € P;,b C p.

Let X be the set of isomorphism classes of algebraic G-equivariant line bundles on B
where G acts on B by the adjoint action. Then X is a finitely generated free abelian group
under the operation given by tensor product of line bundles. For each i € I’, let L; € X be
the tangent bundle along the fibres of 7;: B — P;.

Let X be a free abelian group (in additive notation) with a given isomorphism X = X
denoted by x +— L,. Let o; € X be defined by L,, = L;. If x € X, the Euler characteristic
of any fibre of 7; (a projective line) with coefficients in the restriction of L, is equal to
¢&;(x) + 1 where &;(x) € Z. Then ¢&;: X — Z is a homomorphism. Fori € I, let x — %ix
be the (involutive) map X — X given by “x = x — &;(x)a;. The involutions x — %x are
the standard generators of the Weyl group W, a finite Coxeter group with length function
I: W — N. Let w; be the longest element of W.

2.2

Let A = Z[v,v"!] where v is an indeterminate. Let AX be the group algebra of X with
coefficients in A. The basis element of AX corresponding to x € X is denoted by [x]. The
affine Hecke algebra J is the A-algebra with generators T, (w € W) and 6,(x € X) subject
to the relations

(@) (Tp,+v )T, —v)=0, (el

b) TyT = Ty ifllww’) = I(w) + I(w");

(0) exT(r, - Ta’,e"ix =W—v Du_piy;
1—[—a

(d) exax’ = 0x+x’;

(e) 6y =1.

i

Here we use the following convention: for p = > . c[x] € AX (finite sum with ¢, € A)
weset 0, =3 by € IH.

Let H, be the subalgebra of H generated by the elements T, (i € I’) or equivalently, the
A-submodule of H generated by the elements T,,(w € W).

Let x — x* be the involutive antiautomorphism of the A-algebra 3 defined by T,, >
T, forallw € W and T;OIHWO,CTWO — 0_, forall x € X. (See [L4, 1.22, 1.24, 1.25]).
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2.3

We fix an sl,-triple (e, f,h) in g that is, three elements e, f,h of g such that [h,e] =

267[h7f] = _ny[eaf] :h

Let (: SL, — G be the homomorphism of algebraic groups whose tangent map at 1
carries
0 1 0 0 1 0
<0 0) to e, (1 0) to f, (0 _1> to h.

2.4

Let A = {(y,b) € g, x B | y € b}. Let 3(f) be the centralizer of f in g and let

E={realyr—ec3N}
A= (X xB)NA,
B, ={beB|ech}

We identify B, with a closed subvariety of A, by b — (e, b), that is, B, is the fibre at 0 of
pri: A, — X
Now C* acts on A, by

At (7,D) s (A‘zAdC (3 ;11) v, AdC (3 A°_1> b).

This restricts to a C*- action on B,.

Throughout this paper we assume that e is subregular. Then, for each i € I’ thereis a
unique irreducible component V; of B, which is a single fibre of 7;: B — P; (hence a P')
and any irreducible component of B, is equal to V; for a unique i € I’ (a result of Tits).

According to Brieskorn [B], we can find I' C Sp(T') as in 1.3 and an isomorphism

~

@) T\ T' 5%

moreover, according to Slodowy [S], the isomorphism (a) can be chosen so that the C*-
action

_ A0
Aty = A 2Ad§<0 )\1>y

on X corresponds to the C*-action on "\ T’ induced by the C*-action on \, x — A~!x on
T'. We shall assume that (a) has been chosen with this additional property.

Brieskorn also shows that pry: A, — X is a minimal resolution of singularities of 3;
using 1.7(a), we see that there exists a unique isomorphism

(b) HIT 5 A,
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such that the diagram
H[F] #} Ae

| el

r\r —— %

is commutative. (Here [I'] is the regular representation of I, the lower horizontal map is
as above, and the left vertical map is as in 1.7(a).) In particular, A, is irreducible, smooth,
of dimension 2.

In the remainder of this paper we shall assume that G is of type D, (n > 4) or E,
(ne€{6,7,8}).

This is equivalent to the assumption in 1.8 that I is not cyclic. It is also equivalent to the
equality

res|lyel=1yfl=Iy,hl=0}=0.

The isomorphism (b) automatically carries the subvariety H([)F] of HI'! onto the subva-
riety B, of A, (these are fibres of the vertical maps over corresponding points). Hence it
carries an irreducible component IT; of HY'! (where i € I) onto an irreducible component
Vi of B, (where i’ € I’). The map i ~ i’ is a bijection I = I’. We use this bijection
to identify I = I’. We identify H'! = A,, H)'! = B, using the isomorphisms above.
This identification is compatible with the C*-actions. Indeed, we know already that in
the commutative diagram above, all maps except possibly for the upper horizontal one are
compatible with the C*-actions. But then the upper horizontal isomorphism is compatible
with the C*-actions at least when restricted to the complement of the exceptional divisors;
then it must be compatible everywhere.

We also identify IT; = V; fori e I = I'.

2.5

The equivariant K-groups Kc=(B,), Kc~(A,) will be regarded as J{-modules as in [L4,
12.5]. Note that K¢+ (B,), Kc+ (A,) are naturally Rc--modules. We will identify R+ = A
in such a way that v corresponds to the one dimensional representation of C* in which A
acts by multiplication by A™.

3 Matrix Entries of the Action of the Generators T,. on K¢-(B,)
3.1
There is a unique homomorphism ny: X — Z such that
no(aj) = =2 if j # i, no(ay,) = 0.
Fori € I = I’ we define a homomorphism #;: X — Z by n;, = ng and

OuCu--Oju

ni(x) = no("172 i x)
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ifi=i'ue{1,2,3},0<t<a,.
Ifx € X, then the G-equivariant line bundle L, on B will be regarded as a C*-equivariant

line bundle by restriction, via the homomorphism C* — G givenby A — Ad ¢ (3 )\91> .

In particular, we obtain a C*-action on the fibre of L, at a C*-fixed point on B,.

Lemma3.2 Leti € I, x € Xandletb € pu; C BE". Then C* acts on the fibre of Ly at b
through the character v'i™.

We prove the result for i = i} with fixed u by induction on t > 0. The case t = 0 is left
to the reader. Assume now that + > 1 and that the result is known for t — 1. Leti’ =i ,.
We have b € V;. We can find b’ € V; such that b’ € ;.. Since b, b’ are distinct points in
the same fibre of 7;, we can use [L4, 7.4] and we see that the fibre of L, at b is canonically
isomorphic to the fibre of Lr;, at b’. Using the induction hypothesis, we deduce that C*
acts on the fibre of L, at b through the character v"*("® = 4®)_ This yields the induction
step. The lemma is proved.

3.3
Fori € I and m € Z we shall regard O} as a C*-equivariant line bundle on V;. (Recall that
II; = V;.) If i = iy, we have
j+(€) = O] = 07" € Kex (V1)
where j: {p |} — Vi is the inclusion. Moreover, O} + O; ' =2 in K- (V).
Ifi # ig (so thati = if,0 < ¢t < a,), we note that the C*-equivariant structure of O is
such that the action of C* on the fibre of O at y; is tm; we have
j«(€C) =0} =v'O7 ! € Ke-(Vy),  ji(C) = O =v'O; ' € Ke- (Vi)
where j is the inclusion of y; into V; and j” is the inclusion of the other C*-fixed point into
V;. (See [L4, 13.5].) Moreover, O} + Ofl ="+ v~ ' in K- (V}).
3.4

Let 0" be the C*-equivariant coherent sheaf on B, given by the direct image of O under
the inclusion V; C B,. From Lemma 1.26 we see that Kc-(B,) is the A-module with
generators 0/'(i € I, m € Z) and relations:

0% —v oy =0 — vy
t t

B t+1

foru € {1,2,3},0 <t < a, 0™ +0"" = (V' +v ")l fori = i, u € {1,2,3},
0<t<a,meL.

It follows that
(a) an A-basis of Kc« (B,) is given by 01'_1 (ielandp = 0?0 — 01-_01.

Note that

(b) p=j.(C)
where j is the imbedding of pg , into B,. (This holds for any u € {1,2,3}.)
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3.5

For x € X, the restriction of L, to V; is VSO?"(X) where s = n;(x) — tdi(x) (with i = i}).
Indeed, the fibre of L, at a point of p; is v = 5@,

Lemma 3.6 (a) 0.p = v"Wp.
(b) Ifi = i} and &;(x) = 1, then 0;0]" = v~ 0" and O_q,0f" = v ~to}" ",

(a) follows from 3.4(b) and 3.2. In the case (b), we have by 3.5:

— 14 +é; . —
exolm _ an(x) ta,(x)ol(n & (x) — Vn,(x) tolmﬂ

)

ni(x—a;)—t&; (x—a;)

6x—a,»0;n B mdi(x—ap) _ o ni(x)—t

m—1
i i .

o o

The lemma is proved.
Lemma 3.7 Foranyi € I — {iy} wehave T, p = —v_'p.

One can argue as in the proof of [L4, 13.11]. A slightly simpler proof goes as follows.
We can find i’ = i € I,i’ # i. We have p = j.(C) where j is the imbedding of {pf, }
into B,. Clearly, {p( , } is an i-saturated subvariety of B,, in the sense of [L4, 10.22]. Since
p = j«(C) (j asin 3.4(b)), it follows (see [L4, 10.22(a)]) that the A-submodule of K¢+ (B.)
generated by p is stable under T,,. Hence T,,p = cp where ¢ € A. Let x € X be such that
&;(x) = 1. We have

7 1

Ox—o;To,p = (Tm +v7 T —v)0yp.

Hence

Oyo,p = Ty, +v ' — v)v”(’(")p,

ey =a) p — ot (e 4yl ) p
o =c+v! -,
c=—vL

The lemma is proved.

Lemma 3.8 Foranyi € I we have Tai(oi_l) = VOi_l.

In the following proof we shall consider the C*-action on A given by the same formula
as for A,.

For each z € C we consider the C*-stable subvariety V;, = {(ze,b) € A | b € V;} of
A. Then pr,: V;, — V; is a C*-equivariant isomorphism. The line bundle Ofl on V; can
be regarded via this isomorphism as a line bundle on V; .. Since V;, is an i-saturated sub-
variety of A, one can define as in [L4, 8.1] an Rc--linear map T, : K¢+ (V;,) — Kc+(Vi,)
which has the following properties:

(a) if we regard C[v,v~'] ® 4 Kc+(V;,) as the fibres of a vector bundle over C x C* (z
varies in C) then Ty, is a (semisimple) vector bundle map;

(b) forz =1, Ty: K« (Viy) — Ko+ (Via), Tt Ko+ (Be) — Ke-(B,) are compatible
under direct image map Kc-(V; 1) = K¢+ (B,) induced by Vi ; = V; C B
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(c) forz =0, Ty, : Kc- (Vip) = Ke=(Vig), Ty, : Kc-(By) — Kc=(Bg) are compatible
under the direct image map K¢+ (Vi) — Kc+(Bo) induced by V; o C By.

Now to prove the lemma, it is enough (by (b)) to show that TU,.(Ol-_l) = vO; Uin
K¢+ (Vi1). Using (a), we see that it is enough to show that T(,,. (Oi_l) = vOi_1 in Kc+ (Vip).
Let J be the direct image of O; ! under the imbedding Vi, C B, (a C*-equivariant co-
herent sheaf on By). Since K¢+ (Vi) — K¢+ (By) (direct image) is injective, we see from
(c) that it is enough to show that T,,(F) = vF in K¢« (By). It is easy to see that F is an
Rc+-linear combination of elements of K¢« (By) represented by line bundles L, on B such
that ¢&;(x) = —1. Hence it is enough to show that for any such L, we have T(,,. (Ly) =vL,in
Kc+(By). Itis also enough to show that the analogous equality holds in Kgxc+ (Bo) (equiv-
ariant structure as in [L4, 7.5]). But this follows from [L4, 7.23]. The lemma is proved.

Lemma3.9 Assumethati =i} i’ =il | withu € {1,2,3}and0 <t < a,. Let p = j.(C)
where j: {p{_,,} — B, is the inclusion. We have

(a) Tpfp=—v"'p+ (v = v,
W) Top= v (7 v

We prove (a). Since V; is an i-saturated subvariety of B, and the image of K¢+ (V;) —
Kc-(B,) has A-basis {p, 0; '}, we have T,,,p = ap+bo; ' for somea, b € A. By 3.8 we have
T,,0;" = vo; !. The eigenvalues of the 2 x 2 matrix describing T,, in the basis {p, 0; '}
belong to {v, —v~'}. Hence either a = —v~! or a = v. Moreover, ifa = vand b # 0, then
the 2 X 2 matrix above is not semisimple, a contradiction. Hence there are two possibilities:
eithera=v,b=00ra= —v_\.

Let x € X be such that ¢;(x) = 1. We have

exfa,'Ta,-ﬁ = (Ta, + V_l - V)exﬁy

1

Ox—q,(ap +bo; 1) = (T, + v — v WP,

av"i' e § oy bv“’(")_tof2 = v”“(")(aﬁ + bofl) + (v =) W p,

Note that 1,/ (x — a;) = n;(x) and n;,(x) = n;(x) — 2t. Hence

2 —2t ~

ap+bvo; " = v (ap + bofl) + (v =) Hp.

Recall that p = o) — v'o; '. Hence

-2 _ 0 i3 —t —1 __ ~ —t —1
0, " =—0;+(V+v o, =—p+v o .

We deduce that

2t ~

ap+bvi(—p+ v*tofl) =v *(ap + bofl) + (v =5,
Taking the coefficient of p we deduce

() a—bvt=v a4+ (v —ypv 2.

Assume that a = v, b = 0. Then from (c) we see that v**2 = 1. This is impossible since
t > 1. Hence we must have a = —v~! and then (c) yields b = +/~! — y~*1, This completes
the proof of (a).
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We prove (b). Since V;/ is an i’-saturated subvariety of B, and the image of K¢« (V;/) —
K¢+ (B,) has A-basis {p, 01-_,1}, we have T, p = a’p + b’oi_,1 for some a’, b’ € A. By 3.8,
we have Tgi, 0;‘_/1 = voi_,l. Just as in the proof of (a), we see that there are two possibilities:
eithera’ = v,b’ =0ora’ = —v7\.

Let x € X be such that ¢;(x) = 1. We have

0o, Ts, p = (T,, +v ' = )0,p,
Oro, @' p+bo,") = (T,, +v ' —v)v"'@p,
a'v"ir o) pg i T 0T — (g 5 o) + (v — v @,

Note that #;:(a;/) = 2(t — 1). Hence

a'v P p+b'v ot =a'p+ bl + (v —v)p.
Recall that p = oY, — v~*"1o;," hence

07 == + (VT +v ™o = —p+v o
We deduce that

—2t+2

POV (—p+v Tl ) =a'p bl + (v = v)p.

Taking the coefficient of p we deduce

(d) a v 22 4+ by (=) =a' + (v — ).

Assume that a’ = v,b = 0. Then from (c) we see that v = 1. Hence t = 2. From
(a) applied to iY, i§ (instead of i%, 1Y), we see that T(7 , 2 Kex (Vi) — Kc* (V ) 1s not equal
to multiplication by v. We have a contradiction. Thus we must have a’ = —v~! and then
(d) yields b’ = v* — v, The lemma is proved.

The following lemma is a special case of the previous lemma (take t = 1).

—2t+4

Lemma 3.10 Wehave T, p=—v~'p+(v—v')o,'

Lemma 3.11 Assume thati = i!,i’ =il | withu € {1,2,3}and 0 <t < a,. Let p be as
in 3.9. Then

= 1 1 -1 -1
(a) Ty, 07 =—v o —o;,

(b) T,0;," =—vto;' —o; .
Clearly, V; U V;/ is an i-saturated and i’-saturated subvariety of B,. Hence the A-
submodule V of K¢« (B,) with basis {ofl, D, ;1} is stable under the operators Tgl, T
We prove (a). This proof is a generalization of that of [L4, 13.13]. We have Tgi,oi_ l—
aol_1 +bp + coi_,1 for some a, b, c € A.
Let x € X be such that &;(x) = &/ (x) = 1. We have G,C,ai,T(,’,,of1 =

1
(T(Ti/ +V—1 - V)ex();la
Ox—a,, (a0; " +bp +co;,") = v (T, +v ! —v)o)
= v"O(T,, +v =) (p+vo ")
- v”"(x)’t(—v’lﬁ + (- v*t)of,1 + v’(aof1 +bp +co;, ")

+(v ! —v)p+ (vl — v)vtoi_l).
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Now
Ox—a, 07 = 0.0_, 07" = yHm0) 710,00 =yl =tyn =t
— sztvn,-(x)ftoilv
gxfa,‘/ﬁ _ anx(xfa,-/)ﬁ — Vn,(x)72t72(t71)ﬁ7
exfa,-/ ;1 _ V""/(x)_tﬂo;z _ Vn,»(x)—2t—t+1o;2,
hence
a0l + by 4 oy
= v 1+ —v o+ (a0 +bp+co )+ (v = v)p+ (v =)ol
We have
0= —pvlot,
ol = =0 '+ (W +v o) = (V' +v ) +v¥o !,
hence
A (v )+ v 0TY) 4 by 4 o P (= v o))
= v '+ —v o+ (a0 +bp+co )+ (v —v)p+ (v —v)vo

which yieldsa = —v~!

We prove (b). From

,¢ = —1,b=0. This proves (a).

= 1 —1
15,05 vo;,
o1 -1 1 —1
T,,0; =—=v 0, —o0;,
e I~ ' ty —1
Tp,p=—v p+( —v oy,

wesee that {{ € V | T,,,& = v€} = Ao, . Since
() T, =T, T,'T,,T,T,,,
it follows that
() {€ € V| T, € = ve}
is the A-submodule generated by a single element of V. Since this submodule contains o;”
it must be equal to Ao; . Now T,,0;," + v_lol-_,1 clearly belongs to (d), hence
(e) Ty0,' = —vlo;' + yo; !
for some y € A. Using (e) and (a) we compute

1

T(riTU,’/TUiO;’I = (_1 - y)(_vilo;l +y0;1) o yofl’

. e -1 -1 -1 -1
Ty, To, 15, 0;, = —vo;, +yv(=v_0;  —o0;).

i 1
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. R S 5 ]
Since T,, Ty, T5,0;, = Ts., T4, T, 0;, , we have

1 1 —1

—1 1 —
= —vo;, +yv(=v 0o; —o

i il

(=1 =y)(=v"lo;" +yo; ') — yo;

We pick the coefficient of o;, ! in both sides. We get y = —1. Hence (e) reduces to (b). The
lemma is proved.

Lemma 3.12 Assume thati,i’ € I satisfyi-i’ = 0. Then Tm(o;l) = —vlo L.

1

Note that V;/ is an i-saturated and i’-saturated subvariety of B,. Hence the image of
Kc- (Vi) — Kc=(B,) is stable under T, and under Tg’,,. The set of vectors in this image
that are annihilated by T(,.I, — v consists of all A-multiples of o;l. (This follows from 3.8,
3.9.) This set is stable under the action of T, since T,,, Tgi, commute. It follows that

(a) TU,.OIT1 = a,‘,iloi_,l for some a; i € A.
We show that,
(b) ifi’ = i" wheret > 0, then T,.: K¢+ (Vi) — Kc« (V1) is scalar multiplication by aijr.

Let p’, p'’ be the two C*-fixed points on V;,. Note that {p’} and {p’’} are i-saturated
subvarieties of B,. It follows that T, p’ = a’p’, T,,p"’ = a’’p"" in K¢+ (B,) where a’,a’’ €
A. (We denote the direct image of C under the direct image map Kc-(p’) — Kc+(Be)
again by p’; we use a similar notation for p’’.) We may arrange notation so that p’ =
o% —v7to, !, p" = o), —v'o,'. Hence p’ — p” = (v' —v~")o;,'. Applying T, yields
a'p’ —a'"p" =a;;/(v' —v")o;,'. Hence a;;(p’ — p'’) = a’p’ —a’ p"’. Now p, p’ are
linearly independent in K¢~ (B,) over the field of quotients of Ry (since t # 0). It follows
that a’ = a’’ = a;;». This proves (b). In particular, in the setup of (b) we have

(©) Top' =aijp'  Top"” =aijip".
Let 7 be the C*-fixed point on V; where j = i{ with 7 ¢ V; . (We denote the direct image
of C under the direct image map K¢~ (7) — K¢~ (B,) again by m. We have

1 1

oj_1 =p+w—vHol.

_ 0 —1 0 —
p=o0;,—vo, ,T=0;—V j

J ] J

Recall that

5 o TS RS S (s p
Tpp=—v p+(v—v o, , Ty, 07 = —v 0; 0,

(see Lemmas 3.9, 3.11) so that

T(,—l.oﬂ' = Tglo (p+v— v o7

e e R (e L (e O T

] 0

=—vip+@v— V*I)oj_l) =—v lm

Thus,
(d) Tmoﬂ' = —v7 I

We now show that
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(e) ajyju =—v 'foranyt > 2.

We argue by induction on . Assume first that = 2. Then the intersection V;x NV« ison
the one hand the point 7 above and on the other hand it is one of the points p’, p’’ in (c)
(withi = ig,i’ = i). Hence from (c), (d) we deduce that g v = —v~ L. Assume now that
t > 3. Consider the point p = Vj« N Viu_ . Then p is one of the points p’, p’" in (c) (with
i =1ip,i’ = i) and also one of the points p’, p’" in (c) (with i = iy,i’ = i"_,). Hence from
(c) we deduce that a; j» = aj,,iv_ - By the induction hypothesis we have Qi ju_| = —v LIt
follows that a;, j» = —v~!. This proves (e).
From the identities

Ty 07! = —v o' fori' =if, t>2,
Ty, 07 = —v ', —o, ! fori’ =if,
Tgiop = 'p+t(v— v_l)oizl,
~0100;1 = vo;l,

we see that the trace of T, : K¢+ (B,) — Kc-(B,) is v — [I|[v=". If i € I, then the auto-
morphisms T, T% of K¢~ (B.) are conjugate under an automorphism of K¢« (B,). (This
follows by using several times 3.11(c) and the fact that the Coxeter graph is connected.) It
follows that

(f) fori € I, the trace of Ty, : Kc+ (B.) — K (Be) isv — |I|v~1.

Assume now that i # ip. From the identities

we see that the trace of T,,, : Kc+(B,) — Kc- (B,) is equal to

E aij—v'n—v'+v

jsi-j=0
where n’ is the number of elements j € I such thati - j = —1. Comparing with (f) we see

that Ej;i-j:o(auj +v7!) = 0. Since a; ; € {v, —v~'}, we deduce that a; ; = —v~! forall j
such thati - j = 0. The lemma is proved.
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4 Action of T:' on K¢+ (B,)

4.1

Fori € Iweset A; = % € Q).

Lemma 4.2 We have

v+v DA = Y A;, dfiel-{i},
jE€Li-j=—1
v A= > Aj—(v—vT), ifi=i
jELi-j=—1
This follows immediately from the identities defining B;, using Bo = Bo.

4.3

Let v = [(wy). Let wy be a Coxeter element in W (see [C]) and let A € A be the determinant

of v — v~wy in the reflection representation of W. For any integer m > 0 we set [m] =
Yt e,

Lemma 4.4 Foranyi € I we have

la, +1—t]

I A—1
Ai=—(wv—-v A o+ 1]

H [au/ + 1] € Q(V)

u’e{1,2,3}
where i = il'.

One can check that the elements above form a solution of the equations in 4.2. We then
use the uniqueness of such a solution.

Lemma 4.5 Let i+ i* be the involution of I defined by wyo;w; ' = oi«. The action of T;ﬂl
on K¢ (B.) is as follows.

(a) T;Ol(oi_l) = (=)' o foralli €I,

(b) Tl (p) = (=)' p+ (=)’ (L +v=2) 3. Ajor "

Let M be the A-submodule of K¢ (B,) with basis {of1 | i € I'}. Note that M is an Hy-
submodule of K¢+ (B,). Since the set of vectors m € M satisfying T,,,m = vm is equal to
Ao; ' and T,, T, T, = T,., it follows that T, (Ao; ") = Aoj:". Hence T,,0; ' = b;o;.'
where b; € A. Note that b; is invertible in A since T,,,: M — M is an isomorphism.

We show that b; is independent of i. Assume that j € I,i- j = —1. We have T(,,.o;1 =

71/’10]-_1 —0; ', hence
R I - L
Ty, Ts0; " = —v7 Two0; Ty, 0;
- -1 1 —1y, 1 —1
Ty Twoo] Ta*bjoj* =—v bjoj* bio;.",
= 1 —1.—1 -1 -1
Ty 05 = —v7 05 —bib; o5
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Since hih;I # 0, it follows that bih;I = 1. Since the Coxeter graph is connected, it fol-
lows that b; is indeed independent of i. Thus there exists an invertible element ev* € A
(with e € {1,—1},¢ € Z) such that T,,,0; ' = ev‘0;." forall i € I. The determinant of
TWO : M — M is on the one hand equal to (+*) Il (the determinant of a monomial matrix),
and on the other hand is equal to the v-th power of the determinant of T,,,: M — M where
i € I, that is, to (= D)MI=1y=11+2yv Thys, £y = ((—=1)HI=1y= 12y 1t follows that ¢ =
(—|I| + 2)v/|I| = —v + 2h’. To determine the sign ¢, we specialize v = 1. Under this spe-
cialization, M becomes the reflection representation of W tensor the sign representation.
The trace of wy on this representation is well known to be —(—1)"#f{i € I | i = i*}. On the
other hand, we have wyo; ' = €o;." forall i € I. Hence the trace of wy is ef{i € I | i = i*}.

Since {i € I | i = i*} # 0, it follows that e = —(—1). This proves (a).

We prove (b). Let

E=p+Y Ajo;' € Q) ®a Ke-(By).

jer
The equations in 4.2 show that
T, & =—v7'¢ foralliel.

It follows that T;O 1(€) = (—v)¥€ or equivalently

T, (p + ZAjoj_l) = (—v)¥ (p + ZAjoj_l).

jel jel

Note that Aj- = A;. Using (a), we deduce that

Tolp— (0 Y Ajoyt = (=0 (p+ 2o 4p07),

jel jeI
and (b) follows. The lemma is proved.

Lemma 4.6 The action of T,,, on K¢+ (B,) is as follows.
(@) Tyy(0;") = —(—v)™"* o foralli €1,
(b) Ty(p) = (—v)"Vp+ (=) (1 +v* )ZjGIAjojfl.

(a) follows immediately from 4.5(a). We prove (b). If £ is as in 4.5, we have T, (£) =

(—v)7€, or equivalently

Ty, p — (—y) 2 ZAjoj_l =(—v"" (p + ZAjoj_l).

jel jel
(b) follows. The lemma is proved.

Lemma4.7 Letp=p—3 . ijfhloj_l. We have

Twp = (=) <p + th/Ejojfl).

j€l
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Using Lemma 4.6, we have

Twp = < ZB v fl)
=(-v)""p+ Z(—v)*"vh (B — Bj)oj_1 + ZB]-V* e o] ,
j j
as desired.

5 Inner Product on K¢-(B,)

Lemma 5.1 Consider an Rc+-bilinear inner product (, ) on Kc»(B.) with values in Re- = A

such that (x&,&) = (&, x*¢’) and (§,¢") = (£',€) for £,¢' € K« (Be),x € H. There
exists ¢ € A such that

(a) (oi , ]1)—cf0r1 j € Isuchthati-j=—1,
(b) (ofl, 1)— [2]c foralli € I,

(c) (oi ,0; )—Oforzjelsuchthatl j=0,
(d) (p, fl)—Oforzel—{zo},

(e) (p,0;,') =—clv—vh),

) (p,p) = v (1+v)A;, (v —v).

Assume that i - j = —1. We have (T, 0; ! ,1)—(071 T(,,o, 1), hence
(—v7 it =0t o) = (07 ,voi ), (07t 07 = (v v (o 0.
Similarly, (o , ]1) —(v+v~ 1)(01 , ll) hence there exists ¢ € A so that (a),(b) hold.

Assume that i-j=0. Wehave

(Tr07 07 = (05, Trior 1), (—v7loj " 07h) = (o), wo ).

Hence (v + v’l)(oj_l, oi_l) = 0 and (c) follows. For i # i,, we have

(Top,0; ) = (0, To0i D)y (=v7'pooi ) = (pyvo )
and (d) follows. We have

1

(To,p,0;,") = (p, T 0. "), (v 'p+(v—v"o, " 0.1) = (p,vo. ).

Hence

H= —cv—v Hir+vhH

1(]710

v+v (P, 0. = (v —=v")0;"

and (e) follows.
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5.2

Let x € X be such that ¢&(x) = 1. We have

onizl = 1/"0(’00?0 = V""(’C)(o;1 +p).

Using Lemma 4.6 we have
(exp7 Oi_gl) _ (p’ T%IO—WOxTWOO,';l) _ (T;Olp’ _(_v)—u+2h’0_%x0i—01)’
hence
Vno(x)(p,oizl)

— ((*V)Vp'f'(*V)V(l +v72h/)ZAjOj—l,7(7V)7V+2hlvnu(9€)(0i;1 +p))’

j€l

(p,oizl) = p+ 1+ ZjeIAjoj_l, —o0; ' — p). Using now (a)—(e), we deduce

—clv—vhH
= VZh/c(v— T - vzh,(p,p)

—(1+v2h/) Z A]‘C+(1+V2h/)A,'OC(V+V71)+(1+V2h/)A,‘OC(V—V71).
Jsjrio=—1

Here we substitute
is proved.

jjie14j = v+ v DA + (v —v7!) and we obtain (f). The lemma

Let (|)m,: Kc+(B,) x Kc+(B,) — Rc+ = A be the Rc--bilinear inner product defined in
[L4, 12.16]. According to [L4, 12.17], we have

€1&)s, =" | s,
x| €N, = (€| X2,

forall £,¢" € Kg+(B,), x € H. Hence Lemma 5.1 is applicable to (,) = (|)s,. We show

that in this case, ¢ from Lemma 5.1 is given by
(@) c= —v' -1,

— r_ . . .
1 | oiol)gg,e =y ~Lfori= i¥. By definition, we have

It is enough to show that (o;”
€108, = (€1 k(D)
where k: B, — A, is the inclusion and (||): Kc=(B.) X K¢+ (A,) = Rc~ is given by

€18 = ()" (ETwm@"(©) = ()" (Tuw* (&) : )3
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w: B, —» B,and w: A, — A, are the involutions defined in [L4, 12.6] and (:): K¢« (B.) X

Kc+(A,) — Rc~ is the “intersection product” in A, (see [L4, 12.11]).

Since V;,, V; intersect transversally in A, (at Po.1)> we have (oi_1 ke (0;1)) = v~ where

N is the weight of the C*-action on the tensor product of the fibres of O; ', o, ! at P01
thatis, N = 0+ 1 = 1. We have @w*(0; ') = 0; ' and T,,,0; ' = —(—v)_””h/oi_l, hence
0 0 0 0

(Oi—l | Oi;l)Bp _ (—V)V_Z(Oi_l . _(_V)—u+2h’0i:1) _ _(_V)zh/—zvN _ _Vzh/—l_

Thus, (a) is proved.

5.3

Using 3.4(a), we see that
(a) an A-basis of Kc- (B,) is given by v" ofl(i e€l)andp (seed.7).

Lemma 5.4 We have

(a) (V*h/oif1 | v’h/o;l)ge = —v~fori,j € Isuchthati-j=—1,
() o v o g, = 1+v 2 foralli €1,

(c) (v ol v‘hloj_l)gg =0fori,j € Isuchthati-j=0,

(d (p]| v‘h,oi_l)ge = —v~!fori € Isuchthati-Q = —1,

(e) (p| v_h/ofl)'ge =0fori € Isuchthati-Q =0,

f) plps =1+v72

The proofis based on Lemma 5.1 and 5.2(a). Thus, (a), (b), (c) follow from 5.1(a), (b),
(c). Now (d), (e) follow from 5.1(a)—(e), using the equations defining B;. Finally, (f) is
proved using 5.1(a)—(f) by a brute force computation using the explicit values of B; given
in the tables in 1.10.

6 The Canonical Signed Basis of Kc-(B,)
6.1

Let : K¢« (B,) — Kc«(B,) be the involution defined in [L4, 12.9]. This is antilinear with
respect to the involution of A given by restricting : Q(v) — Q(v). (See 1.11.) Recall that

£=(—v) "I, '@ Dg (&)
where Dg, : K¢+ (B.) = K+ (B,) is the Serre-Grothendieck duality (see [L4, 6.10]).
Lemma 6.2 We have

_h =1 __ . —h' —1 .
(a) vv"o; " =v"o; foralli €,

(b) p=p.
Using [L4, 6.11, 6.12], we see that Dgg(ofl) = —ofl. Note also that w*ofl = o;l.
Hence

_pr —1 n' —vAg—1_—1 _ _h —v v—2h' —1
v o = v (=) 'T, o = v (—v) T (=) 0;
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and (a) follows.
We have Dy, (p) = p and w*(p) = p hence

p=n"T N p) =p+(1+v2) > Ajoit=p+> (Bj— Bj)v*h'o;l

jeI jel
_ —h' -1 —h! =1
—p—gB]V 0; +EB]v 0; .
j€l jeI
Thus,

p— Zij—h'ofl =p- Zij_h/o;I.

j€l jel

The lemma is proved.

6.3
As in [L4, 12.18] we set
BE ={£€Kc-(B) | E=¢,(E|Op €1+v'Zv ']}
Theorem 6.4 B%E is the signed basis of the A-module K¢« (B,) consisting of + the elements
v‘h/ofl(i € 1) andp.
The fact that the elements above are contained in B%C follows from Lemmas 5.4, 6.2.

The fact that & these elements (which form a signed basis) exhaust B%e follows from [L4,
12.21], using Lemma 5.4. The theorem is proved.

7 The Canonical Signed Basis of K¢+ (A,)
7.1

Fori € I, let V/ be the set of all (y,b) € A, with the following property: under the C*-
action on A,,

lim A (y,b)
A—=00

is defined and belongs to ;. The limit above is denoted by 7r/;l (y,0). By [KL, 4.6], the V/
form a partition of A, into locally closed subsets and for each i, 7/, : V/ — p; is naturally
a vector bundle of dimension, say, J;. Since the analogue of A, over the finite field with q
elements is well known to have q* + |I|q rational points, it follows that

(@+1)g% + ) q" =q' +I|q.
i#iy
Since this holds for all prime powers g, it follows that
(a) §; = 1foralli.
Lemma 7.2 (a) V,{) is an open set in A,.
(b) Vl-? = Vl';tﬂ — Mt IfO <t <ay.
(c) Vi isalinein A, such that V!, NB, = {q"}.

U
ay
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(a) follows from 7.1(a) since y;, is a P'. Using 7.1(a), we see that for i # ig, V/ is a line.
Using the definitions we see that (c) holds and that, for 0 < ¢ < g,

!
Vie NV Be = Vie, | — piy,, -

Since ‘/l/u is a line Containing ‘/,‘“ — Wi, WE must have V '{4 = ‘/,‘u L The lemma is
H t+1 t+1 I t+1 t+1
proved.

Lemma 7.3 The Rc--module Kc- (A,) is projective of rank |I| + 1.

We consider the partition into the locally closed C*-stable pieces V/(i € I) which are
either an affine line or a line bundle over P!. Each of these pieces has a K¢+ which is free
and a K& = 0. It follows that Kc- (A,) is projective of rank equal to the sum of ranks of
the K¢+ of the pieces, that is, |I| + 1.

Lemma 7.4 Leti € I. Let (||) be as in 5.2. We have
(@) "ol || EY) =v2

(b) (v 0;1 | E') =0for j e I—{i},

(© (| E")=0.

Using 4.6, we have for j € I
o7 | B = () v (" 07 5 BT

_ 7(71/)1/721/7}1/(7v)7u+2h/(0j—1 :Eli) _ 7vh/72(0j—1 ZE/i).

Now (0]-_1 : E’") is the alternating sum of cohomologies of V; with coefficients in Oj_1 ®
E"l|y,. If i # j then, by 1.23, the last vector bundle on V; is isomorphic to a direct sum of

copies of O;l (except for the C*-action) hence the corresponding cohomologies of V; are
0. We see that

(d) (0]71 :E')=0fori # j

and (b) follows. If i = j then, by 1.23, the vector bundle O; ' ® E’|y, is isomorphic to
v’h/sz ® U, where U’ is a C*-equivariant vector bundle on V;, isomorphic to a direct
sum of copies of O; ! (except for the C*-action). Note that U’’ has 0 contribution to the
cohomology of V;. On the other hand, the alternating sum of cohomologies of V; with
coefficients in O} *is —1 € Rc-. We see that

’

(e) (01’_1 DE') = —yh

and (a) follows.
Using 4.7 and (d),(e), we have

(B E") = (—v) (@ Tp: B = v (p+ > 7 Bjo ' BY)
jEI

= vfz(p :EY) —v72B; = 0.
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We have used that (p : E?) is equal to E”A|pg1 = B; € Rc- (see 1.23(c)). The lemma is
proved.

Lemma 7.5 Let C be the trivial one dimensional vector bundle on A, with the trivial C*-
equivariant structure. We have

(a) (v*h/o;1 | C) =0foranyjel,
() (pl|C)=v>

As in the proof of 7.4, we have
(thloj—l H C) — _(_V)V72V7h/(_v)fl/+2h/(Oj—l . C)

and this is zero since the cohomologies of V; with coefficients in oj_1 are 0. Similarly, using
(a), we have

pllC= v_z(p + th/Bjo;I : C) =y 2(p:C)=v 2
jeI

The lemma is proved.

7.6

Consider the commutative diagram

Koo (B)  —  Kee(Al)

! !

Q(v) @4 Ke-(B,) —25 Q(v) ®4 Ke-(As)

where k: B, — A, is the inclusion and the vertical maps are the obvious ones. Note that
the vertical maps are injective since Kc+(B.), Kc-(A,) are projective of finite rank over
A = Rc+. (See 3.4(a), 7.3.) The lower horizontal map is an isomorphism (see [L4, 11.8]).
It follows that k. is also injective. Hence we may identify K¢~ (A,) with an A-submodule
of & = Q(v) ® 4 Kc+(A.) and K¢+ (B,) with a A-submodule of K¢« (A,) (via k, ). There is
a well defined symmetric Q(v)-linear form (,) on £ with values in Q(v) whose restriction
to Kc=(B,) is (|)s,, whose restriction to Kc»(A,) is ()4, (see [L4, 12.16]) and such that
(bya) = (b || a) for b € Kc+(B.),a € Kex (Ae).

Proposition 7.7 The elements

(a) V’E''(i € I),v*C

form an A-basis of Kc» (A,) dual to the basis
(b) v"o G el),p

of Kc+(B.) with respect to the pairing (||): K« (B,) X K= (Ae) — Rcx.
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The fact that the matrix of inner products under (]|) (or (,), see 7.6) of an element in
(b) with an element in (a) is the unit matrix is contained in Lemmas 7.4, 7.5. This shows
in particular that the form (,) on € (see 7.6) is non-singular. Now let £ be an element of
Ke-(A,). Then¢; = (v 0,71, €) € A, = (p, &) € A. Let ¢ = et GVE" + ¢'vC.
Then (b,&') = (b, &) for any b in the set (b). Since this set is a Q(v)-basis of £ and (,) is
non-singular on &, it follows that £ = £’. Thus, the elements (a) generate the A-module
K¢+ (A,). They are linearly independent over Q(v), hence they form an A-basis of K¢+ (A,).

The proposition is proved.

7.8

Let : K¢+ (Ae) — Kc+(A,) be the involution defined in [L4, 12.9] or, alternatively by the
requirement

(b,a) = (b,a) € A
forall b € Kc+(B.),a € Ke~(A,) (see [L4, 12.15]). Following [L4, 12.18] we define
BY = {¢ € Ke- (A[E = &, (¢[6)a, € Q) N (1 +v7'ZIv "I}

Theorem 7.9 Bi is the signed basis of the A-module K¢+ (A,) consisting of £ the elements
VE'i(i € I),v*C.

Note that if a is in the set 7.7(a), then @ = a. Indeed, d and a have the same inner
products (,) with any element b of the set 7.7(b) (using 7.7, 7.8 and the fact that any such
b satisfies b = b). Also, by 7.7, the matrix A with entries (a, a’) where a, a’ run through the
set 7.7(a) is the inverse of the matrix B with entries (b, b’) where a, a’ run through the set
7.7(b). Since B is congruent to the identity matrix modulo v~ 'Z[v~!] (by Lemma 5.4), it
follows that A is congruent to the identity matrix modulo v~'Z[[v~!]]. It follows that =+
the elements in 7.7(a) are contained in Bi. Since the elements 7.7(a) form an A-basis of
K+ (A,) (see 7.7), it follows by an argument similar to that in [L4, 12.21] that any element
in Bi is, up to sign, as in 7.7(a). The theorem is proved.
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