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Abstract

We analyze the process M(z) representing the maximum of the one-dimensional tele-
graph process X(f) with exponentially distributed upward random times and generally
distributed downward random times. The evolution of M () is governed by an alternating
renewal of two phases: a rising phase R and a constant phase C. During a rising phase,
X(t) moves upward, whereas, during a constant phase, it moves upward and downward,
continuing to move until it attains the maximal level previously reached. Under some
choices of the distribution of the downward times, we are able to determine the distribu-
tion of C, which allows us to obtain some bounds for the survival function of M(¢). In the
particular case of exponential downward random times, we derive an explicit expression
for the survival function of M(¢). Finally, the moments of the first passage time ®,, of
the process X(#) through a fixed boundary w > 0 are analyzed.
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1. Introduction

The one-dimensional (integrated) telegraph process is a suitable mathematical model to
describe the random motion of a particle along the real line. The particle moves with finite
velocity, and the direction of the motion is reversed according to the arrival epochs of a homo-
geneous Poisson process. This process was first studied by Goldstein [18] and Kac [23], while
some properties of the solution of the Goldstein—Kac telegraph equation were analyzed by
Bartlett [3].

Starting from these papers, the telegraph process and its generalizations have drawn the
attention of many scientists, especially since they represent an alternative to diffusion pro-
cesses, which are often unsuitable for describing natural phenomena in the life sciences. For
instance, in Beghin et al. [4] and in Lopez and Ratanov [27], the authors analyze the asymmet-
ric telegraph process, whereas Di Crescenzo and Martinucci [12] and Martinucci and Meoli

Received 3 July 2023; accepted 1 July 2024.

* Postal address: Fisciano (SA), 1-84084, Italy.

** Email address: bmartinucci @unisa.it

*** Email address: pparaggio @unisa.it

ok Postal address: Binghamton, NY 13902-6000, USA. Email address: shelly @math.binghamton.edu

© The Author(s), 2024. Published by Cambridge University Press on behalf of Applied Probability Trust.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduc-
tion in any medium, provided the original work is properly cited.

453

https://doi.org/10.1017/apr.2024.49 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.49
https://orcid.org/0000-0001-8340-4200
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/apr.2024.49&domain=pdf
https://doi.org/10.1017/apr.2024.49

454 B. MARTINUCCI ET AL

[28] treat the case of a general distribution for the random times between consecutive rever-
sals of direction. The telegraph process with an arbitrary number of velocities is analyzed in
Kolesnik [24], whereas Stadje and Zacks [37] and De Gregorio [10] consider the case of ran-
dom velocities. The telegraph process perturbed by jumps is studied in Ratanov [35], and the
large deviation principle applied to the telegraph process can be found in De Gregorio and
Macci [11]. See also Garra et al. [31] and Cinque and Orsingher [7] for some multidimen-
sional extensions of the telegraph process, and Di Crescenzo ef al. ([13, 14]) for the telegraph
process confined by boundaries.

The rising interest in the telegraph process concerns not only the theoretical description of
the model but also its application in several fields, such as biology (see Hillen and Othmer
[21] for the use of the telegraph equation to model chemotactic behavior), physics (see, for
instance, Weiss [40] for applications in electromagnetic theory), ecology (see Holmes et al.
[22] for a model of the dispersal of wild animals) and financial market modeling (see Kolesnik
and Ratanov [25] and Pogorui et al. [32]).

Recently, Cinque and Orsingher ([5, 6]) have addressed the problem of finding the distri-
bution of the maximum level reached by the particle up to time 7 in the case of the standard
telegraph process. A similar topic has also been studied by Masoliver and Weiss [29], who
analyze the process representing the maximum displacement (i.e. the difference between the
maximum and the minimum) of a telegraph process, and by Ratanov [36], where some explicit
formulae for the distributions of the running maximum/minimum, first passage times, and
telegraphic meanders are obtained. In general, there are few processes for which explicit
expressions for the distribution of the maximum and that of the first passage time through
a fixed boundary are known. However, these distributions lend themselves to important appli-
cations. For instance, the motion of some microorganisms is often driven by a telegraph-type
equation (see Komin et al. [26]), and it may be of interest in finding the maximum displacement
reached by such organisms or the first time instant at which the motion reaches a fixed bound-
ary representing a critical threshold. In addition, the study of the maximum may be of interest
in finance (for asset pricing models based on the telegraph processes, see Di Crescenzo and
Pellerey [15]), and also in geology (for the ground displacements sometimes described as the
superposition of an asymmetric telegraph process and a diffusive component, see Travaglino
et al. [38]).

In the present paper, we aim to analyze the process M(¢) which represents the maximum
level reached by the particle during the time interval [0, 7] in the case of constant velocities
with equal absolute value. The evolution of M(?) is represented by an alternating renewal of two
phases: a rising phase R and a constant phase C. In particular, the constant phase C represents
the duration of an interval in which the particle moves upward and downward, starting with
a downward movement, until it reaches the maximal level previously attained. Note that the
constant phase C can be regarded as the sojourn time (see, for instance, Ray [34]) of the process
M(¢) in the previously reached maximal level. The problem of finding the distribution of the
sojourn time is of great interest in many research areas (see, for instance, Debicki et al. [9] and
Foss and Miyazawa [17]). In our context, the distribution of the constant phase C is related
to the survival function of M(f). Moreover, the moments of the first passage time ®,, of the
telegraph process (or equivalently of M(¢)) can be determined starting from those of C.

The paper is organized as follows. In Section 2, we describe the telegraph process with
exponentially distributed upward random times U; and generally distributed downward ran-
dom times D;, and we introduce some basic definitions. In Section 3, we present the general
reasoning for finding the distribution of the maximum M(#), together with some general results
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regarding the moments of the first passage time ®,,. Then, in Sections 4 and 5, we specialize
the results obtained for a general distribution of D to the cases when the downward random
times have the following distributions: (i) exponential, (ii) Erlang, (iii) weighted exponential,
and (iv) mixture of exponentials.

2. The model

Let {X(#); t > 0} be a one-dimensional integrated telegraph process. Such a process describes
the motion of a particle which starts from the origin at the time # =0 and then moves upward
and downward alternately with velocity v = 1. The first motion of the particle is upward, and
the duration of this motion is denoted by U;. Then the particle spends a random length of
time, denoted by D, moving downward, before changing its velocity from v=—1 to v=1,
and so on. More precisely, we denote by U;, i € N, the random variables representing the dura-
tions of intervals spent by the particle moving upward and by D;, i € N, those representing
the downward periods. We assume that the sequences of positive, independent and identically
distributed (i.i.d.) random times {Uj, Uy, - - - } and {Dy, Dy, - - - } are in turn mutually inde-
pendent. In particular, the random variables U; are set to be exponentially distributed with
parameter A, whereas the variables D;, for any i € N, follow a general absolutely continuous
distribution function G, with probability density g.

Denoting by T}, the nth random instant at which the motion changes velocity, we have

Tpn=U"+D",  Tyyi=To+Up1, n=01,...,

where U® = D© = and

U":=U+...4U,, D™:=Di+...4+D,, n=1,....
Hence the position of the particle at time ¢ can be expressed as
t
X(0) = / v(=1)"s ds,
0
where v =1 and
+00
A= Z 1{T,,§t}: Ao =0,
n=1
is the alternating counting process characterized by random times 7, 7>, - - -, which counts

the number of the particle velocity changes in [0, f].
Let us consider the process M(f) which represents the maximum level reached by the particle
during the time interval [0, 7], i.e.

M(t) = SUPp <<t X(s).

The evolution of M () is governed by an alternating renewal of two phases: a rising phase R and
a constant phase C, as shown in Figure 1. During a rising phase of the supremum, the particle
moves with positive velocity, whereas during a constant phase C of M(#), the particle moves
upward and downward, starting with a downward movement and then continuing to move until
it attains the maximal level previously reached. Because of the memoryless property, the rising
phases R;, for any i € N, are independent and exponentially distributed random variables with
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FIGURE 1. The telegraph process X(f) and the corresponding supremum process M(t).

parameter A. Moreover, the random variables C;, i € N, are i.i.d. Obtaining their distributions
will be the task of the next sections. Obviously, since during a constant phase the maximal
level of the particle does not change, the distribution of M(#), for any fixed time ¢, is equal to
that of the portion of time in [0, #] spent during a rising phase.

3. The distribution of the supremum

Let us introduce the auxiliary compound Poisson process

N(t)

Y()=Y_ Dy, >0, (1)
n=0

where Dy =0 and
n
N(?) := max IneNo:ZUift} , 2)
i=1

which is a Poisson process with intensity A. From the definition, the condition Y(f) =s — 1,
0 <t <s, means that during the interval [0, s] the particle moves up for ¢ time instants and
down for the remaining s — ¢ time instants. From Equation (1), we have that the probability
law of Y () is characterized by a discrete component

PY®)=0)=P(N@{H) =0)=eM

and an absolutely continuous component

00
h(u, ) := %P(Y(t) <u)= 2 p(n, \Dg™(w), >0, (3)
where "
p(n, At) = P(N(H) =n) = (1) e M n € No, 4

n! ’

is the probability distribution of the Poisson process N(¢) (see Equation (2)), and g(”) is the
n-fold convolution of the density g of the random variables D;.
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Denoting by D the duration of the first downward period, or equivalently the length of the
first downward movement, let us set

T:=T(Dy):= inf{t:Y({#)=—D1 +1}.
The stopping time 7'(D) represents the smallest time such that

N(I(Dy)) N(T(D1)+1

Z D;— Z Ui+ D; =0,
i=1 i=1

so that T(D1) corresponds to half the time taken by the particle to reach the previous maximal
level. Hence, denoting by C := C(D7) the duration of the constant phase, we have

c)L2-T(D), )

where < denotes equality in distribution. Moreover, from Equation (5), a lower bound for
T (D) easily follows. Specifically, since the duration of a constant phase is at least equal to
2- D1, we have T(D1) > Dj.

Note that, because of the assumption of i.i.d. downward times, we have T = T(D), where
the random variable 7(D) has finite moments if and only if (see Zacks [39])

E(D) < E). (6)

Theorem 1. The probability density of the stopping time T is given by

d 1 ¢
frn= BT <n=e"gO)+ Y pn, ) /0 "t —xgdy, 120, (7)

n=1

where p(n, At) is as defined in Equation (4) and g™ (x) denotes the n-fold convolution of the
density g.

Proof. The conditional density of the stopping time 7(D1), given D1 = x, can be expressed
as follows: N

where h(u, t) is as defined in Equation (3).
Moreover, the probability that 7(D1) = D1, conditional on the duration of the first down-
ward movement Dp, can be obtained by means of the compound process Y(¢). Indeed, we have
P (T(D1)=D;|Dy) =P (Y(D})=0) =" ©)

Hence, by Equations (8) and (9), and recalling Equation (3), we immediately obtain Equation
7). O

Using Equation (5), and recalling Theorem 1, we immediately obtain the following
corollary.

Corollary 1. For t > O, the probability density of the constant phase C can be expressed as

feti= Sre <=L ¥e(H)+ LY p(n ) / P ae(L e 10
n=1
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In the sequel we shall denote by F¢(f) := P(C <t), t > 0, the distribution function of the
random variable C and by F’ (C")(t) its n-fold convolution.
Aiming to formulate the distribution of the supremum process M(t), let us introduce the

compound Poisson process
N@)

Zty=Y_ C, (11)
n=0

where N(?) is as defined in Equation (2) and the random variables C,, are i.i.d. random variables
with probability density given in Equation (10). By Equation (11), we immediately get the
following remark.

Remark 1. The moment generating function of the process Z(#) is given by
Vz(t, 5) = E(e?0) = ¢ M=Vl (12)

where
Ye(s) = E(e*©) (13)

is the moment generating function of the random variable C. Moreover, the expected value and
the variance of Z(f) can be expressed in terms of the moments of C. In particular, we have

E(Z(t)) = ME(C),  Var(Z(t)) = ME(C?). (14)

The following theorem provides the expression for the survival distribution of M(¢).

Theorem 2. For t > 0, the survival function of M(t) is given by

+00
P(M(1) > w) =Y _ p(n, aw)F& (1 — w), (15)
n=0

where p(n, Aw) is as defined in Equation (4) and F(él)(t) is the n-fold convolution of the
distribution function of C.

Proof. By Equation (11), the distribution function of Z(¢) can be expressed as

+00
Hz(z 0= PZ0 <) =Y p(n, \)F ().
n=0

Hence, the proof immediately follows from noting that
P(M(t) > w)=Hz(t —w, w).
g

The relevance of Theorem 2 is its validity whatever the distribution of D. However, the
expression given in Equation (15) may lead to complicated calculations because of the presence
of the n-fold convolution of the distribution function of C. Therefore it is useful to obtain some
bounds for the survival function of M (), which are provided in the following proposition.

Proposition 1. For t > w > 0, the following relationships hold:

L(t,w) <PM(t) >w) < U(t, w),
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where
= (Aw)ke=2w t—w\ 1
Lit,w):=Y “———|Fc|— ] . U(t, w):= exp [—aw(l — Fe(t — w))]
= k! k
(16)
and Fc(t) is the distribution function of the constant phase C.
Proof. The result easily follows from considering C) := max{Cjy, ..., C¢}, k€N, and
recalling Equation (11). Indeed, we have
At k ,—\t
B(Z() < w) = Z( Le (ZC <W>
k=0
+00 )\,[)k —At .
Z ——— [Few)I* =exp [=1(1 — Few))],
k=0
and, similarly,
(,\t)k —“ W\ X (ke wy ¢
Pz <w)z Z S Flw=g) =2 [ (D))
k=0 k=0
O

3.1. First passage time distribution
Let ®,, be the first passage time of the process M(#) through a fixed boundary w > 0, i.e.

O, = inf{t > O:M(t) = w}. a7

Note that the random variable ®,, is identified with the first time instant at which the process
X(#) crosses a fixed level w. The relationship between the moments of ®,, and those of the
constant phase C is shown in the following proposition.

Proposition 2. For w > 0, the expected value and the variance of the first passage time ©,, are
given by
E(Oy) = E(Z(w)) = AwE(C), (18)

Var(®,,) = 2wE(Z(w)) + Var(Z(w)) = 2Aw*E(C) + AwE(C?), (19)
where the compound Poisson process Z(t) is as defined in Equation (11).

Proof. By using integration by parts, we have

“+o00

+00
Yz(w, —s) = / e hz(x, wydx = s/ e YP(Z(w) < x)dx
0 0

+o0 oo
=5 / e P(M(x +w) > w)dx = se®™ / e YP(M(y) > w)dy.
0 w

Hence, the equality
e "Yz(w, —s)

+00
. = f e YP(M(y) > w)dy (20)
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holds, so that

—Ssw

+o00 e—sw +o00 e
/ e V(1 =PM(y) > w))dy = - [ e VP(M(y) > wydy = (I —Yz(w, —s)).
w w S
21
Since
+00 +00 +00

lirr(l) e (1 =PM(y) > w))dy= / P(M(y) <w)dy = / P(®,, > y)dy =E(By),
and if we recall that

lim e_sw(l —Yz(w, —s)) = lim iwzw, -s)| =EZw)),

s—>0 5 s—0 ds =0

the proof follows from Equation (21) and the first of the equations in (14).
Moreover, from Equation (20), by differentiating both members twice with respect to s and
evaluating the result for s = 0, we obtain

2 +00
2wE(Z(w)) + E(Z*(w)) = ZWEMz(W, 9O+ d—Mz(Wv 0)= / 2yP(M(y) = widy,
ds s=0  ds? o
so that
E(@fv) =EZW)2w + E(ZWw))) + Var(Z(w)). (22)
Hence, Equation (19) follows from Equations (14) and (22). O

4. The distribution of the maximum

This section is devoted to the analysis of the distribution of the maximum under different
choices of the distribution of the downward random times.

4.1. Exponentially distributed downward random times

Let us assume that the random variables D;, i € N, are exponentially distributed with param-
eter i > 0. From now on, we assume p > A so that the condition (6) is satisfied. The probability
density function of the constant phase C is provided in the following theorem.

Theorem 3. In the case of exponentially distributed downward times, for t > 0, the probability
density function of the constant phase random variable is given by

—(A+u)t/2
fe()= Miﬁll (/A1) (23)

where I,,(x) is the nth-order modified Bessel function of the first kind,

+00

1 X\ 2m+n

m=0
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FIGURE 2. The density fc(f) (left) and the distribution function F¢(z) (right) for A = 0.2 (solid), A = 0.5
(dashed), A = 0.8 (dotted), and . = 0.5.

n.n—1,—ux
Proof. 1f D ~ Exp(14), then g (x) = “—¢" n € N, x > 0. Hence, from Equation (7), for

t >0, it follows that

we Mrdx

1 Z ()»l)n —\t /t x,u"(t _x)n—le—p,(t—x)
0 (n—1)

_Me—(k+u)t +o0 Ouut)" (;_x)" L
- t o nv(n !

— —(A+p)t +§ ()‘/Ltz)n _ — (Ot 1 11(2[«/)\,/1,)
=Hune o M +—,
— nl(n+ 1! m

so that the proof follows from Equation (10). (|

Plots of the density fc(#) and of the corresponding distribution function F¢(f) are given in
Figure 2 for some choices of the parameters.

In the following proposition we provide the expression for the n-fold convolution of the
density fc.

Proposition 3. In the case of exponentially distributed downward times, for t >0 and n € N,
the n-fold convolution of the density fc is given by

Proof. The proof is by induction on n. The equality holds for n =1. We suppose that
Equation (25) holds for n € N, and we show it is then true for n + 1. We have

t
£y = fo SO0l — 0

M ~Otu1-x)/2

T L((t = x)y/a)dx

"nosu\n/2
— | " (ENYE o2y o/
/O (5)" e WCry/Age)

X

n+1 ju\e+h/2
== <X> eI (/)
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following the equation (cf. Equation 11 in Section 2.15.19 of Prudnikov et al. [33])

@ 1 n+m
I,(ac — cx)l,(cx)dx = Lyyn(ac), a,n,m>0.
o X(a—x) anm

O

Starting from Proposition 3, we now provide an explicit expression for the density hz(z, f)
of the compound process Z(t).

Proposition 4. In the case of exponentially distributed downward times, for t > 0, the density
function of Z(t) is given by

d =t ,—(A+)z/2 ¢ —-1/2 2t
hz(z, 1) = d—Z]P’(Z(l)SZ)=%(t\/?»M) (22+ 1) I |z, /A (1 +;> .

Moreover, we have P(Z(f) = 0) = ¢,

Proof. The equality follows from straightforward calculations. Indeed, for any ¢ > 0,

100 —At n
(A)e 7 no_g;
ha(e =Y L KOy o
Z(Z ) — n ()\'M)n/Q. z e l’l(Z ,U,)

—At ,—(A+pu)z/2 190 ( n/2
e e t/AL)
In(zy/20)

z o n—=1)!

—At ()22 ; —12
= ¢ i) (2- + 1) I (,/wﬁ n 2wtz>
Z Z

e—Ate—(k+u)z/2

12
= fz\/m <2§ + 1) I (z\/ku(l + 2t/Z)> :

where we have used the following relation (cf. Equation 4 in Section 5.8.3 of Prudnikov et al.

[33D):
Ik P —n/2
Z Eanrk(Z) = (22 + 1> I, (\/ 2+ 2tz) .
k=0

O

Some plots of the density hz(z, ) are provided in Figure 3 for different choices of the
parameters.

The following proposition provides an expression for the survival function of the supremum
M(?) in terms of a series of products of modified Bessel functions and generalized Laguerre
polynomials.

Proposition 5. In the case of exponentially distributed downward times, fort > 0and 0 <w <
t, the survival function of the supremum M(t) can be expressed as

2W k,u _ Gt (u=w
IP) M = 1 B —————— 2 2
) =1 = P e
= 2 / Y
x Y ! (— o \/lfz_—wz> i (\/waz —w2>) L3 a4, 26)

J=0
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hz(2,1) hz(z,1)

0.05
0.041\
0.03

0.02

10 20 30 40 50 60

FIGURE 3. Left: the density hz(z, ) as a function of ¢ for z =2, A = 0.2 (solid), A = 0.5 (dashed), A = 0.8
(dotted), and o = 0.8. Right: the density hz(z, t) as a function of z for u = 0.3, A =0.5,7=1 (solid), r =2
(dashed), and r = 3 (dotted).

where Lﬁ(x), neN, denotes the generalized Laguerre polynomial. Moreover,
PM()=1t)=e M.

The proof of Proposition 5 is given in Appendix A.
The following proposition provides an asymptotic result concerning the survival probability.

Proposition 6. For w > 0, we have

lim P (M) >w)=1.
t—4-00

Proof. This follows immediately from Equation (26), if we recall Equation (9.7.1) of [1]
and the definition of generalized Laguerre polynomials (see, for instance, [2, p. 220]). (|

In the case A = u, the following proposition provides an expression for the survival function
of the supremum M(t) in terms of the Marcum Q-function, which is a special function occurring
as a complementary cumulative distribution function for a non-central chi-squared random
variable.

Proposition 7. In the case of exponentially distributed downward times, fort >0, 0 <w <1,
and A = , the survival function of the supremum M(t) is given by

P (M(1) > w) = eIy (AT—wy/TFw) +2 [1 — 0 (\//\(z w), VA — w))] Q@

where Q1 (a, b) denotes the Marcum Q-function of order 1, defined as

400 x2 + a2
Q1(a, b) =/ X exp (— 3 ) Ip(ax)dx, b>0.
b
Moreover, P(M(f) =) = e M.

Proof. From the definition of the compound Poisson process Z(¢) (see Equation (11)), and
by Proposition 4, we have that, for 0 <w <1,
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—w
PM(t) >w)=Hz(t —w, w) = / hz(x, w)dx
0

X(AHL)
1
=e )‘Ww\/)»uf L (x Al (1 +2v_v>> dx + e
X /2& +1 X
X

Making use of integration by parts, we have

P (M(t) > w) = e Iy (A/T— Wi/t +w)
+ /0 T e [Mo (10 (rava+aw) - A (mm))}

it
=10 =)+ [ 10 =) - L (322 ]y

HFw " hEw
(28)
Considering the definition of the modified Bessel function of the first kind, we have
/ —2y/2 (Io (MWt+wy—w) — w/_i_—Il (AVT+wy= w))
w
2efkw/2 Ji—w )
T Virw ze 2 (V¥ why (et w) — 2l (A4 w)) dz
w
_ - + 2n+1 /) \2n + 2n+1 () \2n+1
2 e (W (59 SR (0 (59T
Jt+w = n'n! = nl(n+1)!
2e=/2 [ X (5@t +w))" A X Ga+w)" Y
p [Z nnl 7 <”+ R W)> 2 PICES I ("+ e W)) ’
n=0 n=0
(29)

where y (s, x) denotes the lower incomplete gamma function. Hence, recalling the recurrence
relation (see, for instance, Equation (6.5.22) of [1])

y(is+1,x)=sy(s, x) —x’e™™, (30)
we find that Equation (29) becomes

—Aw/2 [+ (A n _
2e [Z (@ +w) ) (n+1, x(tz w)>

A n'n!

(t+w) At —w) e (A n+1
‘? A D) ((”“” (1,252 - (G-w) )]

2 RS o) ()™
Y nl(n+ 1)!

n=0

e M Jt—w
= I (At —wAt+w).
A 4w 1(
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Hence

!
/ e M2 M2, (AVy=wi/t+w)dy
w

[ [ (1= L2 =) ) | o

Finally, from Equation (28) it follows that

t
P (M) >w) =e Ml (AT —wi/T+w) + 1 / e MLy (M/y — wi/t+w) dy
w

A(r—w)
=e M, (M/t —wit+ w) + f e M AHHW=x/2 (v AxAt+ W) dx
0
and the desired result immediately follows from recalling the definition of the Marcum
Q-function. O

The result obtained in Proposition 7 is in agreement with that given in Cinque and Orsingher
[6] (cf. Equation (2.26)), as proven in the following remark.

Remark 2. The survival function of M(¢), obtained by considering the distribution function
given in Equation (2.26) of [6] for ¢ = c; = 1, can be identified with Equation (27). Indeed,

+oo t+w an r—w b
PRy . — frw (/==
PM@)>w)=1—c¢ ;IJH (A (t w)(t+w)) ( t_w> ( r+w>

B L = ) VR Y ) SRV N0
=l-e Z—!(t+w)z.(t wy + Z.(Hyzh.(f wy'
m=1 j=0 Jj=0 h=j+1

=)
—l4e ™ (_H_ex/z(zw))_i_ex/z(zw)emz_:l#(t_i_w)m
. [y<m+1,§<t—w»+y<m, %(z—w»_l]
I(m+1) I" (m)

Hence, by Equation (30), the survival function can be expressed as

P (M(t) > w) = — 2¢ ™ + 26 300" 4 e MLy (AT —wi/T+ w)

+2e” z<’+W>Z (t+w) (m+1,%(t—w))

= e Ml (AT—w/TFw) +2 [1 —0 (J)\(z Fw), /= w))] ,
where the last equality holds by virtue of Equation (61.2.5) of Hansen [20].

Figure 4 shows the behavior of the distribution function P(M () <w) for some choices of
the parameters, obtained from (26) as the complementary function.
In the following proposition, we provide the expression for the expected value of M(z).
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P(M(t)sw) P(M(t)sw)
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FIGURE 4. The distribution function P(M(¢) <w), in the case of exponentially distributed downward
times, when r = 30. Left: © =0.5, A =0.5 (solid), A = 0.3 (dashed), and A = 0.2 (dotted). Right: A = 0.5,
w=0.5 (solid), u = 0.7 (dashed), and p« = 0.9 (dotted).

Proposition 8. In the case of exponentially distributed downward times, the expected value of
the supremum M(t) is given by

h
A h
l—e™ (4) m 2\
EMQ®)=———+ — — 7 Z D!
(M(#)) Y +2A2h!(h+l)!z<r) (A) r+1)
h=0 r=0
2 14+2h—r A t
X |:<—) y (1 +2h—r, -+ 1) ) — g M A2
A+ 2
r+1 k
At A— )t
x Zﬁﬂ Qh—rt 1kt 1) Fy (1420—r242n+k—r ZZM0Y |
= k! 2
(31)
where 1 F1(a; b; 2) is the confluent hypergeometric function
+o0 k
(a)kz
Fi(a, b;z):= , 32
1Fi(a, big)= Y Dk (32)
k=0
y (s, x) is the lower incomplete gamma function, and B(x, y) denotes the beta function.
The proof of Proposition 8 is given in Appendix B.
Remark 3. In the case A = u, the expected value of M(¢) is given by
E (M(1)) = et (Ig(At) 4+ I} (A1) , t>0. (33)

The result follows from Equation (31) if we note that for u = A,

r+1 (At)k
Z 0 h Qh—r+1,k+1)1Fi (14+2h—r;2+2h+k—r;0)
k=0
2D (R — )T B4 h, M) 4+ (2h + 2T (1 + 2k — r, A1)
h 2h+2)! ’
We remark that Equation (33) coincides with Equation (5.10) of Cinque and Orsingher [5].
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4.2. Erlang distributed downward random times

Let us now consider the case D ~ Erlang(u, k) with k € N, i > 0. In the sequel we shall
assume k/p < 1/A, which ensures the validity of the condition (6). The density of D is
given by
/,thk_le_l”

W, t>0.

g = >
In the following proposition, we provide the expression for the density of the random

variable C.

Proposition 9. In the case of Erlang distributed downward random times, for any t > 0, the
density of the constant phase C is given by

1 X £\ k=1 —Gt2 ft k+1
fewy =31k (3) e Wien bt (5) . (34)
where
+oo Zj
W, (Z)Z YR ,0>_1’,3€(Ca (35)
PP ;J!F(pﬁﬁ)

is the Wright function.

Proof. From Equation (3), the density of Y(¢) is

e~ M—nu +0o ()\.I/JLkuk)n
Ak — D’
n=1

O<u<t.

h(u, t) =

Hence, taking into account Equation (7), the probability density of 7', for any > 0, is

t
ﬁ®=€%®+A§W—&%®M

ey 'y f e=M—mi—x) +00 ()»l,bLk(l _ x)k)n kakfleﬂm
=e Mg+ | - dx
0 t—x = nl(nk —1)! (k—1)

k +00 k\n t
Y [ —A—put (Atp”) f k kn—1
— Nt H Ay ‘- dx
e+ e ;n!(nk— o1 J, T

X ooupkyr AOEDR ik — 1)

k

—t I —A—put

= t _—

IO R 2 n(nk — 1) (k + kn)!

n=1
A ky k=1 —1(t )+OO (et
=e Mo(t) + pkt e 10AR =

s+ Zn!(k—i—kn)!

n=1

Finally, by Equation (10), we have for > 0
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1 k 2 k—1 1 k— by 2 k+1 \n
fc(t):ie*()vﬂi)f/zp“ @2 Stk (i) f(xw)z/zz( w2t

(k—1)! 2 nl(k + kn)!
— k
1 kk(t)k o~ Ott/2 Z X Ok (@/2)F
BN nlk +kn)!
so that the proof immediately follows from Equation (35). O
Remark 4. Note that for k = 1 Equation (34) becomes
\2\"
1 N2\ 1 2 (e (9)%)
w2 (_) _ 2 o Ot/2 N7
t = W A =
fe®y_ e "2< “3 ) e r;) m!(m + 1)!

I (At
_ Me—()»-m)t/ZM, >0,
At
which is the density of C in the case of exponentially distributed downward random times.

Proposition 10. In the case of Erlang distributed downward times, the upper bound U(t, w)
provided in Proposition 1 has the following expression: for any t > w,

o \EEE Gy (ke k, S
) . G6)

Ut,wy=exp{ —w|1—k|—— - — -
(& w) = exp (A—i—u 0+ T G+ k+ 1)

where y (s, X) is the lower incomplete gamma function.

Proof. From Equation (34), the distribution function of C is given by

‘ L \EEX by (j +jk + &, —(”2“”)

Hence, the result immediately follows from Proposition 1. (]

In Figure 5 we provide plots of the lower bound L(z, w) defined in Equation (16) with
Fc(w) as given in Equation (37) and U(z, w) as given in Equation (36), for different choices of
parameters.

4.3. Weighted exponentially distributed downward random times
Let us assume that D ~ WE(«, ), with o, i > 0, so that the density of D is given by

1
)= L0 e mir — ety ps, (38)
o

A random variable having such a density is said to have a weighted exponential distribution
(see Gupta and Kundu [19] and Das and Kundu [8]). Note that the exponential distribution
can be obtained from Equation (38) by letting o — +00. We assume 0 <A <%, a > 0 (or
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FIGURE 5. The lower bound L(t, w) and the upper bound U(¢, w) of the survival function of M(¢), in the
case of Erlang distributed downward times, for u =9, k=2, t =3, A = 2 (left), and A = 3 (right).

% <A< U,a> ‘j\%ﬁj‘), so that the condition (6) is fulfilled. In the following proposition we
obtain the expression for the density of the constant phase C.

Theorem 4. In the case of weighted exponentially distributed downward times, the probability
density function of the random variable C is given by

t
I+ a)u S T 1+o)u ot
ukU%—————— ﬁﬂau E:nmn+1y< " > h+u2(7r>, t>0.

(39)

Proof. From Condition 4 of [19], by considering two independent exponentially distributed
random variables, i.e. U ~ Exp(u) and V ~ Exp(u(1 + «)), we can easily see that

U+VED~WE@, .

Hence, if {D1, ..., D,} is a collection of n independent random variables such that D; ~
WE(, n) foranyi=1, ..., n, then

L otTe?

where U ~ Erlang(u(1 4 ), n) and V ~ Erlang(u, n). Moreover, denoting by f7(x) and f(x)
the densities of U and V respectively, we have

+00

0= [ ftafpu—nds= [

"(1 + a)nxnflefu(lJra)x Mn(t _ x)nflefu(tfx)
(n—1) ' (n— 1)

2,
_ /t(n(l T)(');zn /txn—le—u(l—i-a)x(t _x)n—le—u(t—x)dx
n— .

o (n—1)! 12\
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Hence, from Equation (7), it follows that

_ oa+1 _ ()»t)” —M PR _
fr(H) = pe (Atp)t . (1- ol;l.t) ; Z /0 ut—aut—1/20pux (_1 +eau(t x))

n!
n=1
apm (1 +a)ux\™! auxy 1
X/ (x—=Dl—12 ( ) —dx
X o 2/ nlx
—ut—At—ojut

ouT

1
— Me*()r‘rll«)fa jx_ (1 _ e*Ot[,Lt) _

t

+0o0 n+1
(A" 1+ a)u —1/2 o X
anzl n!(n—l)!( « ) /oe =t (7)o

t—At n n+1
. \/_Z (M) D ((H—a)u) /0 P 2t — ), 1/2(agx)dx

o

_ o+ 1 _ _
= e (At - (1—e aﬂt)+e Ht—At— \/—Z

(}\'t2)n ((1 +a)M>n+l
nl(n+ 1)! o

aut _ a2 (A+ap\" aut
s () e SO (e

Finally, the result follows from taking into account Equation (10). (]

Remark 5. For « — +o00, since (see, for instance, Equation (9.7.1) of [1])

ot eamnt/4
e () o
ntlf2 4 ot
2

we have that

I (tv/Aw) =0

Vipt ST

1
~ _ G2
aBIJrrloofC(t) 2/,Le

which is identical to the density function of C in the case of exponentially distributed
downward random times.

The following proposition provides the expression for the upper bound for the survival
function of M(t).

Proposition 11. In the case of weighted exponentially distributed downward times, the upper
bound U(t, w) (see Proposition 1) has the following expression:
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B I+ 2map 1 (14 a)ur
U(f’w)—e’q’{_kw[l_ 2a (A+u+au)zzn‘(n+l)'( o )

1 ap\n X[ a2 \* 1
()Y ( © ) (40)
A+ p+oap) \ 2 = \At+putau) Tk+n+3/2)k
t—w
xy<2+2k+3n,(k+au+M)T)]}, t>w>0,
where y (s, X) is the lower incomplete gamma function.

Proof. Recalling Equation (24), from Equation (39) we have that the distribution of C, for
t>w >0, is given by

nl(n+ 1)! o

x/Wexp( (. + 1)1 am><t>2”+”2, e (“W>dt
- _ = n+ s
0 2 4 ) \2 2

_a +a)u e 1 A +a)ur\"
Z n'(n+ 1)! ( o )

1 w (A4 )t aut £\ 2n+1/2 aut 2k+n+1/2
D & 32k‘/ eXp<_ > 4 (E) (T) dr
=y Dkt n+3/2)k! Jo

(1+a)u S 1 REIA
Z !(n—l—l)!( a )

1 1 1 N\
Few) = (“‘)‘W_Z <( +°’)”“)

+00 21/272k7n )]/2+2k+n

(ap
T (k+n+3/2)0k (A p+ ap)rHakesn

y (2+2k+3n, (k+au+u)g).

(41)
Hence, the result follows from Proposition 1. O

Figure 6 shows plots of the lower bound L(¢, w) defined in Equation (16) with Fc(w) as
given in Equation (41) and the upper bound U(¢, w) given in Equation (40), in the case of
weighted exponentially distributed downward times, for various choices of the parameters.

4.4. Mixed exponential downward random times
This section is devoted to the case in which the downward time D is distributed as a mixture
of two exponential distributions, so that the density of D is given by

fo()=bipie ™M +bypre ™™, >0, (42)

with b; > 0, fori =1, 2 and b1 + b» = 1. Throughout the section we assume that
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FIGURE 6. The lower bound L(t, w) and the upper bound U(¢, w) of the survival function of M(¢), in the
case of weighted exponentially distributed downward times, for « =1, A =4, t =3, u =10 (left), and
u =12 (right).

so that the condition (6) is fulfilled.
The following theorem provides the expression for the density of the constant phase C.

Theorem 5. In the case of mixed exponential downward times (see Equation (42)), for t > 0,
the probability density function of the constant phase C is given by

+00 2N\" -2 no(n k
1 At b
fe=2 Y (R} 5 Wy (i
24\ 4 ) i+ Dol baur

_ t - ,
X [blme w2 gy (n—k, n+2, (u —MZ)E) + bypae 212 Fy (k, n+2, (2 _/“)5)]’
(43)

where 1F1(a, b; 7) is as defined in Equation (32).

Proof. Let us start with the computation of the n-fold convolution of fp. Setting f;(r) :=
wie i’ forany i =1, 2, we have

n
o= ( k) By o« M, =0,
k=0
where f x g denotes the convolution of f and g. In particular, we have that
phph et
k—Dn—k—1)!

+00
RO AROE / AP of" P - odx =

k k — -1
X /txk_l(t —x)"—k—le_ltlxeﬂzxdx MIMH e 1F1k, m, (u2 = Ml)t).
(n—1)

Hence, f}, (")(t) can be expressed as follows:

n
n _ 1F1(k, n, (o — )
f<n)(t) = Z <k>blfbg kulfﬂg k g—natn—1 T .
k=0
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From Equation (7), we have

1% to . ,
fr=2 2 pin “)fo B0 —anptods= Zp(n mZ ()1)' baus (szl)
n=0

t
X [blm / xe MU= — Lo X Bk, ny (o — ) — x))dx
0

t
+ bapta f xe MU — )"l e TR ik, m, (g — )t — x))dx} :
0
It is not hard to show that

t
/ xe MU — )"l Fy(k, m, (g — pa)(t — x)dx
0

t
_ehit fo 2t = 0" Fyn— ko, (1 — )t — )

n+1
= Hi! Fi(n—k, 2, — )b,
e w1 1(n n+2, (u1 — u2)t)
and
t
f xe MU0 — )" eI Fy(k, n, (pa — )t — x))dx
0
t
=e M / x(t — )" Fik, n, (na — pup)(t — x))dx
0
+1
= ! Fi(k, 2, — U,
¢! 1k, n+2, (2 — pu1)n)
Hence, Equation (43) follows from Equation (5). O

Remark 6. For b) = b = % and (| = up = W, since (Fi(n —k, n+ 2, 0) = 1, we have that

feto, e o] (I
i P R 2 = \4) nen+n =k

—(OH /2

e 1 At

_ K 1 ( M), /50,
At

which is the same as the corresponding result in the case of exponentially distributed downward
random times.

Proposition 12. In the case of mixed exponential downward times (Equation (42)), the upper
bound U(t, w) given in Proposition 1 has the following expression:

Ut,w)=exp[—Aaw (1 —Fc(t—w))], t>w>0, (44)
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where

(ba )" +0 (m+n—1),F; (1 —n,—nl—m-—n;— IM)

bapr
nl(n+ 1)! o (n — DI(n 4 2)m!(h + pp)yn2n+1

+00
Few)=biu1 Y
n=0

+00 myFy (m+1,1 —ny 2, — 2L
A+ ppw 2 ]( ’ > b
— m 1 on, ——
X (u1 — p2) )/( +m+2n > + Z (11 + 2)m!(h & gy 2t
A+ w
x(u1 — )™y (1 +m+2n, %)} , (45)

y (s, x) is the lower incomplete gamma function, and 2F1(a, b, c; z) is the Gauss hypergeomet-
ric function, defined as
+
= (@g(bi

2Fi(a, b, cig)i= Y (46)

o (Onk!

Proof. From Equation (43), the distribution of C is given by

+00 n k
1 byus n\ (b1
Friw) = - 5 _22M2 by
cw)=5 2:(:) nln+ 1)! ; (k) <b2M2

2 4

w — )t A2\
+ b2/1~2/ e~ 2 Py (k, n+2, M) (T) dt:| .
0

w —u)t\ [ A2\"
X |:b1M1/ e_(}‘_H“)t/lel (n—k,n+2, M) (—) dr
0

Recalling Equation (32), one has

w —ur\ [ A2\"
/ e_()L_H}'l)t/lel <}’l—k, n+2, —(Ml 1) ) (—) dr

0 2 4
= Ji.o (=B /W o~/ (w1 — p2)t\™ ﬁ ndz
m=0
+00
—k \m N
=y =B n_ (1 =~ 12) (1 mtom, (At pw
) n4+2)mm!” (A + pp)ltmt2n —
Similarly, we have
! DAY
/ e Ot/ ) (k, n42, (n1 — p2) ) (_) dr
0 2 4
+o0
k — )" 3
=Z ®m 20" (1 = 12) y 1+m+2n,( + u2)w '
(n+2)um!” (A + o)l Hmt2n —_—

m=0
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FIGURE 7. The lower bound L(t, w) and the upper bound U(¢, w) of the survival function of M(¢), in the
case of mixed exponential downward times, for by = by =0.5, 1 =3, u; =2, ur =3, A =1 (left), and
A= 1.5 (right).

The result immediately follows from Proposition 1 and Theorem 5 if we consider that

I B

T n—K)y= 7
1)

oo \K/ \ b2 D

" n\ (b \F nbiuy m!oFy <1+m,1—n; ;__Z;Z;)

Y ) () ton= |

izo &/ \baga bz

O

In Figure 7, we provide plots of the lower bound L(#, w) defined in Equation (16) with
Fc(w) as given in Equation (45) and the upper bound U(#, w) given in Equation (44), for
different choices of the parameters.

5. Some results on the moments of the first passage time
This section presents some results concerning the moments of the first passage time, defined

in Equation (17), under different choices for the distribution of the downward random times.

5.1. Exponentially distributed downward random times

Let us assume that the random variables D;, i € N, are exponentially distributed with param-
eter u > X > 0. We collect some results concerning the first passage time of X(#) through a fixed
level w > 0.

Theorem 6. In the case of exponentially distributed downward times, the expected value of the
first passage time ©,,, defined in Equation (17), is given by

2
E©y)=——w, w=0, (47)

for u>Xx>0.
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Proof. Recalling Equation (23), we have

1| A+up (A + p + 25)?
Ye(=9)= jfﬂﬂ—J4#+——jr——,
and
w
Yz(w, —s) = exp |:—§ (A —u—2s+ \/()» — )2 +40 4 s + 4s2>i| . (48)
Hence, for A < u, we have
d 2
E(Zw)) = - PR -9 =W,
S s=0 M —A
so that the proof follows from recalling Equation (18). (]

Remark 7. Note that for A — ™,

lim E(O,)= +oo.
A=~

This result is in agreement with the one obtained by Orsingher [30] in the case of a standard
symmetric telegraph process.

Theorem 7. In the case of exponentially distributed downward times, the second-order
moment of the first passage time ©,,, defined in Equation (17), is given by

Dpw 2+ (n —1)w]

E(©2) = . w>0,
©) (=1 "=
whereas for the variance of ©,, we have
daw [2p 4 (1 = AP)w
Var(@y) = W et =] 49)

(1 — )3 ’
Proof. Recalling Equations (22) and (48), we have

d d? Arpw [2+ (n — 2wl
E(®?)=2w— , — , =
(©,) = 2w -Yz(w. ) - + 2z 9) ) )2
s=
Hence, Equation (49) follows from recalling Equation (47). O

In Figure 8, we provide plots of the expected value (47) and the variance (49) of the first
passage time ®,, for suitable choices of the parameters.

5.2. Erlang distributed downward random times

Let us now consider the case D ~ Erlang(u, k) with ke N, u >0, and k/u < 1/A. In the
following propositions we provide explicit expressions for the moment generating function of
the constant phase C and of the compound process Z(w).

Proposition 13. In the case of Erlang(u, k) distributed downward random times, the moment
generating function of C is given by

(50)

wcs_()»+/L—2S)kl k1,0 O e — 25 [
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FIGURE 8. The expected value (47) (left) and the variance (49) (right) of the first passage time ®,, for
n=>=.

where

(a1, Ay) =Xr@+Aan
o ] = Y Rt Am 2
(b1, B) = I'(by +Bin) n!

denotes the Fox—Wright function.
Proof. We have

(. +oo ()Lﬂk)n +oo £ k+Dn+k—1
— ke ST A st=Gii/2 (-) dr. 51
Vel =5n %n!(k+kn)!_/o ¢ 2 5D

Taking into account that

/+OO est—()\-‘,-'u)t/Z ( t)(k+1)n+k—l 2(k + n + k}’l _ 1)‘
0

E I= ()» +u— 2S)n+k(n+l) ’

from Equation (51) we have

Ye(s) =

1k = Ak "k+n+kn—1)
(A4 —2s)k =\t p— 2s)k+1 n!(k + kn)!

M kk+1)  apk
T O =295 k1L k) G = 298 |

O

Proposition 14. In the case of Erlang(u, k) distributed downward random times, the moment
generating function of Z(t) is given by

- PP PR L S T 52
Vz(t, s) =exp | —At T oY k4 L1y Ot — 25 . (52

Proof. The result follows from Equations (12) and (50), taking into account that the random
variables C; are i.i.d. with distribution as given in Equation (34). U
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The expected value and the variance of the process Z(f) are given in the following
proposition.

Proposition 15. In the case of Erlang(u, k) distributed downward random times, fort > 0, the
expected value of the process Z(t) is given by

Atk (k,k+1)  puk
BZ) = —2 ok | kv e
A0 = G { [ 1 1[(k+l,k) (O

e 1w "(2k+1,k+1)_ Ak 5
+(+)11_(2k+1,k) x| Y

and the variance is given by

Var(Z(t)) = it

Ak + 1) [k k+ 1) gk
el IR ; T
(h 4kt (k41,0 G+ bt

Ak (k4 2) Qk+1k+1)  apuk
O+ ! Qk+1,k) Ot pFHT

Ak + 1) Gk+2,k+1) Ak s4
GA+w2 2N Gk | [ 59

The proof of Proposition 15 is given in Appendix C.
Finally, we provide some results concerning the expected value of the first passage time.

Proposition 16. In the case of Erlang(, k) distributed downward times, the expected value of
the first passage time ®,, is given by

2ukk (k,k+1)  apk
EOy)=Aw{ —— | k¥ AT |
() ”{a+mH{ll[m+Lmu+mH1

Mik(k-i-])w Qk+1,k+1)  apk
RN REC/ S NN en |

Proof. The result follows immediately from Proposition 2 and Equation (53). O
Remark 8. When k =1, we have

o 20 " (1,2) N 2A0 " (3.2)
=t o+ | ey e+ | T a2 Gy ot w2

[ 2 <A+M 2)»()»+M)>:| 2).
=Aw + =
A+w?\ n (i — 1)

= w
nw—A
which is the same as the expected value in the case of exponential downward random times.

E(©y)

El

Remark 9. From Equation (53), we can see that the mean of ®,, depends linearly on w.
Moreover, when A — ™, as in the exponential case, one has

E(®,,) — +oo0.
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FIGURE 9. The expected value obtained in Proposition 16 (left) and the variance (right) of the first
passage time ©®,, for u =9 and k =2.

From Equations (53)—(54) and Equation (22), it is possible to get an explicit formula for the
second-order moment of the first passage time ®,,. The resulting expression is cumbersome,
so for brevity we omit it.

In Figure 9, we provide plots of the expected value and the variance of the first passage time
®,, for suitable choices of the parameters.

5.3. Weighted exponentially distributed downward random times

Let us assume that D ~ WE(a, i) (see Equation (38)), with0 <A <45, >0 (or 5 <1 <
u72)~)
A—p 7"

w, o >

Proposition 17. In the case of weighted exponentially distributed downward times, the moment
generating function of C is given by

Jets 41 + a)u? f( 8(1 + a)Au? ) (Gn+ 1)!
S)=
T @+ Cron—4 S\ 2+ Qo —49°) i+ DI+ D) 55
3(1 3n 3 2u?
x 2F] M,1+—n,—+n, s )
2 2°2 QA+ Q2+ a)u —4s)?
where 2 F1(a, b, c; 7) is the Gauss hypergeometric function (see Equation (46)).
Proof. Since
/+Oo e_(#—i_%_s)ttl/ZJrann—H/Z (a_m) dr
0 2
_ 2PPapyt? T (Gn+2)
QA+ Q2+ a)u —4s)>T3 (% + n)
3(1 3.3 2u?
X 2F] m,1+—n,—+n, > ,
2 22 x4+ Q2+ a)u — 4s)?
the proof immediately follows from Equation (13). U

In the following proposition, we provide the expected value of the first passage time ®,,,.
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Proposition 18. In the case of weighted exponentially distributed downward times, the
expected value of the first passage time ©®,, is given by

16(1 2 =8+ \" @2+3n)!
M@@zkw{ (+am,P§:( (1+a)p ) (2+3n)
n=0

Cr+ Q24+ a)u CAr+Q2+a)u)d) nl(n+ 1)

3(1+n 3 3 a?p?
2Fy ¥,1+—n,—+n,—ﬂ2
2 272 QL+ Q2 +a)p)

2 2 2 T ik etany?

32?1 +n) . 3 o 543n 5 a?p?
—-n 3 = )
G+202h+C+aypr!

56)
where 2 F1(ay, az; b; 2) is as defined in Equation (46).

Proof. Recalling Equation (55), by evaluating the first derivative with respect to s of ¥¢(s)
at s =0, we get the expected value of C, which is given by

16(1 + )2 +°°< 8(1 + a)au? ) 2+ 3n)!

d
E©=5W®M=@E5;mﬁg

CL+QR+a)w)?) nln+1)
3(1 3.3 2u?
2F ( +n), L42n 240, —
2 22 x4+ Q2+ a)w)?
3a2u*(1 +n) 3 543n 5 a2
2oFi| =n+2, , - +n, —— .
B+ 2n)Q2A + 2+ a)u)? 2 2 2 QL+ Q2+ a)u)?
Hence, the result follows easily from Equation (18). O
Remark 10. For ¢« — +00, since
2F <—+—n,1+—n,—+n, 2)0(
2 2 2772 Qr+ Q2+ o)) r(§+§n)r(1+§n)
—2n—1

<(2x +Q+a)u)’ — az,u2>
A+ 2+ a)p)?

(see, for instance, Equation (9) of [16]), we have

A -2 4x
lim el = — 2B [ )
o—>+00 2\ A+ —25)2

Hence

. 2
im_ E(O,) = ——2,

which corresponds to the expected value of ®,, in the case of exponentially distributed
downward random times.
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FIGURE 10. The expected value (56) (left) and the variance (right) of ®,, (obtained from Remark 11) for
a=1and A =4.

Remark 11. From Equation (55) it is possible to get an expression for the second-order
moment of ®,,. In particular, after some calculations we have that

a2 8(1 2 = 1+ a)au> " (3n+3)!
B(C) = v A+ ym < (1 +a)hu )(n+)

0 @+ Ctam? = \22n+Q+ap?) nln+1)!
4 2,,2
421+ Q2 + o)) . <3(1+n),1+§n,§+n, a‘u 2)
F(%+n) 2 272 Cr+Q2+a)p)

o (4 + 3n)(5 + 3n) (3(2 +n) 7 3 17 o p? )
F n, 5 +

9 y n7—

I (f+n) 2 "2 2 QA+ Q2+ )’
2021220 + (2 2746 3 5 3 5 2,2
RO E n)ZFl <2+—n,—+—n,—+n,—a = 2)

r(g+n) 272272 Qr+ Q2+ a)n)

where 2F (a1, az; b; 7) is as defined in Equation (46).

The resulting expression for E(@fv) is omitted for brevity. In Figure 10, we provide plots of
the expected value and the variance of ®,, for some choices of the parameters.

5.4. Mixed exponential downward random times

This section is devoted to the case in which the downward time D is distributed as a mixture
of two exponential distributions (42), with b; >0, fori=1, 2, by + by =1, and z—ll + % < %
Proposition 19. In the case of mixed exponential distributed downward times, the moment
generating function of C is given by

Ye(s)=C(by, ba, 1, p2, A, 8)+ D(b1, by, 1, u2, A, $), (57)

where
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bini < (2n)! ( bapah ) ! (n)(bml)"
C(by, by, i1, 42, A, §) i = o1t
bt 9= G 55 2 v\ - 27) 22\ o

M1 — M2
X o F —k2n+1,24+n, ———— |,
2 1<n ! " ?»+M1—2S>

with 2 F1(a1, a»; b; 2) as defined in Equation (46) and

by =) bapai AN
D(blvbzs U1, /"LZ»)\'»S):Z Z 2 Z e
A+ 2 —2s) = (n4+ DInt \(A + 2 —2s) = k) \brur

K2 — i
Fi |k 2 1,2 ) -
2 1< nEheEn A+M2—2S)

Proof. The proof immediately follows if we recall that

“+o00 )\t2 n _ t
/ o <T> o M2=t2 <n—k, n o 2u2) )dt
0

2(2n)IA" —
= (2n) 5 12F1 n—k,2n+1,2+n,M ,
A+ up — 2s)2n+ A+ —2s

and

4

202m)hn _
— 2n) —oF (K 2n+ 1,240, L2 )
(A + pp — 25)%n+ A4y —2s

+ 2\ " _
/ Ooest (ﬂ) M2 1at/2 B (k,n+2, (2 Zm)t>dt
0

O
The expected value of the first passage time ®,, is obtained in the following proposition.

Proposition 20. In the case of downward times distributed as in Equation (42), the expected
value of the first passage time ©,, is given by

E(®y) =Aw (A(b1, ba, p1, 2, A) + B(b1, ba, i1, p2, 1)),

where

+oo n k
(2n)! n\ [ by 22n+1)
by, by, 1, 2, X):=b ———— (b )"
A(br, by, p1, 2, 1) 1M1nE=0 (n+1)!n!( 2U2A) kE=0 <k> <b2M2> (()»+M1)2”+2

X oF] <n—k,2n+1,2+n, i

1 — Mz) 2(pu1 — pu2)(n—k)2n+1)
A+

O+ p)? 32 +n)

x oF (n—k+1,2n423+n BEL"H2))
A+

and
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FIGURE 11. The expected value of ®,, obtained in Proposition 20 for by = by =0.5, u1 =2,and L = 1.

+o0 n k
2n)! n\ [ biu1 22n+1)
By, by, p1, i, A):=b ——— (b A)"
(b1, b2, p1, 2, A) 2M2§(n+1)!n!( 2U2) §<k> <b2M2 (h + pa)2+2

X 2 F] k,2n+l,2+n,M
At 2

2k(p2 — pu1)2n+ 1) < H2 — [ ))
+ Filk+1,2n+2,3+n, — .
Ot 2?32 +m) > o

Proof. The proof follows from Equation (18), if we recall Equation (57) and note that

= A(b1, ba, 1, pa, M)+ B(b1, ba, 1, 2, A).

d
E(C)= glﬂc(s)
s=0

O
Some plots of E(®,,) are provided in Figure 11.

Remark 12. Note that when b; = b, = % and 1 = uy = 1, we recover the case of exponen-
tially distributed downward random times. Indeed,

11 11 1
St o A ) =B (5 sk ) = ——.
A(ZZ‘“‘) (22’“‘> =Y
Hence,

21

. = w
bi=by=5, pi=po=p L — A

E(©)

’

which corresponds to the expected value of the first passage time ®,, in the exponential
case.
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Appendix A. Proof of Proposition 5

We note that

t—w ,—(A+un)x/2 1
f ¢ I (x AL <1+22>>dx
0 X 2% 41 x

+o00 i — :
VA a1 =W j
_ Nn ( M) _ / o= Ot /2 <(x+w)w_wz) d,
2 ,-Z=o + ) g+l

(58)

since

o
I (x /w (1+2;—V)) 3 [ Af;(:j ))] (% gt (1+2;—”)>

j=0
2w\ <2 /N 2+ 2wxy
2 (1 2) 5 (Y 2
2 x )4 ) G+

In order to evaluate the integral appearing in the right-hand-side of Equation (58), we determine
the following integral:

+00 j +o0
/ o~ Oi)x/2 ((x +w)> _Wz) dx — / o~ G- w)/2 2)’dy
—w t
(A+)/2j Noa o oer [T oy 2
— w)w, t _ —r — )y, _ t rd
e 2(; (r>( w7y /t e O ) dy (59)
r=!

J s ) 12+4r 1O+ 1)
—_ Omw/2 J 2 p2yro2rtl ! F_K H
e VZ(; (r>( w7y i N i > ,

where K, (x) denotes the nth-order modified Bessel function of the second kind. Note that

eikww)\./,l, 400 )‘7/1“ J /20410 J fi N 2r+1r7! ¢ 1/2+r 1O+ )
— TR Dl ) (GRS b Kipir [ —5—
2 = 4 JIG+ D! =\ JT A+ 2
)‘WW)\./L f ()‘-/L)j eW/20+1) i (t2 _ WZ)S 222041 t1/2+j—s Ko, 1O+ 1)
2 2 G+ 1) SR 2 T T

s=!

_Auw\ﬁe”'(“A)/Z*f( hut )f 2’:1 ((zz—wmw)) o (z(x+u>>
T VARG Z\hru) GHDi s 124y 2 '

§=
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Hence, since

X1 o VI (EA0+ 0. + 1)
<G+ 1! (k+u) Z(;E( 41 ) K‘/””( 2 )
1 hat N (104w

< G+ D! (Aw) ””“( 2 )
= ﬂ—wm+ms“” 1 At \HS 1O+ 1)
Z?( ) };(h+s+l)! <k+u> K””h( 2 )

aut \' (z(/\+u)>+f 1 ((z2—w2)(x+u)w>“
A+u> 1/2+h 5 S s+ s+ D) 4t(A + )

s +00

- w2>(x + u))

™

+o00 h n
At 2 2 ( 5 5 ) (t()» + M))
B I, At — K
im0 “> VAR —w?) (/xw(tz - w2)) ht Y ARE = w) ) K| =
+Zoo 2t/ AL h 10+ 1)
)»u(ﬂ —w?) — ((A ) roa—"1 w2> h+1 ( u( w?) )| K1/24h 5
we have

—(A+M)x/2 1
_)‘ww\/>/ I (x m (1 + 2Y>> dx
/2% +1 .

202 Py Tt < 2t/ >h ( ) <t(k + ,u))
I Aau —w?) | K )
VG @ — ) Z A wVE—w) it =22 K 2
(60)

Similarly, it can be proved that

400 ,—(Au)x/2 j , i 4 J+1/2 pn
/ T (e wr —w2) acm e IL _W> Ky oss (u) ,
0 X ﬁ A4 2

so that

too 00 ,—(At+u)x/2 ;
A 00 o= (tn J
—Aw 2 2
- E - + _ dx
2 = ( 4 > ’(]-|- ])! / X ((X W) W )

j (v
Ly L o ( MLW) K24 (50 + w)
/\+/Lj:0 A+p G+ D/

(61)
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Finally, from Equations (60) and (61), for 0 <w < ¢, we have

PM(t) > w)

Auw

J

eV 2n=R)y, = ()»+/L) w(d + 1)

Lo U ()
O+ gwl)! AN

2/t % 2T J 10+ 1) o
_Jﬂ—z<<x+u)J—) ’“(VA“@_WZ)>K1/”"< 2 > re

(62)

{1+ T _waw =1y
K””’( 2 >_Vt(k+u)e i [t(A+u)}1’ Tao+ ), ©

where Lﬁ(x), n € N, denotes the generalized Laguerre polynomial (see, for instance, [20, p.
411]), and recalling Equation (5.11.4.10) of Prudnikov [33], we have

Since

o)/
ew/z(u—mwk Wf (%) © '(W(?»—HL))
Jormwr Y gt T
—)LWW)\’//L J L (W()“FM)) Y
=1—e" 64
At ;( (A+u)2> j+1 ‘ o

Hence, substituting Equation (64) in Equation (62), for 0 <w < t we obtain

P(M(f) > w)
B 2/t < N J S (1)
R 2 (a i mm) i (V My )> Rirzy <T> ’

so that the statement follows from Equation (63).
Note that, by Equation (5.11.4.10) of [33], the right-hand side of (26) tends to e Masw
approaches t.

Appendix B. Proof of Proposition 8

The expected value of M(¢) can be computed by considering the integral from O to ¢ of
the survival function P(M(7) > w), since 0 < M(r) < t. Considering the series expansion of the

Bessel function 11 (/xAu(x + 2w)), we have

1
h(h+ DY

= 2h+1
LG+ om =Y (@) .

2
h=0
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so that, after some algebra,

t t —w t 1—x
EM@) = / PM(t) > w)dw = / dw/ hz(x, w)dx =/ dx/ hz(x, w)dw
0 0 0 0 0

<ﬁ>2h+l

t —w
—Aw —Gdx g h
+\/ Z TP /Oe wdw/o e 2 x4+ 2w)dx.  (65)

If we expand the term (x + 2w)h into a finite sum, Equation (65) becomes

h
A h j
1 — ei)tt M = ( 4 ) h 2 J 4 Otp)x 2h—j
[ — 7 = 2 “y(G+2, Mt —x)dx, (66
T Y ; <]) (A) /0 © TR A (60)

where y(a, x) is the lower incomplete gamma function. Since the lower incomplete gamma
function can be expanded into a finite sum

r+1 k
y(r+2,29) = (r+ 1! [1 —MZ(”) }

we have that

t
/ e~ 2y (542, At — x))dx
0
r+1
— 02y 4 1) ( f O+ (g _ 2=t Z - f (=212 — yy2h= rdy>
0

2h—r+1
— o HW/2 4 1) (e(k+u)t/2 <L> y <2h 1 A+ M)f>

A+ 2
r+1 1F1 k+1,2+2h—r+k,w>
_ Z )\.kt2h+l_r+k(2]’l -
L Q+2h—r+k)
k=0
2 2h—r+1 2z ¢

=@r+1)! (/H ) y<2h—r+1,( _;M)>—t2h_’+l(r+1)!e_“
r+1 S kok

A — Mt
XY S B @h—r+1,k+1)F =41, 20— r k42, LT,
= K 2

(67)
where 1 F1(a; b; z) is as defined in Equation (32). Hence, the result immediately follows from
substituting Equation (67) in Equation (66).
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Appendix C. Proof of Proposition 15

Considering the logarithm of Equation (52) and differentiating the resulting relation with
respect to s, one has

1 dw(t V=t 202 uk v (k, k+1) Ak
Vot s ds T G = 2R T T (k1 ) Ot e — 29)RT

, d g, |GFED (68)
Gtp—25F ds' k1.0 Gtp— 290 |

By the chain rule, it follows that

d - [Uk+1) ik
FTEAd TR )
ds' [ (k41,0 (+p—25)

d (k, k+1) d Ak
=7 1\'111 32 e O Y 2S
dz k+1,k) . ik ds [ (A + pu — 2s)k+

= O p—2gkH1
Qk+1,k+1) Ak 20kl + 1)
=1V ; 1 |- 5 (69)
QRk+1,k) A +p =21 A+ pn—2s)F

since

d kk+D ] 4 +i“’r(k+(k+1)n)z"_*0" Tk +Gk+ D) !
' k1,07 T e T Ltk a4 Tt L kn) (i D)

+2'°F@k+1+(k+1)m)zm d [(2k+1,k+1) }
= —=—1¥ ;
m=0

TQk+1+km) ml  dz Qk+1,k)

Hence, Equation (53) follows from substituting Equation (69) into Equation (68) and evaluat-
ing the resulting relation at s = 0.

By differentiating Equation (68) with respect to s, one gets

d 1 d B ARk (k + 1) (k, k+1) Ak
$(wmm'$%ﬁ”ﬁ‘“[a+u—kwfwlm+Lna+u—mWH

4% pk d . (k, k+1) Ak
Gt =290 ds' | k1,0 G = 29)6F

R R L A Y (70)
OGtp—29F d2" N k+ 10 G+ p—29F ||
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By the chain rule, we have that

d (k, k+1) auk
_1"111 ;—k—i-l
ds (k+1,k) A+ pn—2s)
@k k) O+ =29 | O =292
and
d? (k, k+1) Ak
A2 k1, k) O o — 29FF
- Bk+2,k+ 1) )‘Mk . 4)\2M2k(k+ 1)2
Gk+1,k) A +p—=25)F1 | (A +p—25)%+4
N Qk+1k+D  pk Ak + Dk +2) 72)
T k1) O =295 | it = 2963

Finally, by substituting Equations (71) and (72) into Equation (70) and evaluating the resulting
relation at s = 0, we obtain Equation (54).
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