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A DETERMINANT FORMULA FOR A CLASS OF
RATIONAL SOLUTIONS OF PAINLEVE V EQUATION

TETSU MASUDA, YASUHIRO OHTA anp KENJI KAJIWARA

Abstract. We give an explicit determinant formula for a class of rational
solutions of the Painlevé V equation in terms of the universal characters.

§1. Introduction and main result

It is known that six Painlevé equations are in general irreducible, name-
ly, their solutions cannot be expressed by “classical functions” in the sense
of Umemura [18]. However, it is also known that they admit classical so-
lutions for special values of parameters except for P;. Much effort have
been made for the investigation of classical solutions. As a result, it has
been recognized that there are two classes of classical solutions. One is
transcendental classical solutions expressible in terms of functions of hy-
pergeometric type. Another one is algebraic or rational solutions. It is also
known that the Painlevé equations (except for P1) admit action of the affine
Weyl groups as groups of the Backlund transformations. It is remarkable
that such classical solutions are located on special places from a point of
view of symmetry in the parameter spaces [12], [13], [14], [15]. For example,
P11, Pir and Pry, whose symmetry is described by the affine Weyl group
of type Agl), Agl) & Agl) and Agl), respectively, admit transcendental clas-
sical solutions on the reflection hyperplanes, and rational solutions on the
barycenters of Weyl chambers of the corresponding affine Weyl group.

Umemura et al have investigated the class of solutions on the barycen-
ters of Weyl chambers and found that (1) these solutions are expressed
by some characteristic polynomials generated by the Toda type bilinear
equations, (2) the coefficients of such polynomials admit mysterious combi-
natorial properties [17], [7], [16]. These special polynomials are sometimes
referred as Yablonskii- Vorob’ev polynomials for Py [19], Okamoto polyno-
mials for Pry [14], Umemura polynomials for Py, Py and Pyr.
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One important aspect among such polynomials is that they are ex-
pressed as special cases of the Schur functions. As is well known, the Schur
functions are characters of the irreducible polynomial representations of
GL(n) and arise as 7-functions of the KP hierarchy [1]. For example, it is
known that the special polynomials for Py and Pypp are expressible by 2-
reduced Schur functions, and those for Pry by 3-reduced Schur functions [2],
31, 4], [8].

In this paper, we consider Py,

d? 1 1 dy\2 1d
w3
dt 2y y—1 dt t dt
— 1) K +1
(y 2) (Hgoy__o>_(9+1)g_ y(y )’
2t Yy t 2y-—-1)
with parameters koo, ko and 6, whose symmetry is described by the affine
Weyl group W(Agl)). The aim of this paper is to investigate a class of
rational solutions on the barycenters of Weyl chambers and to present an

+

explicit formula for them.

By the analogy from the known cases, it is naively expected that they
are expressed in terms of 4-reduced Schur functions. However, our for-
mula is expressed by a generalization of Schur functions, which is called the
universal characters and defined as follows [6].

DEFINITION 1. Let pp = pp(tM) and ¢, = ¢(t?), k € Z, be two
families of polynomials defined by

> ot = eXp<Zt§1)nj), pr =0 for k <0,
k=0 =1

> an” = eXP(Ztﬁg)nJ), gk =0 for k < 0,
k=0 =1

where t(1) = (tgl),tgl),...) and t®? = (tf),tg),...) are the sets of infi-

(1.2)

nite numbers of variables. For any partitions A() = ()\gl),)\gl), .. .,)\g))
and \?) = ()\(12), )\52), ... ,)\g)), the universal character Sya) @ (t(l),tm)) is
defined as
1) (2 tf — - -
(1.3) S)\(l),)\(Q) (t( )7t( )) = det (qu)’qull-‘rl’ ce 7q>\(12)+m_17
+ + +
Py o Pam e ’p,\ﬁf)fman)’
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where

(14)  pf ="0ppjt1s- > Djrmin—1)s GG = (@ q-15- - G-m-nt1)-
Our main result is stated as follows.
THEOREM 1.1. For m,n € Zs>o, we define a family of polynomials

Sm,n = m,n(t, S) by Specializmg S)\(l))\@) (t(l)’t@)) as

(1.5) A =(n,n—1,...,2,1), AP =m,m-1,...,2,1),

t§1) t+28—m+n’
2 J

t§2):i—|— 2s—m+n

(1.6 e e

where s is a parameter. For m,n € Z.o, we define Sy, p, through

Spn(t,s) = (=1)™MmTD28 0 (t s —m —1/2),

1.7

(1) Smn(t,s) = (=1)M+D2g (s —n —1/2).
Then,

(18) Sm,n—l(t7 S)Sm—l,n(ta 3)

v=- Smfl,n(ta s — ]—)Sm,nfl(ta s+ 1) ’

gives the rational solutions of Py (1.1) with the parameters

(1.9) Koo =8, kop=8—m-+n, O=m+n-—1,
and

(1.10) Koo = —8, Kog=8—m+n, O=m+n—1
Similarly,

(111) o 2n+1 Spa-i1(t,s +1/2)Smny1(t, s —1/2)
' Y= 9m+1 Spmin(t,s — 1/2)Smein(t,s +1/2)

gives the rational solutions of Py (1.1) with the parameters
(1.12) Ko =m+1/2, kop=n+1/2, 0=2s—m—n—1.

This result covers all the rational solutions obtained by applying the
Bécklund transformations on the particular solution of Py (1.1),

(1.13) y=-1, Keo=28, ko=38, 6=-—1.
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Remark. 1In ref. [5], Kitaev et al gave a complete classification of ra-
tional solutions for Py. Our result covers all the rational solutions of the
cases (IIT) and (IV) in their classification. The first half corresponds to the
case (III) and the other does to (IV). Also, Noumi and Yamada presented
a determinant formula for a class of rational solutions of Py in terms of
2-reduced Schur functions [9]. Our result includes their formula as a special
case, which is explained in Appendix A.

This paper is organized as follows. In Section 2, we give a brief review
for the theory of symmetric form of Py [8], [10], [11], which provides us
with a clear description of symmetry structure and 7-functions for Py. In
Section 3, we construct the rational solutions of Py by using the theory of
symmetric form. Proof of our result is given in Section 4. We mention the
relationship between our result and Yamada’s general determinant formula
[21] of Jacobi-Trudi type in Section 5.

§2. Symmetric form of Painlevé V equation

By using the theory of symmetric form for Py, it is possible to describe
the structure of Backlund transformations in a unified manner and to con-
struct particular solutions systematically. In this section, we summarize the
symmetric form of Py following refs. [10], [11], and derive bilinear equations
satisfied by 7-functions.

2.1. Symmetric form of Py
Pv (1.1) is equivalent to the Hamilton system [20]

, 9H ,  9H , d

2.1 = - _ —
(2.1) =7, P 90 o

with the Hamiltonian

(2.2) H =p(p+t)g(qg—1) + aaqt — azpg — a1p(qg — 1).

In fact, putting

(2.3) Koo = 1, Ko=0a3, 0=ay—ag—1,
with
(24) ap = 1-— a1 — g — Qg,
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we see that equation for y = 1 — 1/q¢ is nothing but Py (1.1). Setting

(2.5) fo—%(tﬂ?), fi=Vtq, f2——%p, fs=Vt(1-q),

we obtain the symmetric form of Py

a1 ) fz+ azfi.

fo=fofa(f1— f3) + (% 042>f0+a0f2,
26 f1 = fifs(fa— fo) + (% 043)f1+0¢1f3,
| fo = fafo(fs — f1) + (% Oéo)f2+a2fo,
1
3 )

f3 = fafi(fo— f2) + (

We note that the original dependent variable y of Py is expressed as
(2.7) y=—"

In terms of variables f; and «;, the Béacklund transformations of Py are
described by a simple form,
(2.8)

si(ai) = —a, si(oy) = oy +04z G=i%x1), si(ay) =0y (j #1,iE1),

si(fi):fiv sz(f) f] f (j—’L:l:l) Si(fj):fj (j #i,i£1),
m(oy) = g1, w(f) = fit1,

where the subscripts i = 0,1, 2, 3 are understood as elements of Z/4Z. These
transformations commute with derivation ' and satisfy the fundamental
relations
(2.9) s? =1, = 5;8; ( i,i £ 1), 8558 =sjsi8;5 (j =1+£1),

' 1 TSj = Sj417,
which means that transformations s; (i = 0, 1,2, 3) generate the affine Weyl

group W(Agl)), and s; and 7 generate its extension including the Dynkin
diagram automorphisms.

2.2. 7-functions and bilinear equations
In order to obtain simpler transformation properties, we add a correc-
tion term which depends only on ¢ to the Hamiltonian (2.2). The corrected
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Hamiltonian hg is introduced as

(2.10)

o1 + 200 — @ o1 + 209 + 3o
ho = fofifafs + ————"fofr + =" fi>
301 4 20 + — 2010 — + a3)?
Ny e WA o1 T o3)7 ,

4 4 4

and we put h; = 7/ (hg). Then, we have

(2.11) si(hj) =h; (i #j), si(hi) = h; + \/E%, m(hi) = hit1.

We also introduce 7-functions 7; (i = 0,1,2,3) by

/
(2.12) hy = L.

Ti
Then, defining the action of s; (i = 0,1,2,3) and 7 on the 7-functions by
o, Ti_1Ti
(2.13) si(tj) =715 (i #74), si(n) = fz‘%, m(Ti) = Tit1,
(2

we see that the fundamental relations (2.9) are preserved, which implies
that the Backlund transformations can be lifted to the level of 7-functions.
It should be remarked that we have from (2.7) and (2.13)

_ T353(73)

(2.14) V=

By (2.13), the Bécklund transformations (2.8) lead to a set of bilinear
equations for 7-functions,

+ ap72T3,
— (\1T273,
+ a1 7370,
— (27370,
(2.15)
— Qi37pT1,
+ 31T,

(1) = s0(70)s1(71)
(70) = s0(70)s1(71)
(12) = s1(71)s2(72)
(11) = 51(71)52(72)
T25253(73) = 82(72)53(73) + Q2TOTI,
(12) = 52(72)53(73)
(10) = s3(73)s0(70)
(73) = 53(73)50(70)

— Q0T17Q.
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Let us define the translation operators T; (i = 0,1,2,3) by
(2.16) T1 = TS389S1, T2 = 8178382, T3 = 8981783, T() = 83898517,

which commute with each other and satisfy T1T5757y = 1. These operators
act on parameters «; as

(2.17) Ti(i1) = i1 + 1, Ti(ey) =0 — 1, Ti(ay) = a5 (§ #1—1,1),

)

and generate the weight lattice of Agl . In terms of T;, 7-functions in (2.15)

are expressed as

1 =Ti(r), 7=TT(r), 75=T," (70),

so(r0) = T ' T1 (o), s1(r1) = Ta(70),
s2(12) = T T3(m0), s3(13) = T3 (7o),

(2.18) s081(T1) = TngT(;l(To), s180(m0) = TQTal(To),
s182(m2) = ToT5(m0), s9s1(m1) = T3(70),
s953(73) = Ty ' (70), sgsa(m2) = ThTo(70),
s3s0(T0) = TlT:;l(To), sos3(3) = Th 15 1T61(To)

Furthermore, we can derive bilinear equations of Toda type.

ProPOSITION 2.1. We have

_ 1 1 3a1 + 2a9 + a3

T (1)1} 1(70) = % (ED% + 1 t)To - 70,
_ 1 1 o] — 209 — «

TQ(TO)TQ 1(7’0) = %<§D% — %t)TO * 70,

(2.19)

_ 1 1 a1 + 209 — a3

Ts(70)T5  (70) = %<§D:2r - ft)m - To,
_ 1 1 a1 + 209 4 3as

To(70) T (1) = —(— 2 _ ) :

0(70)Ty " (70) NACIL 1 t)7o - 7o,

where Dt is the Hirota’s differential operator defined by

d d

(2.20) Dy'f-g= (ﬁ T

)" rmg(r)

T=T"’

d _ 4 d
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Proof. Using (2.8), (2.13) and (2.16), we have

(2.21) Ty (ro)Ty  (10) = [f1fofs + (a1 + o) f1 + o f] 2.
Noticing that

a1 + 209 — a3 a1—2a2—a1f>
—_— —J3 ),

@22) ko= Vi(fifafs+ S

and fi + f3 = V/t, we get the first equation in (2.19). The other equations
are obtained in similar way. 0

Remark. Bilinear equations (2.15) and (2.19) are overdetermined sys-
tems when they are regarded as equations to determine the 7-functions.
However, by construction, the consistency of these equations is guaranteed.

2.3. 7-cocycles

For simplicity, we introduce a notation,
(223) Tkl mmn = TfTéT?:nT(?(TO)

For small k,1,m,n, we observe that 7y ,,, are factorized as

k l m n
(2.24) Tk,l,m,n:¢k,l,m,n7—0<l) (2> (E> (E) ’

T0 T1 T2 T3

where ¢, ;.. are some functions of f; and «;. Conversely, if we define

Gkimn by (2.24), it is shown that ¢y .,»’s are polynomials in f; and «;

for any k,l,m,n € Z [21]. The functions ¢, are called the T-cocycles.
It is easy to see from (2.14), (2.18), (2.23) and (2.24) that we have

_ Prman—1Pkim—1n
Ok+1,1,mnPk,i+1,m,n

(2.25)  TFETITMIR(y) = ., for k,l,m,n € Z.

Moreover, it follows from (2.13), (2.16), (2.23) and (2.24) that ¢y, are
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determined by the recurrence relations,

(2.26)

Pkt1,0,mn

= T1(Grtmm)f2fsfo — (a3 + o) fo — ao fol ! (fafo — o) =™ f 77,
Ok l+1,mn

= To(Grpymn) [f3foft — (a0 + 1) fr — an fs] 7™ (fofr — )™ " f1T77F,
Pk lm+1,n

= Ts3(Gramm)fofifo — (a1 + a2) f2 — azfo] ™ " (fife — a) T F 57,
Pk lymnt1

= To(Ok amn) [f1f2f3 — (a + a3) fs — as il T (fafs — as) 1 f57,

with ¢0,0,0,0 =1.
It is possible to write down the bilinear equations for ¢y ., . From
(2.18), (2.23) and (2.24), bilinear Bécklund transformations (2.15) yield

Okl Ph1,04+1,mn—1
= Okt 1lmn—1Pkit1,mn + (00 — 1+ K)Okt1.141,mn Pk lmn—1,
Ok+1,0,mnPk,l+1,mn—1
= Okt 1lmn—1Pkit1,mn — (01 =k + D) Pkt 141,mnPk L mn—1
Okt1,1,mnPh,1+1,m+1,n
= Ok i+ 1mnPht1lmr1n + (1 — K+ 1)k 1mn—1Pk1mn;
Okt1,141,mn Pkl m+1,n
(2.27) = Oki4+1,mnPh+10m+1,n — (@2 = L+ M) P 1m,n—1Pk 1,m,n,
Okt1,141,mnPh,l—1,mn
= Pkt 1 Lmt 10 Pk lm—1,n + (@2 = L+ M) Ok 1 mnPht1,1,m,n»
Ok, lymn—1Pk+1,Lmnt1
= Pkt 1 Lm+1.0Pk Lm—1,n — (@3 — M+ )Pk 1 nPht1,1,m,ns
Ok lmn—1Pk+1,lm—1n
= Pk lm—1,nPk+1,Lmn—1 + (@3 = M 4 10)Pri1 1m nPh41,141,m,n5
Okl Ph1,lm—1,n—1
= Ok tm—1,0Pk+1,0mm—1 — (@0 — 10 4 E)rt1,1mn Pkt 1,141,myn-
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Similarly, the last two equations in (2.19) are lead to

(2.28)

¢k,l,m+1,n¢k,l,m—1,n
1
— 1 N2 ai+2a2—az3—k—l4+3m—n
- (7DT + W lmn — ! : 34 t) ¢k,l,m,n ) ¢k,l,m,n7

Vit
¢k,l,m,n+1 ¢k,l,m,n—1

1
_ 1 N2 a1 +2a24+3az3—k—l—m+3n
=7 (7DT + Wi lmpn — T 75) Oklymon * Phlymons

Vit

with
" 1
(229 whpn = Gozm) + k(lox ) 1 1(log )
70 T1
" 1
+ m(log E) + n(log ﬂ) .
T2 T3

§3. Construction of rational solutions

In this section, we construct the rational solutions of Py by using the
results in the previous section.

It is obvious that the symmetric form of Py (2.6) with (2.4) has a
solution,

1 1 t
(3.1) (g, 1,09,a3) = (5 =585 = s,s), fi= % fori=0,1,2,3,
which is on the fixed points with respect to the transformation 72 and is

equivalent to the following solution of Py,
(3.2) y=-1, Kec=28, Ko=3s, 0O=-—1.

This is the unique rational solution in the fundamental region of the affine
Weyl group W(Aél)) in the parameter space, except for the special cases of
transcendental classical solutions [20]. Applying Bécklund transformations
to the seed solution (3.1), we obtain the family of rational solutions of Pv.
Note that we have

1 1
(3.3) TéTé(ao,al,ag,ag):(§—§,§,§—§,§), 5=s+1, leZ,

under the specialization (3.1). Comparing (3.3) with (3.1), we see that the
effect of T is absorbed by that of T{; 1 and shift of the parameter s. Then,
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we do not need to consider the Bécklund transformation 75 for constructing
the family of rational solutions of Py. Taking the initial condition (3.1)
into account, we consider the bilinear Backlund transformations in terms
of the T-cocycles (2.27). Denoting ¢ 1m.n = @1mn in view of the relation
T 15157y = 1, it is easy to derive the following.

LEMMA 3.1. Under the specialization (3.1), bilinear Bécklund trans-
formations (2.27) are reduced to

®0,m,n®0,m—1,n—2

=01 m-1n-201mn + (1/2 — 5 — )P0 m—1n-100,mn—1,
b—1,m-1,n-191,mn—1

=0 1 m-1,n-201mn — 5P0,m—1,n—190,mn—1,
D—1,m—1,n-1P1,m+1,n

= OLmn®—1,mn—1 + 500,mn—100,m,n:
0,m—1,n—100,m+1,n

= P1mnP—1,mn—1 — (1/2 = s + M) P0,m,n—100,m,n,
G0,m—1,n—1P—1,m,n

=0 1 mn-100,m-1n + (1/2 = s+ m)Pomnd—1,m—1,n-1,
®0,mmn-19—1,m—1n

=0 1 mn-100,m—1n — (8§ = M+ 1)O0mnd—1,m—1n—1,
®0,mmn—19—1,m—2,n—1

= G0m—1nP—1m—1n-2+ (S —Mm+n)P_1 m—1n-100m—1,n—1,
0,mmn®—1,m-2,n—2

= G0,m—1nP—1,m—1n-2 — (1/2 =8 = )01 m—1,n-100,m—1,n—1-

Moreover, from (2.25), the function

(3.4)

(3.5) y=— ®0,m,n—1900,m—1n
qb*lvm*lyn*lgbl,m,n

)

solves Py (1.1) with parameters
(3.6) Koo =8, kKo=8—m-+n, O0=m-+n-—1.
From the recurrence relations (2.26), we observe that ¢, , for small

[,m,n are expressed as

\/Z ) (m—n—I-1)(m—n-1)/2

(3.7) Olymn = (7

lm,n;
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where Uj ,, , are some polynomials in ¢t and s. Therefore, we next rewrite
(3.4) in terms of U. The polynomials Uj , , have symmetry described by
the following lemma.

LEMMA 3.2.  The polynomials Uy, ,, defined by (3.7) satisfy
(38) Ul,m,n(ta 3) - UO,m,nfl(ta s+ 1)7 Ufl,m,n(t’ 5) = UO,m,nJrl(t’ S — ]—)

Proof. Lemma 3.2 is proved by considering the Toda type equation
for 7-cocycles. Under the specialization (3.1), the Hamiltonians and 7-
functions are calculated as

12 12 1 2
9 et e e ()
(3.9) 0 2 16+8 1 3 16+ 5 S
and
12 2
310)  w=n=rten(g). n=mn= P en(g)

up to the multiplication by some constants, respectively. Then, Toda type
bilinear equations (2.28) yield

Olm+1,0Plm—1,n

1 /1 12 —25+1—-1014+3m—n
e
(3.11)
¢l,m,n+1¢l7m7"*1
1 /1 2 254+1—1—m+3n
- W(E Tty 1 )t Gt

Substituting (3.7) into (3.11), we obtain Toda type bilinear equations to be
satisfied by Uy, n = Uy m.n(t, s)

(3.12)
sl =[£G )0~ (422
+ 2 dli;;’n Unmon + (% . —2s + 1;—3m —-n )UZW
st =[£G~ (422
+2 d[;";’” Upnn + (% _ 241 —2m+3n )Ufn,n,
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with initial conditions
(3.13) U_1,-1=U_10=Up—1 =Upp = 1.

The functions Uy, p, = Up n(t, s) are uniquely determined by Toda equations
(3.12) from the initial conditions (3.13) for any m,n € Z. Moreover, we
see that Uiy mn(t,s) satisfy the same Toda equations as Ug g nri(t,s £
1), respectively, by the similar calculation. Since the initial conditions for

Ur,mn and U_1 4, are given by

Ui,—1,0 =Ui00 =U1,-11 = U101 =1,

(3.14) L-10 = 1,00 = ¥1,-11 = V1,01
U1,-1,-2=U-1,-1,-1=U_102=U_10-1=1,

the lemma is proved. 0

From Lemma 3.2, bilinear Bécklund transformations (3.4) are rewritten
in terms of U.

PROPOSITION 3.3. Let U = Unnl(t,s) (m,n € Z) be polynomials
which satisfy the bilinear equations,

4Um,n+1Umfl,n71 = thsznUrt,n - 2(23 +2n + 1)Um71,nUm,n7
4U__17n+1Unt7n_1 =tU_ Unt,n —45Upm—1.0Umn,

m m—1,n

4UT;71,TLU:£+17”71 = tU;;nflUn_w + 45U n-1Unm n,

(3.15) AUm-1m-1Umsin = U o Uy +2(25 — 2m — )y 1Unn s
AUm-1,n-1Up i1 = tUp Um0 — 2(25 = 2m — DU Uy, 4 4,
AUmn-1Up 111 = U nUm—1n — 4(s = m +n)Un n Uy, s

4Um+1,n—1Un_1_17n = tUmann_m,n—l +4
4Um+1,nU771,n71 = tUmanT;,nfl +2

m

s—m+n—1Ug Unn-1,
25 + 2n — 1)UT;7nUm,n717

~~ o~ —~

with
(3.16) Uflﬁl = Ufl,o = UO,—l = UO,O =1,
where we denote Uﬁn =Upnn(t,s£1). Then,

_ Um,n—l(t7 S)Um—l,n (t7 S)
Y T U inlt,s — VUi (ts + 1)

(3.17)

gives the rational solutions of Py (1.1) with parameters

(3.18) Ko =8, kKo=s—m+n, 0=m+n—1
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84. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1.

DEFINITION 2. Let p,(:) = p,(:) (z) and q,(:) = q,(:) (z) be polynomials

defined by

1—n
(4.2) o\ (@) = p{ (~2),

S r —r xz r
(4.1) Zp,g)nk:(l—n) exp(——n), p,(g) =0 for k <0,
k=0

(r)

respectively. For m,n € Zx>(, we define a family of polynomials R}, =
Riji() by

(4.3) RY) (z) =

q3 qs q—m+4 q—m+3 —-m—n+5 1—m-—n+4
i R L IR -
Pp—m  Pn-m+1 7 Pni1  Pn o Pan—2 Dop—1
Ppnmt2 Popn—m+3 *°° P—py1 P_ny2 " Pq by

For m,n € Zq, we define R(mr)n through

(4'4) R(r) _ (_l)m(erl)/ZR(_TZn_Ln’ R(r) _ (_1)n(n+1)/2R(7“)

m,n m,n m,—n—1"

Remark. The polynomials py and g (k > 0) are essentially the La-
guerre polynomials, namely, p,(;)(ac) = L,(crfl) (). Moreover, Rﬁ;)n is related

to Spn in Theorem 1.1 as

(4.5) R®)

m,n(x) :Sm,n(t73)7 r = 57 T:28—m+n.
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ProproOSITION 4.1. For m,n € Z, R(mr)n satisfy the following bilinear
equations.

r+1 r
—(2n+ 1)RCTY RY

m,n—+ m—1n—1

— 2RU™) RUFD — (4 m+n+1)RUT) RY)

m—1,n m—1,n*"m,n>

—(2n + 1)R££11,n+1R££;121

— 2RU™V RO — (r 4 m —n)RUTY RO

m—1,n m—1,n*"m,n>

2m+ )R R

m—1,n""m+1n—1

— 2RUTD RU-D 4 (r4m —n)RUSY RE)

m,n—1 m,n— m,n’

@em+ 1R, RUTY

m—1,n—1""m+1n
= mR;thl—)le;ZQ) +(r—m-—n-— 1)R7(7:11—)1R%)m
(4.6) ’ ’ (1) ’ ’

—(2n + 1)R7(72)—1,n—1Rm,n+1

= :):R%f)R(TH) —(r—m-n-— l)R(T) RU~D

'm—1,n m,n"'m—1,n’

_(2n+ 1)R(7“_1) R(T)

m,n—1""m—1,n+1

— 2RUDRITY — (r —m+4n)RY), RV

m—1,n m,n"'m—1,n>

@m+1)R"2  RUTY

m+1,n—1""m—1n

— 2RO R Y 4 (r —m+n—2)REPRYY

m,n" mn— m,n—1°

@m+1)RUD R

m+1n*"m—1n—1
= 2RU) RUY 4 (r+m 4+ n— 1)REIRYY

m,n-"m,n— m,n—1-

Comparing (4.6) with (3.15), we obtain an explicit formula for Uy, ,, =
Umn(t,s) in Proposition 3.3.

PrOPOSITION 4.2. We have
(4.7) Unn(t,s) = cmdnSmn(t,s), m,n€Z,

where ¢, and d, are constants determined by

1
Cm+1Cm—1 = (m + 5>C$m c-1=c¢9 =1,

(4.8) N
dpi1dy_1 = —(n n E)dn, dy=do=1.
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Proof. Putting

(4.9) Um,n(t7 s) = Cman(mr?n(x)?
with

t
(4.10) T=5, r=2s—m+n,

we find that the bilinear relations (4.6) become (3.15). Taking (4.5) into
account, we obtain Proposition 4.2. 0

Applying s; to the solutions (1.8) with (1.9), we get the solutions (1.8)
with (1.10). Then, the first half of Theorem 1.1 is a direct consequence of
Propositions 3.3 and 4.2. It is easy to find that the latter half of Theorem 1.1
is obtained by applying s to the solutions (1.8) with (1.9). Therefore, now
the proof of Theorem 1.1 is reduced to that of Proposition 4.1.

It is possible to reduce the number of bilinear equations to be proved
in (4.6) by the following symmetry of R(mr)n(x)

LEMMA 4.3. We have the relations for m,n € Z>q

(1.12) RO (@) = (-1 2ene /2R (),

Proof. The first relation (4.11) is easily obtained from (4.3). To verify
the second relation (4.12), we introduce polynomials q( I )( ) by

xT
1+n

(4.13) qu 1 +n) eXp( ) " =0 for k < 0.

Comparing the generating function for ¢ with that for g, we see that each

(j,(:) (x) is a linear combination of q](-r)(ac), J=kk—2k—4,.... Therefore
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we can express R%?n for m,n € Z>¢ in terms of p; and g as

(4.14) R") (z) =

i e
q_3 62 T q—m+4 q_—m+3 T q—m—n+5 q_—m—n+4
Tppo1 Doy aw ) Tt Ty
pgjm prmH pgll pg) péﬁlg pgn)fl
Py mio Pop_ma3 "~ Ppi1 P_pyo " Py Py

Noticing that gi and p; are related as

(4.15) 7 (@) = (1" (@),
we obtain the relation (4.12). 0

From the symmetries of R%)n(x) described by (4.4) and Lemma 4.3, it
is sufficient to prove the first two equations in (4.6) for m,n € Z>(, which
are equivalent to

r r+1 r+1 r r+1 r
(4.16) Rﬁn)fl,nJrlen,th)l - Rﬁn;leRgn)fl,nfl - Rﬁnil?ann?n =0,
—(2n + URSr?A,nHRx#f)l

(4.17)
_ $R(T*l) R(r+2) o (7‘ +m— n)R(TJFl) R(r)

m—1,n*"m,n m—1n*‘mn-

In the following, we show that these bilinear equations are reduced to Ja-
cobi’s identity of determinants. Let D be an (m +n+ 1) x (m +n + 1)
determinant and D [Z.l 2tk

Ju Jg2 0 Jk
ing the rows with indices i1, ...,7; and the columns with indices j1,..., ji.

Then we have Jacobi’s identity

} the minor which are obtained by delet-

m m+1
(4.18) D'D{l m—i—n—i—l}
:D[m]D[ m-+1 ]—D[m—i_l}D[ m }
1 m+n+1 1 m+n+1
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We first choose proper determinants as D (D itself should be expressed in

(r)

terms of Ry,'n). Secondly, we construct such formulas that express the minor
determinants by R(mr)n Then, Jacobi’s identity yields bilinear equations for
R, which are nothing but (4.16) and (4.17).

We have the following lemmas.

LEMMA 4.4. We set

r 1 r r r
q3 9 a5 9omnt4a
;’—i-l r' ' r ' 7‘
(4‘19) D= _(q-éi-nf) % ({%7)1—1 T qﬁn)—(n)—kl qz(n))—n
Dy m+1 pn—m+2 T Popn p2n+1
r 1 r ‘r ‘r
R
—n—m+1 Pon—m+2 *°° Py Py

Then, we have

m p(r+1 m
D= (_1) an,n-&la D|: 1

] = R(mr)—l,n—‘,—l’

[m+1 () m m—1 p(r+1)
b 1 } R D{m—l—n—l—l}_( 1) Foptin
(4.20) ,
- m+ (r+1)
D | =me
lm+n+1 (=1) m,n—1
D rm m+1 ] _ g™
L1l m4+n+1 m—1,n—1
LEMMA 4.5. We set
(4.21)
~(r—m—m-+2 r—m—n+1 r—m—n-+2 s
a 2 af o a5 2 SR AL N
~(r—m—m-+2 r—m—n+1 r—m—n-+2 T
s 2 a5 Y a5 2 SR AR
~(r—m’—n+2) (r—m’—n-&-l) (r—m’—n-‘r?) (7‘)
D= 2m—1 2m—1 2m—2 9m—n ,
~(r—m— 2 T 1 T 2 T
(_1)m+npgn m—n+2) (_1)m+npén+ql n+1) (- 1)m+n 1 ( ng n+2) (_1)1Pén)+1
(_1)m+nﬁgr7'mf’n+2) (_1)m+np(37'*m*"+1> (_1)m+n,1pgr7mfn+2) (_1)1p(37‘)
(71)m+nﬁér—m—n+2) (71)m+npgr—m—n+1) (71)m+n_1p(1r—m—n+2) (*1)11757‘)
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where ﬁgg and (jé%ll are defined by
(r) (r)
50 — Dok A Dok
(4.22) Poe =9k 410 1T S 0p— 2
Then, we have
- R R,
[1E2i+1) [IT(r—m-—n+2k)
7=0 k=1
[m n r m+ 1 n p(r
D_ 1] :( 1) +1R£n)fl,n+1’ D|: 1 } :( ) R7(n)n7
D m ] B (_1 n+1xm+n 1 R(T-H)
(23 lmmgr]T T T L
HO(QJ +1) 1] 1(7"— —n+2k)
j:
D- m+1 ] (=1)ramtn ! R(r+1)
Llm+n+1 n—1 ] m m,n—1"
H0(2j+1) IT¢( —n+2k)
jf =
rm  m+41 _ p(r-1)
DLy m—i—n—i—l] = Fntin:

19

It is easy to see that the bilinear relations (4.16) and (4.17) follow
immediately from Jacobi’s identity (4.18) by using Lemmas 4.4 and 4.5,
respectively. We give the proof of Lemmas 4.4 and 4.5 in Appendix B.
This completes the proof of Proposition 4.1 and thus our main result The-

orem 1.1.

85. Discussion

As we mentioned in Section 2.3, the T-cocycles ¢y i m n are polynomials

in a; and f; and admit a determinant expression in terms of a generalized

Jacobi-Trudi formula [21]. When specialized to the seed solution (3.1), we
= ¢m,n, which are given as follows.

obtain a determinant formula for ¢g ¢ .n

£ (t/2),

PROPOSITION 5.1. Let g,(f) (k,l € Z) be functions defined by
2 (—1)% (25-1 2 VE (=1)F
o) = L), g, = L
&k 2 ¢,
o1 (1) Vi 1
20+1 2sT—1) 20+1
9§k+ ) — ( (t/2) gékil)

3
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with

(52) 6 = &(s I20), d=adsh,

I Ew

where Lg)(x) are the Laguerre polynomials and s = 1/2 — s. Then, ¢
under the specialization (3.1) are given by

ntl—i)\ ™"
(5‘3) ¢m,n = mndet( (m JTfH l)>ij:17
where the partition A and the normalization factor N, , are given by
(5.4)
Bm—-n—1,3m—n—4,...,2n+5,2n+2,2n,2n,...,4,4,2,2),
\— (m >n),
Bn—m,3n —m —3,...,2m+ 3,2m,2m,...,4,4,2,2),
(m <n),
and
m—n—1
(=)t e, d,, Hckﬂck H ¢l (m>n),
(5.5) Npn = k=1 k=l
(1), d,, Hckﬂck H G (m<mn)
k=1 k=1 k=1
with
i , 2j — 1
(5.6) G=Tle+i-0 &=TI(s+5—).
j=1 j=1
respectively.

This gives a different expression for the rational solutions discussed in
this paper. Studying the relationship between this formula and our result
might be an interesting problem.
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Appendix A. Determinant formula for the Umemura polynomi-
als

In [9], Noumi and Yamada gave a determinant formula of Jacobi-Trudi
type for the Umemura polynomials in terms of 2-reduced Schur functions.
In this appendix, we give a brief review on this determinant formula, and
show that it is recovered as a special case of our formula.

We normalize the polynomials U, , in Section 3 as

(Al) Uppn = 2m(m+1)/2+n(n+1)/2Tm .
Then we find that the functions 7, = Tp,(t,s) are monic polynomials
generated by the Toda equation
(A.2)

d°T, dT, \2] dT, t 2s+1+3n
R e e
i [dt2 ) e s 4 "
with initial conditions 77 = Ty = 1. The polynomials 7T;, are called

Umemura polynomials. It is easy to see that we have
(A.3) T_1n(t,s) =Ton(t,s+1/2).

Introducing T\n(t, s) by fn(t, s) = T_,(t,s), we have the following proposi-
tion.

PROPOSITION A.l. Let T, = fn(t,s) be a sequence of polynomials in
t and s defined through the Toda equation

PO 2T \ ~ dT,\2] dT, ~
A4 ToirTo 1=t ( ")Tn—( ") Lnp
(A-4) el [ d? dt dt
* [g -7+ 3) +z”}Tw

with initial conditions T\O = T\l = 1. Then, the rational function

Thir(t, s)Th(t, s +1/2
(A5) y=—— +1( S) /(\ s+ / ) ’
Ths1(t,s+ )T, (t,s —1/2)

solves Py with the parameters

(A.6) Ko =8, ko=8—-mn, 0=-n—1
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The explicit formula for fn was given by Noumi and Yamada, which is
expressed in terms of the 2-reduced Schur functions.

PROPOSITION A.2. Let S, = Sy(t1,ta,...) for n > 0 be the Schur

function associated with a partition A\ = (n,n —1,...,2,1). Then, we have
(A.7) Ths1(t,s) = NpSy
with

N, = 27"+ (2, — 1)11(2n — 3)!1- - 3NN,
—25+n+1
+ —

(A.8) t
2 j

tj =

It is easy to verify that Proposition A.2 is recovered by putting m = 0
for the solutions (1.8) with (1.9) in Theorem 1.1.

Appendix B. Proof of Lemmas 4.4 and 4.5
We first note that the following contiguity relations hold by definition,

(B.1) ) —p = pD ) _ o0 1)

and

(B:2) (k+Dpy )y = ol —apP, (k4 1)g), = v + 2.

Let us prove Lemma 4.4. Noticing that pY) =1and p,(:) =0 for k <0,

we see that Rg;)n can be rewritten as

Q?; Q(E)r; qE%n n+3 qirrin n+2 q(jr)n n+1
q3 ds 9 s 9 nt4 qufnJrS
ng)z—1 qg,?:r)z—Q T Qfﬁ)_nﬂ q7(’r:)—n q7(’r:)—n—l
B3) RO, =| pi,, pff)mﬂ R P R
p(ri mta p(i mis p%’”; p%’”; p%f;
p7n7m+2 p,n,erg e Py 51 2
PO P gy Y "] p”
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Subtracting the (7 — 1)-th column from the j-th column of R(TH) for (j
m+nm+n—1,...

r+1 r T
—q§ ) qp q(—r)n n+4 q(—7)n n+3
(1) (r) (r)
q3 das 4 m—n+6 q—m n+5
<r+1) ) <r>' )
(r+1) _ (_1\m dom—1 Ao — 9n—n+2  9m—n+1
(B4) Ry’ =(-1) 4D () ()
n—m n—m-+1 p2n72 anfl
PO P s )
(r+1) (r) o (r) (r)
—n—m-+2 p—n—m+3 Pg Py

From (B.3) and (B

,2) and using (B.1), we get

A4), we obtain Lemma 4.4.

23

We next prove Lemma 4.5. Subtracting the (i 4+ 1)-th column from the

i-th column of R, for (i =1,2,....5, j=m+n—1,m+n—2,...

and using (B.1), we get

71)

(B.5)
r—m-—n-+1 r—m—n+2 r—1 r
@i : 6 : e PR LA NS
r—m—n+1 r—m—n+2 r—1 T
ay - as 2 a0 s d T s
'rfm.fnﬁ»l 'rfmzfn+2 'rle 7‘:
R(T) — qém 1 ) ém—Q ) qin—n)-l—l qin)—n
m,n mdn— r—m-—mn mdn— r—m-—mn T T
(71) Hnl (n 1 +1>( 1) tn=2 (n 1 2 ( 1) pgn 11)( 1)0pgn)—l
(cymtn—Lpr =D (Cqymne 2y roment2) (_1)1p<3r—1> (=)0}
(71)m+n71p(17‘*m*’"«+1) (71)m+n72p(17‘*m*’"«+2) (71)1p5T*1) (*DOPY)
Noticing that pg) = 1 and p,(:) = 0 for k£ < 0, we see that Rg;)n can be
rewritten as
QY m—n) q(()r—m—n+1) q(rml)nJr2 q(r’r)n i
q:()’r m—n) qér—m—n-&-l) q(rml)nJr4 q(r’r)n s
r—m-—n 'rfm.fnﬁ»l r—1 r
(B 6) R(r) — qém 1 ) qém—Q ) q£n n) qf‘n)n 1
. m,n

(—1ymtnplmmT) (Cqymendplromentl)

(_1)m+npér7mfn) (_1)m+n,1pgr7mfn+l)
(_1)m+npé7‘—m—”) (_1)m+n—1pg“—m—n+1)

2n

(-1l Y (=1)05;)

(-t <—1>0pé”
(~)1p{ Y (~1)%p"

We add the j-th column multiplied by (r—2+m+n—j)/x to the (j+1)-th

column of (B.6) for (j =m+n,m+n—1,...
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(B.2), we obtain

n m
B.7) RY, =T]@i+1 [0 —m—n+2k—2)z=0mt
j=0 k=1
~(r—m—n r—m-—n—1 r—3 r—2
5 ) qg ) q(—m )n+3 q(—m )n+2
~(r—m—n r—m-—n—1 r—3 r—2
2(3 ) qg ) q(—m )n+5 q(—m )n+4
~7‘_' — r— '— —1 r—3 r—2
X qém—n} " gm—n; " ) qgn n)—&-l qin n) .
(71)m+nﬁ(22—m—n) (71)m+npg’;l:_7{l—"—1) e (=1) p(22+3) (-1t g:l-‘rQI)
(gl (gl L (12l (il
(71)m+nﬁg“—m—") (71)m+npg7“—m—"—1) (= 1)2p(7“ 3) (- 1)1 (T 2)

Lemma 4.5 follows from (B.5), (B.6) and (B.7).
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