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Shifted moments of the Riemann zeta
function

Nathan Ng, Quanli Shen, and Peng-Jie Wong

Abstract. In this article, we prove that the Riemann hypothesis implies a conjecture of Chandee on
shifted moments of the Riemann zeta function. The proof is based on ideas of Harper concerning
sharp upper bounds for the 2kth moments of the Riemann zeta function on the critical line.

1 Introduction

This article concerns the shifted moments of the Riemann zeta function
T | 1 .
L(T, a1, ) = /0 |{(5 +i(t+ (xl))|k|((5 +i(t+ (xz))|kdt,
where T > 1and a; := a;(T), a0y := ap(T) are real-valued functions satisfying
(11) |061|, |0€2| <0.5T.

These are generalizations of the 2kth moments of the Riemann zeta function

() = [0 P,

since It (T) = Ix(T,0,0). The theory of the moments of the Riemann zeta function
is an important topic in analytic number theory (see the classic books [8, 12, 18,
24]). Unconditionally, Heap and Soundararajan [6] (for 0 < k < 1) and Radziwiltand
Soundararajan [17] (for k > 1) proved that

L(T) > T(log T)¥ .
Assuming the Riemann hypothesis, Harper [5] showed that for any k > 0,
(12) L(T) < T(log T)¥ .

Harper’s argument builds on the work of Soundararajan [21], who showed that under
the Riemann hypothesis, for any ¢ > 0, one has
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Shifted moments of the Riemann zeta function 1557

(13) I(T) « T(log T)*"*<.
Based on a random matrix model, Keating and Snaith [9] conjectured that for k € N,
(1.4) L(T) ~ Cx T(log T)¥,

for a precise constant Cy. By the classical works of Hardy and Littlewood [4] and
Ingham [7], the asymptotic (1.4) is known, unconditionally, for k =1, 2. Recently, the
first author [14] showed that a certain conjecture for ternary additive divisor sums
implies the validity of (1.4) for k = 3. In [15], the authors have shown that the Riemann
hypothesis and a certain conjecture for quaternary additive divisor sums imply that
(1.4) is true in the case k = 4. This work [15] crucially uses the bounds for the shifted
moments of the zeta function established in Theorem 1.3.
In [1], the more general shifted moments

T | 2k 1 2k
15 M(T.a)= [G it @)+ i+ @) P,

where k= (ki,...,kn) € (Rs)” and a=(a,...,a,)€R™, were introduced.
Chandee [1, Theorems 1.1 and 1.2] proved the following upper and lower bounds for
Mk( T, (X).

Theorem 1.1 (Chandee) Let k; be positive real numbers. Let a; = o;(T) be real-valued

functions of T such that a; = o(T). Assume that limr_,. a;log T and limr_, . (at; —
«;j)log T exist or equal +oo. Assume that for i # j, a; # «j and a; — aj = O(1). Then
the Riemann hypothesis implies that for T sufficiently large, one has

2kik
2, k2 1 "
1.6) M (T,a) <y T(logT)ki+ " hute I1 (min{,log T}) .
i<j loti — aj]

Furthermore, if k; are positive integers, then for T sufficiently large, unconditionally, one
has

2kik
2, k2 1 "
Mi(T, «) > T(log T)N+ " K H(min{,log T}) ,
i<j lot; — aj]
where

= max lim |o; — aj|lo T}.
P {(i)j)llai—ij\:O(l/log(T))}{T*w| 1~ ullog

For the upper bound, Chandee used the techniques of Soundararajan [21]; for the
lower bound, Chandee’s argument is based on the work of Rudnick and Soundararajan
[19]. It should be noted that there is an omission in Chandee’s theorem statement of
the upper bound (1.6). There should also be the additional condition

(1.7) ki+ - +ky <1t

IThe authors discovered that the proof of (1.6) requires the additional constraint (1.7). This is because

on [1, line 5, p. 557] the parameter k must satisfy x* < %. The condition (1.7) follows after a short
calculation which makes use of the definition of the parameter A (see [1, p. 555]). It is possible that by a

different choice of the parameter A, the condition (1.7) could be removed.
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Based on Keating and Snaith’s random matrix model [9], Chandee [1, Conjecture
1.2] made the following conjecture on shifted moments that generalized a conjecture
of Kosters [11] as follows.

Conjecture 1.2 (Chandee) Let k € N, and let a = (ay, ay) be as in Theorem 1.1. Then
one has

2k T(log T)¥, if limroeo |y — a2|log T = 0,
LT, ar, ) | Fkc T(log T)kz, if limroeo |1 — a2|log T = ¢ # 0,

K2
Xk T( log T ) : 5 iflimT_,oo|oc1 —(X2|10gT= 0.

for—ac]

Note that for any positive real k, Mx(T,a) = It(T, a1, a) for k = (%, %) and
o = (o, az). Therefore, Theorem 1.1 of Chandee has established the conjectured lower
bound for I (T, a;, ay). It remains to prove the sharp upper bound for I} (T, ay, a)
in order to establish Conjecture 1.2. In this article, assuming the Riemann hypothesis,
we establish Chande€’s conjecture by proving the following theorem.

Theorem 1.3  Let k > 1be real. Let oy and a, be real-valued functions a; = a; (T) of T
which satisfy the bound (1.1) and

(1.8) lay + ay| < TOS.

Then the Riemann hypothesis implies that for T sufficiently large, we have

2 2
Ie(T, a1, ay) < T(log T)kTCT"(T, (xl,ocz)kT,
where F(T, a1, ay) is defined by

min ¥,10 Ty, iflag—ayl < L)
(19) F(T,a, ) := {|ura2\ & } fl 11— i
log(2 + |y — aal) iflor — aa| > 155

We establish this result by following the breakthrough work of Harper [5].

Remarks

(1) This result contains Harper’s bound (1.2) as a special case by setting a; = a = 0.

(2) Soundararajan’s method [21] can be easily adapted to the case of shifted moments
as in [1] as it has a natural additive structure. On the other hand, it is not obvious
how to adapt Harper’s method to the case of shifted moments. When there are
two shifts, the argument works by a stroke of luck since we can take advantage of
the identity

(1.10) cos(6;) + cos(6,) = 2 cos ( 0, ; 0, ) cos ( 0, ; 92)

in (3.7). Harper’s method is of certain “multiplicative nature” which allows us to
apply Lemmas 2.2 and 2.3 directly. The above trigonometric identity introduces
an extra “rotation” into Harper’s method. Our main contribution is to show that
such an extra rotation can be handled so that Harper’s argument still works
(see, for instance, our equations (4.7) and (4.12)). It is not clear how to extend
the result to three shifts as there seems to be no good trigonometric identity
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for cos(6;) + cos(0,) + cos(83). Similarly, if one wants to extend the result to
My (T, a) where the components of k = (ki, ..., k,,) are not necessarily equal
and m > 2, one encounters the same issue. Despite this, it is highly desirable
to obtain sharp bounds for M (T, «) in the general case. Recently, bounds for
shifted moments of L-functions have been used in establishing asymptotics for
certain moments of L-functions (see [20, 22]), and it is possible that sharp bounds
for My (T, «) could be used in similar contexts.

(3) This theorem improves the upper bound portion of Theorem 1.1 in the case that
ki = k, = k. Note that there is no restriction on k as in (1.7), and we do not have the
strict condition |a; — a,| << 1. Note that we apply Lemma 2.4 instead of [1, Lemma
3.5, p. 556].

(4) In applications to moment problems, it is crucial to have bounds for shifted
moments when the shifts can be far apart. In our application to I,(T) [15], we
require a bound for I (T, ay, &) when |a; — ;| < V/T.

(5) In this article, we also fill in a gap in Harper’s argument. In the proof of his
Lemma 3, he provides a sketch, mentioning it is very similar to his Lemma L
However, when one tries to follow his argument, one encounters integrals of the
shape [ [T, cos(tlog p) I, cos(2tlog ) dt. Consequently, one may not invoke
Proposition 2 in his article. To address this issue, we established Lemma 2.3, which
is required in the proof of his Lemma 3 and is also used in our Lemma 3.3.

(6) In this theorem and throughout this article, whenever we write “sufficiently large
T, we mean that there exists Ty := Ty (k) a positive parameter depending on k
such that T > Tj.

Remark added on September 8, 2023. Recently, Curran [2] extended Theorem 1.3 to
the general shifted moments M (T, «), defined in (1.5), and analyzed the case that the
differences |a; — «j| are unbounded. Also, under the generalized Riemann hypothesis
(for Dirichlet L-functions), Szab6 [23] proved a sharp upper bound on moments of
shifted Dirichlet L-functions, which improves the previous work of Munsch [13].

Conventions and notation. In this article, given two functions f(x) and g(x), we
shall interchangeably use the notation f(x) = O(g(x)), f(x) « g(x), and g(x) >
f(x) to mean that there is M > 0 such that |f(x)| < M|g(x)| for sufficiently large
x. Given fixed parameters ¢y, ..., {,, the notation f(x) <, .. ¢, g(x) means that the
[f(x)] < Mg(x) where M = M(4;,...,¢,) depends on the parameters ¢;,. .., ¢,. The
letter p will always denote a prime number. In addition, p;, p%, p;, qi» and q; withi e N
shall denote prime numbers.

2 Some tools

We shall require the following tools, which are fundamental for the argument. First,
by a minor modification of the main Proposition of [21] (see also [5, Proposition 1]),
we have the following proposition providing an upper bound for the Riemann zeta
function.

Proposition 2.1 Assume that the Riemann hypothesis holds. Let Ao = 0.491- - - denote
the unique positive solution of e ™0 = Ao + A3 /2. Let T be large. Then, for A > Ay, 2 < x <
T? andte[c,T,c,T], where 0 < ¢; < ¢y, one has
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.
log|{(§ +it)]

S%e(z 1 log(x/p)+ D 1 )+(1+/1)logT+O(1).

L S 1+2it
pex p2Fiegs log x p<min{ e logT) 2P 2 logx

Also, we have the following variant of [16, Lemma 4], which Harper formulates in
[5, Proposition 2].

Lemma 2.2 Let n=pi"---per, where p; are distinct primes, and a; € N. Then, for T
large, one has

fTZT Ij(cos(tlogpi))“"dt =Tg(n)+ O(n),

where the implied constant is absolute, and
=115
§ 2 a0

i=1

if every a; is even, and g(n) = 0 otherwise. Consequently, for T large and any real
number y, we have

S Teos(Ce = y)tog ) *ds = (7 y)gln) + 01y + O,

where the implied constants are absolute.

Moreover, we shall require the following further variant of [16, Lemma 4] of
Radziwitt.

Lemma 2.3 Let n=p{*---plrpil--- p, where p; are distinct primes, and a; € N.
Then we have

f [T (cos(tlogpi))® T[] (cos(2tlogp;))*dt

Isi<r r+l<i<s
:Tg(l’l)-FO((p;llpil )(Piiiﬂ 2as))

where the implied constant is absolute. Consequently, for any real y, we have

fTZTIﬁl(cos((t+y)logpi))“i H (cos(2(t+y)logp;))*idt

r+1<i<s
= (T+y)g(n) + O()) + O((pi* -+ pi) - (prfy™ -+~ pE™))s
where the implied constants are absolute.

Proof Following Radziwilt [16, Proof of Lemma 4], for ¢ € N, we can write

1 ; : ;
(COS(Cthgpi))ai — F (elulogp,- i e*lctlogp,-)“

_ 1 ( aj )+ Z 1 (ai)ei(a,-—zéi)ctlogpi)
24 ai/z 0<li<a; 24 gi

Lia;f2
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where (a?/Z) = 0 if a;/2 is not a positive integer. Hence, setting ¢; =1for 1< i < r and
ci =2forr+1<i<s, weobtain

1 a; a; .
15115 13115 2% \a;/2 osém ¢;
E-#u,-/Z
-gm+ 3 T i e
..... £ 1<ics 2%

where the primed sum is over (41, ... ,Ks) #(%,..., 5 )suchthat0 < ¢; < a; forevery
1< j <s. Thus, we deduce

f [] (cos(tlogpi))® T[] (cos(2tlogp;))®dt

1<i<r r+1<i<s

- Tg(n) + Z[ I 5 (g:)fTZT(*)dt.

(2.1)

The integrand (*) is
exp (it(b1logpr + - -+ + b, log p, + 2b,y1log pry1 + - -+ + 2bslog ps)),

where b; = a; — 2¢;. (Note that, as later, by, ..., bs cannot be all zero, and |b;| < a;.) We
then see
2

( )dt |b1 logpy + -+ + b,logp, + 2b,p1log pryy + -+ + 2bslog ps|

(Note that the denominator is nonzero since (by, ..., bs) # (0,...,0) and p1,..., ps
are distinct.) Grouping together those terms with b; > 0 and b; < 0, respectively, we
can write

|bilogpy + -+ + b, log p, +2b,1log prer + - -+ +2bslog ps| = |log(M/N)),

where M # N are positive integers. Without loss of generality, we may assume M > N
and obtain |log(M/N)| = log(M/N), which is

>lo (E)—lo (1+i)>i> 1
2 10g N = log N —2N—2(p1u1' )(pZaH.] 2as)

r+1

Therefore, the primed sum in (2.1) is

4 1 Ar+1 as
< ¥ T gu(y) G- @,
0<l;<a; 1<i<s
1<i<s
Finally, observing that

ZH

.....

() _H_ 22.21"(2):112,(“1)“‘:1

1<i<s

we complete the proof. [
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Lastly, we recall the following variant of Mertens’ estimate (see, e.g., [3, p. 57] or
[13, Lemma 2.9]).

Lemma 2.4 Let a and z > 1 be real numbers. Then one has

» cos(alog p) {: log (min{ﬁ,logz}) +0(1), iflal < 35»

(23) , 1
<loglog(2 + |a]) + O(1), iflal > 115

p<z p

where the implied constants are absolute.

3 Setup and outline of the proof of Theorem 1.3

The goal of this section is to prove Theorem 1.3. To do so, we follow closely Harper [5].
Welet Bp = 0 and

20i—1

Bi= (loglog T')?

for everyinteger i > 1. DefineJ = J5 1 = 1 + max{i | B; < e 19°%} For1<i< j<J, we
set

cos % a;—ay)lo log(T#i
5 (5( )logp) log(T* /p)

(31) Gl;](t) = Gi,j,T,{xl,lxz(t) = %+7ﬂjILgT+i(t+%(a1+a2)) log Tﬁ]

Thi-1<p<TPi p

For1<i<J, we set

cos % a;—az)lo log(Th?
5 oo ) logp) log(T"fp)

G2 F(t)=Gialt) = i3 (@ren)  log TH:

TRi-1<p<TFi
We define
8(0) = 87,4,,4,(0) := {t €[T,2T] | |ReGye(t)| > [31_3/4 for somel1< /< J}.
For1< j<J-1,welet8(j) = 8k 1.a,,a,(j) stand for the set
{t € [T,2T] ||ReGe(t)] < [3;3/4 for every (i,¢) € N* such that
I<i<jandi<{<,
but [ReGjp,e (t)] > [3;31/4 for some j+1< /¢ < I]}.
Finally, we define

(3.3) T =Tk oo, = {t e [T,2T] | |ReF;(t)] < [3;3/4 foreveryl<i< J}.

Note that .1 < g <20e71%°% forany1< j<J-1

Observe
J-1
(3.4) [T,2T]=JS8(j)uT.
=0
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In order to prove Theorem 1.3, we shall establish

Z ftéS( N |C(% +i(t+ 061))|k|((% +i(t+ap))[kdt

1
(35) +[M|c<5+i<t+a1>>|"|c<5+i(t+az>)|"dt
< T(lOg T)%g:(T, (X],(Xz)g.

Applying Proposition 2.1 with A =1, for sufficiently large T, 2<x < T?, and t €
[T,2T], we have

log\((%+i(t+o¢,~))|

Sﬂ%(z : 1 log(x/p)+ D 1 ) logT +0(1).

p<x P5+1o;x+i(t+“") Ing p<min{\/x,log T} 2p1+2i(t+a,-) logx

(3.6)

We further note that the “main term” for the upper bound of log(|{(3 +i(t +
a1))[F|C(3 +i(t + az))[¥) derived from (3.6) is

1 1 1 1
kme Z - - : Og(x/P) + kme Z - - : Og(x/p)
b pi+1ogx+1(f+“l) log x pex p5+1ogx+1(f+az) log x
oy o8- ) logp) og(x/p) | s+ cos(~(t+ a2 logp) (/)
< pitie log x <k pitioes log x

k3 TP o1 L (e + ) log ) cos( (e — ) ogp))
1
P<XP2 logx 0og X

cos( 5 (a — az)log p) log(x/p)

-2k p;c prHEestiltrz(@ta))  logx

(3.7)

where we have made use of the trigonometric identity (1.10). Arguing similarly for the
second sum in (3.6), we arrive at

log(I0 (5 +i(t+ @) I +iCt+ a))l)
< 2ke ( Z cos(l(m ay)log p) log(x/p) Z cos((o — az) logp))

pox prrmtiltri(mre))  logx ps<min{/%,log T} 2p!+iQt+(aitaz))
N 2klogT N
logx

(3.8)

O(k).

Theorem 1.3 will be deduced from the following three lemmas.
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Lemma 3.1 In the notation and assumption as above and Theorem 1.3, for any
sufficiently large T, we have

/tjexp(Zki)%e » cos(3 (@ — @) log p) log(T’;”/P))dt

oo p%JrWH(H%(aﬁaZ)) log TBs

< T(log T)* (F(T, a,)) " ,
where F(T, a1, ay) is defined in (1.9).
Lemma 3.2  In the notation and assumption as above, we have
meas(8(0)) << Te (0818 )0,
In addition, for1< j <J -1, we have

3 (@ - as) log p) log(T#
f exp | 2kRe 3 “1’5(21(“1. "‘21) 0g p) log( fﬂ/P) i
te8(j) o pﬂmﬂ(”i(aﬁaz)) log T*i

2 2 1 1/8;
<y T(log T)kTS"( T, a, ocz)kT exp (_og(/ﬁ])) .
2'lﬁj+1
We shall remark that although Lemma 3.1 and the second part of Lemma 3.2 are
not used directly in the proof of Theorem 1.3, they will be required for the proof of the

following lemma (see, for instance, the argument leading to (6.11)).
Lemma 3.3  In the notation and assumption as above, we have

[tTexp(ZkSRe( Z cos(%((xlfocz)logp) log(Tﬁﬂ/p) + Z COS((DCl—(Xz)lng)))dt

1y 1 i+l ; i
p<Tho p2+ﬁglozT+l(t+2(a‘+aZ)) logTﬁJ plog T 2P1+‘(2H("“+"2))

<k T(]Qg T)% (?(T, ar, 062))% >
(3.9

and for 1< j<J -1, we have

/S() exp(zk%e( Z COS(%(‘X17“2)10g1)) log(Tﬁj/p) + Z COS((OCl—OCz)Ing)))dt
tesS(j

1 1 f 1 . i
pgT“/‘p2+“i‘°g"+l(t+z(al+“2)) logTﬁJ peonT 2p1+1(2!+(ul+a2))

2 2 1 1 .
<k T(logT)kT?(T,oc],az)kT exp —M .
218

(3.10)

Now, we are ready to prove Theorem 1.3.
Proof of Theorem 1.3 We must show that inequality (3.5) holds. It suffices to
show that each of the two terms on the left-hand side of (3.5) is « T(log T)T

F(T, oy, az)%. By (3.8), we know that log(|((% +i(t+ ocl))|k|((% +i(t+ar))[F) is
at most
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2ke[ T cos(3(a; — az) log p) log(Tﬁj/p) cos((a; — az) log p)
o P%+ﬁ3 llogT+1(t+ (a1+az)) log TBs pslogT 2p1+i(2[+(0¢1+0‘2))
+ 2k + O(k).
J

Hence, (3.9) of Lemma 3.3 implies
[ RG i+ @) PR + i+ a))de
teT 2 2

<<ft7exp(2k9%e( 5> cos(3 (a1 — az) log p) log(T/‘u/P)Jr D COS(@haz)bgP)))d

paTha P;+ﬁ3] gT+1(1H— (q+az)) 10g TBs pelog T 2p1+1(2t+(u,+a2))

x 32"/1;7*0(’()

(3.1)
< T(log T)%?(T, o, az)%

Here, we have used the fact that e2%/F7 «; 1 as g > ¢719°%% by the definition of J.
Similarly, for 1< j <J -1, we can bound log(|{(3 +i(t+ a1))[¥|( +i(t + a2))[¥)

above by
srone| o SG(@ =0 logp) log(T/p) - cos((e — a) log )
pet p%+ﬁjl},gT+1(t+ L(ar+az)) logTﬁ; plon T 2p1+i(zz+(al+a2))
2k
25 o).
Bj

It then follows from Lemma 3.3 that

[ G i @) + i+ a)) e
teS(j)
« e2KIBi . g~ log(1/Bj+) T (log T)%S"(T, a, 0(2)%.

Since 20B; = Bj41 < Py < 20e71°°% log(1/B;41) > 900k, and so

215 . g (21650) Tog(1/Bji1) _ j2K/By~(log(1/B1:1))/420; _ ,~0.1K/B;
Observe that J < —=-logloglog T and

J-1 -1 o

Z e*OAIk/ﬁj _ Z e—Zk(loglog T)* /20’

(312 i=1

logloglog T
< e—2k(10glc»gT)z n f (1"320) 0808708 2k(loglog T)Z/ZOxdx.
1

-1
log20 u

By the change of variables 207 = u (with dx = du) we see that the integral above

equals
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1 L
_ 1 (loglog T)2 g~ 2k(loglog T)Zudl « (loglog T)Z 20 g~ 2k(loglog T)zudu
log20 J % u Fmig s
(3.13) < e 2t
. YR

Combining (3.12) and (3.13), we arrive at

(3.14)

J-1 1 1 2 2
> f G i+ a))FCG i+ ao))[fdt < T(log T) T F(T, 00, 02) = .
=1 teS(j) 2 2

For j = 0, by the Cauchy-Schwarz inequality, we have

Jroio G #10+ a)HC i+ )

(315 <meas(8(0))} ([TZT |((% fi(t+ al))|2k|((% fi(t+ (xz))|2kdt)2 .

Using the Cauchy-Schwarz inequality again and the upper bound (1.3) with & = 1, we
see

[TZTM(%+i(t+oc1))|2k|((%+i(t+oc2))|2kdt
« (szTK(; +i(t+061))|4kdt)2 (szTK(; +i(t+oc2))|4kdt)2

« T(log T)***".

This, combined with (3.15) and Lemma 3.2, gives

| 1 .
ftes(o) €G +ile+a)) I i+ o)) de
(3.16) <« \/Te(loglogT)*/20. VT (log T)2k2+%
«< T.

Therefore, by combining inequalities (3.11), (3.14), and (3.16), we establish (3.5), which
together with (3.4) yields
K

2
(3.17) L:(2T, a1, 0) = I (T, a1, a2) << T(log T)%?(T, ar, ay)

Recall that under the Riemann hypothesis, [{(3 + it)| < (1 + [t])® (see [21, Corol-
lary C]). Hence,

\/> 1
618) I(VToaa)= [ R it )R + it an)) e << T,

Now, let log, denote the base 2 logarithm, and let j = j(T) be the smallest integer such
that j > log, \/T. Plugging the values T/2,..., T/2/ into (3.17), we obtain
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L(Ty oy, 000) = I (T/27, o, a0) << (T)2+ -+ + T/2)F(T, a1, 02) =
2
<TH(T,an,0) 7
This, together with (3.18), completes the proof of Theorem 1.3. [ ]
4 Proof of Lemma 3.1

Observe that

cos( (@1 =) 0g ) loB(T™/p) _h .

(4.1) +i(t+3 (at+az)) log T#»

T, 1
psT’}J pz BylogT -1

where F; is defined by (3.2). By (4.1), we have

B3
(4.2) /TeXP(Zk%e 5 C?S( (a1 — az) log p) log(T /p)) )

p<ThI szrﬁJlogTﬂ(H 2 (m+az)) IOg TBs

f [T exp(k9ReE:(1))2dt,

€7 1<i<g

where we recall that T is defined in (3.3). To proceed, we need the following lemma,
which establishes that each factor exp(k9ReF;(t)) can be replaced by a Taylor polyno-

mial of length 100]{[3_3/4

Lemma 4.1 Ift €T, we have

(kReF;(1))"
n!

[T exp(kReFi(1))* « ] 3

1<i<J 1<i<J 0<n<100kﬁ73/4
== i

Proof We shall follow the argument used in [10, Lemma 5.2, pp. 484-486]. We begin
by recalling that for any x € R and positive integer N € N, Taylor’s theorem (with
explicit remainder in the Lagrange form) asserts that there exists £ between 0 and

x such that
i X1 ey N+
= n! (N +1)1°
Thus, we derive
[x]] 4 | N+1 f X N+1 N ,n
(4.3) e*|1- ¢ |x| <e*[1- —F— X Z *
(N+1)! (N +1)! = n!
as &£ — x < |- x| <0 - x| = |x|, which follows from the fact that £ is closer (than 0)

to x.
Note that when k >1and 1< i <J, B; < By < 20e7109% which gives /51._3/4 > 1 for

1< i <J. Hence, taking x = k9ReF;(t) and N = [100kﬁ;3/4] in (4.3), we obtain

https://doi.org/10.4153/50008414X23000548 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000548

1568 N. Ng, Q. Shen, and P.-]Wong

n=0 n!

_ —3/4
(4.4) SROREE (1) (1_ ekmeFf(t)||k§)t{eFi(t)|[100kﬁi3/4]+1) . [100kB;7"*] (kKReF; ()"

([100kB;*/*] +1)! 2
Using the fact n! > (%)n, we see

e\kmeF,-(t)||kmeFi(t)|[100kﬁ;3/4] +1 e|kmcF (‘)||k9%eF (1)] [100kB; ¥/*]+1 ,[100kB; /4141
([100kB;**] + 1) } ([100kB7/*] + 1)l100ks; 711

As |ReF;(t)| < ,81._3/ * for t € T, the right of the above expression is at most

elf87 | g 314 [100k8 1 [100KAT 11 y

< 6101k/3,.’3/“+1—100log(loo)kﬁ;
([100kB; /4] + 1)[100k8 )1
—10kp;3*

<e ,
which implies

e\kmeF,-(t)”kmeFi (t)|[100k5;3/"]+1
([100kB;>/*] +1)!

_ -3/4 1 p3/4
>1-e 0K T (> 0),

where the (second) last inequality follows from the fact that 1— e™* > e™"/* for x > 0.
Inserting this into (4.4), we then deduce

100kp73/* "
(4.5) ekmeFi(t)e—ﬁ ?/4 <[ fx ]M.

n=0 n!

3/4
Note that H?:l e~ ebi equals

3/4 3/4 ;J 120_3i/4 3/4 1 1_503/4,~750k 1

1okﬁj 374 10k 374
>e 1-20-3/% >e 1-2073/4

e lOk leﬂ =e 10kﬁ

which, together with (4.5), completes the proof of the lemma. [ ]

It follows from Lemma 4.1 that

[ T[] exp(kReFi(1))2dt < .7
€T 1<i<g

2

(ReF ()|

(16) AR D>

!
1i<T \ o<j<100k ;4 J

In order to simplify the presentation, we set

1 1
y*t = 5(“1 +ay)andy” = E(“l -a).
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Expanding out all of the jth powers and opening the square, we see that

=X 1" ,g,

]g1<1<j.]1 1+ qu

(4.7) f [T I cos((t+y")logp(i,r))cos((t+y*)logq(i,s))dt

1<i<J 1<r<j;
1<s<d;

« T1 T cos(y™ logp(inr)) cos(y” logq(irs)),
1<i<T 1<r<j;
1<s<d;

where the first sum is over all

7= Girerrjo)s £= (... ), with 0 < j;, £; <100kB; /%,

the second sum is over

p=(p(L1),-.., p(L j1) p(2,1), ..., (2, j2)s - - p(J; ju)) and
q=(q(1,1),....q(1,4),q9(21),...,9(2,62),...,9(3, )

whose components are primes which satisfy

TP < (1), p(in ji),q(in1)s 0 q(in ) < TF

forany1<i<J,and

(4.8)  _ H 1 log(T*? /p(i,r)) 1 log(Tﬁj/Q(hS)).
p(l r)z FylegT log T#s q(i,s)%JrW log T#s

Following the argument in [5, p. 10] (see the third displayed equation there), we have

(4.9) IT I pGi.raq(i.s) < T

1<i<J 1<r<j;
1<s<¥;

By Lemma 2.1 and (4.9), it follows that

f H H cos((t+y")logp(i,r))cos((t+y")logq(i,s))dt

1<i<J 1<r<j;
1<s<¥;

(4.10) :<T+y+>g( [1 11 p(i,r>q(i,s>)+o<|y+|>+o<T°-1>.
1<i<J 1<r<j;
1<s<¥;

Observe that

(4.11) C(p,4) < D(p,g) =

f \/ (1 r \/q(z s
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By (4.10), (4.11), and the bound | cos x| < 1 for real x, it follows that (4.7) equals

l;
=Ty ] ",’;,Z <pq>g(n IT pli.nati s>)

il 1<i<7 J 1* p,g 1<i<J 1<r<j;

1<s<d;
(4.12) x [T TI cos(y logp(i,r))cos(y logq(i,s))
1<i<d 1<r<j;
1<s<d;
Kl )
oy 0G4 ).
77 1<i<d jit ! X

By the argument of Harper [5, p. 10], it can be shown that the big-O term above is at
most (|y*] + T°1) T (loglog T)? .
The inner summand in (4.12) is

C(p,q)g( [T II p(im)q(i,s))

1<i<T 1<r<j;

1<s<t;
x [T J1 cos(y logp(i,r))cos(y” logq(i,s)).
1<i<I 1<r<j;
1<s<d;

Since g is supported on squares, this expression is nonzero if and only if

[T TI p(ir)a(i:s) = pi--pi
1<i<T 1<r<j;
1<s<¥;

for some N € N. In this case, we have

[T IT cos(y logp(i,r))cos(y logq(i,s))

1<i<J 1<r<j;
1<s<¥;

(4.13) = cos*(y~logpy) -+~ cos*(y” log pw)
> 0.

By (4.7) and (4.11)-(4.13), we deduce that

ki+t N T
I« T H Z — Z g(p1 Piq qf)
1<i<d o< e<10087* et THict <pryeeospotireerqe<Thi NV PU P G2

x cos(y~ logpy)--- cos(ylogp;) cos(y logqy)--- cos(y~logqe)
+O((ly*]+ T T (loglog T)**)

1 g(p1---pm)
=Tl X Y 4 >
1<i<d 0<m<2008; 3/4 jHl=m ] TPi-1<py,...,pm<TPi D1 Pm
0<j,e<100p;*/*

x cos(y~log p1) -~ cos(y~1og pm) + O((Jy*| + T*) T%! (loglog T)**)
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k2 8(p1---pm)
<T ] 3 — > \/7'”
1<i<d 037}13200[3._3/4 ¢ T/gi—1<pl ngTﬁi pl pm

.....
i

x cos(y~log p1) -~ cos(y~1og pm) + O((Jy*| + T*1) T*! (loglog T)*¥),

where the last inequality makes use of the nonnegativity of the inner summand. Since
g is supported on squares, we must have that m is even, say m = 2n with n > 0. By
relabeling the prime variables as gy, . . . , §25, We see that

(414) I<T ][] 3 @ D 8(q1---q2n)

! —
1<i<T g<p<i00873/ (2n)! i1 <qpyecquusTh VDL G20

L EEEER)
i

x cos(y~logqy) - - - cos(y~ logqan) + O((|y*| + T*) T (loglog T)**).

Next, we observe that g - - - g2, is a square if and only if it equals p? - - - p2 for some
primes p, € [TF~1, TPi] with 1< u < n. Grouping terms according to q;- - qa, =
pi---py gives

D 8(q1° - q2n)
Thirt <quyecquusThi VAT G20

,,,,,

_ 3 3 g(pt - p7)
TPi-1<py,..,pu<TPi TPi-1<qy,. . qou<TPi V P% o p%l
Qv qan=(p1 " pu)’
x cos?(y~logp1) -+ cos?(y~log pu)#{ (Pl D) | DL Py = pro--pu}
g(pt---pr)

n
2...p2
TPi-1<py,...,pn<TPi Pi n

@ @) 9o = (o pa)®)
#H (Pl ) [ 1P =1 Pa}

cos(y logqy)--- cos(y™ logqan)

cosz(y’ logpi)--- cosz(y’ log p,)

(4.15)

In the above, the factor #{(p}, ..., p%) | p}---p’ = p1---pa} " accounts for possible
repetitions when counting squares p?--- p2. With this observation, we see that the
first term on the right of (4.14) equals

e Ty T » o skier)

|
1<i<J g<p<1008; >/ (2n)! Thicr<py, pusThi P17 Pn

.....

@) [0 gan = P2

cos*(y~ log p1) -+~ cos*(y~log pu),
#(@ran) [aqu=prpa) BN s

where each g; again denotes a prime in (T#-1, T#i].
By [5, equation (4.2)], we know

1 r (Z(X])'

(4.17) Toopi) = —
g(pl p ) 22n 1 (OCJ')Z
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and

-1

(4.18) (g qon) | @@ =pi - pa} _ (2n)! ( n! )
H(q-qn) [ @1 qn=p1- P} T (2e)! \ T} aj!

whenever p; - - - p, is a product of r distinct primes with multiplicities oy, ..., &, (in

particular, a; + - - - + «, = n). Therefore, the expression (4.16) is equal to

k" cos’(y~logpy) - -+ cos*(y~log p,)
rll X —+ X 1

!
1i<T g<pn<1008; %4 M hicicpy,..pasThi p1Pn
1
X —
-
Hj:1 ‘xj!
*(y logp) )’
1{., cos“(y logp
<T[l X |k 3 —
1<i<J 03”3100{373/4 : ThRi-1 <PST51'

2 —
) Texp(kz 5 CowlogP))

p< TBg p
Hence, we arrive at
(4.19)

201 _ 1
I < Texp (k2 > cos (z(“lp ) ng)) +(ly*] + TN T (loglog T)**.
p<Th3

Since B3 < 1and cos?(0) = 1 (1+ cos(26)), from (2.2), it follows that

5 cos?(5 (a1 — az) log p) <y cos?(5 (a1 — az) log p)
p<Ths p per p

1 +1 D cos((o — az) log p)
2 oot p

(4.20)

[ = N =
s
IA
&
s

IN

5 loglog T + %log(ff"(T, ar,a2)) + O(1),

where (T, ay, ;) is defined in (1.9). Therefore, by (1.8), (4.19), and (4.20),
I <y T(log T)%ff( T, a1, 0;) 5y T8 (loglog T)** <« T(log T) éf}-( T, o, 042)%.
This combined with (4.2) and (4.6) completes the proof of Lemma 3.1.
5 Proof of Lemma 3.2
In this section, we shall prove Lemma 3.2. To begin, we first observe that

cos(%(m - ay)logp) log(Tﬁj/p) = Zj:G- i(t)
S pgr it 1 (ata2))  log TH) =R

p<T?i P
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where G; ;(t) is defined as in (3.1). This gives

5 C?S(%((xl - az)log p) log(Ti/p)

dt
Foter A (o)) log TF)

/ exp | 2kRe
te8(j) psTﬁf )

= exp(kMeG; ;(t))%dt.
sy J1 (k266 (0)
Similar to the proof of Lemma 3.1, we shall require the following lemma.
Lemma 5.1 Ifte8(j) with1<j<J-1, wehave

(kiﬁeGi,j(t))” ’

n!

H exp(ki)‘ieG,-,]-(t))z < H Z

1<i<j 1<i<j \ o<n<100kp;*/*

Proof It can be proved by repeating the argument for Lemma 4.1 while using
|ReG; (t)] < ﬂi_3/4 when € 8(j) (instead of |FReF; ()] < [31-_3/4) and the fact that
HLI e bl > i e b =

Now, setting

Aj’g = {t eR | |%2Gi’j(t)| < ﬁ;3/4, Vi<i< j, but |mEGj+1,g(t)| > ﬂ73/4},

j+1

by Lemma 5.1, we see

[t [ exp(kDieG, (1)) dt

€8()) 1<i<j
2

<<[ I 5 (ReGi; ()" |,

. . !
teS() 1zisj 0<n<100kp; > "

2
kReG; ;(t))"
% ﬂAj,g(t)dt’
n.

(5.1) < i fTZT [1 >

£=j+1 1<i<j Oﬁnﬁlookﬁi_aﬂ
where 14, (t) is the indicator function of A ;.” By the definition of A; ¢, we know
3/4 M
La,,(6) < (BY41ReGrn (1))
for any positive integer M. From this point on, we set

(5.2) M =2[1/(108;:1)].

It then follows that the last integral in (5.1) is

2For A c R, the indicator function of A is defined by 14(t) =1ift e Aand 14(t) =0if ¢ ¢ A.
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(5.3) [ I1

1<i<j

@l

1<i<j

( > (kmm)) (B3I (1))t

0<n<100kp;*/*

( > M) ey

0<n<100kp; >

as M is even. We shall write the last expression as ( /3 M where

j+1

L L; frmtnk s mitn;

S:= Z

mirzo om0 (m)1(m)L - () 1))

2T
y fT (mecjﬂ,g(t))MH(meci,j(t))mf+"fdt,
i=1

and L; := 100k/5i_3/4 for 1< i < j. Recalling the definition (3.1) of G; ;(t) and the fact
that Rep (3 (@1+2)) = cos((t +y*) log p), we have

(ReGy,j(1))™
cos(y” log p1) cos(( +y*)log p1) log(T*/py)

Thia<psTh  Thiocp, <Thi pf”*f‘ﬁ log T
L cos(y” 1Oz‘%Pm,)COS((HV )10g pm,) log(TF [ pom, )
przn, BlosT log TP
and
(ReGjrre(1))™
- Y ¥ cos(y~ 10gpl)lc+<)ﬁ+ y*)logp:) 10%(T‘”/pl)
TP cpr<TPivt TP <ppeTPivt 1312 BylogT og The

. C0s(y”logpa) cos((t+y") logpm) log(T** /p)

2 ﬁelogT log The
Py

where we are using py, for 1 < u < M, to denote a prime variable. It follows that

(p.4) Z Cs(p)

X oeee

i, I’l1<1<]

(5.4) [ H H cos((t+y")logp(i,r)) cos((t+y*)logq(i,s))

1<i<jl<r<m;
1<s<n;

M
x Hcos((t+ y")logp,)dt

x [T ] cos(y logp(i,r))cos(y logq(i,s)) Hcos(y logpu),

1<i<jl<r<m;
1<s<n,
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where m = (my,...,m;), W= (ny,...,n;j), with0 <m;,n; <L; = 100k[31._3/4

g, and p are tuples:
b= (P D)oo p(Lm) p2 1), s p(22), s p o),
§= (gL, ... q(Lm).q(2 ). a2 ma)ee . a(jon))),
ﬁ = (pl)---)PM)’

whose components satisfy

,and p,

(5.5) TP < p(i,r), q(i,s) < TP and TP < p, < TP,
Here, we also used the notation
C2(p,4)

ST 10 1 log(T#/p(i>r)) 1 log(T*//q(i,s))
1<i<j1<r<m; p(i, 1’)2 ﬂ,logT log T#; q(i,S)%+W log T#i ’

1<s<n;

5 _11‘_4[ 1 log(T#¢/p,)
]J - u=1 2 p,logr logTﬁl '

Observe that similar to (4.9), by (5.5), we have

(5.6) H H p(i,r)q(i,s) < T%! and Hpu < (Tﬁ’“)M T%2,

1<i<jl<r<m;
1<s<n;

Thus, by Lemma 2.1 and (5.6), it follows that

f H H cos((t+y ) logp(i,r)) cos((t+y*)logq(i,s))

1<i<jl<r<m;
1<s<n;

M
(5.7) x Hcos((t+y+)logpu)dt

=(T+y" )g( [T II p(i.na(is) = Hpu)+0(|y ) +0(1T?).

1<i<jl<r<m;
1<s<n;

Using (5.7) in (5.4), we find that

S - Z 1—[ Jemi Jeni Zcz(ﬁ’q)zc3 f,

i, 1<i< mi!ni!f]. [

(5.8) ((T+y )g( IT II pGir)q(.s) x Hpu)+0(|y |+T03))

1<i<jl<r<m;
1<s<n;

x [T TI cos(y logp(i,r))cos(y~logq(i,s)) []cos(y logpy).

1<i<jl<r<m; u=1
1<s<n;
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Observe that

|C2(p,q)| < D2(p, q) and [C5(p)| < D3(p)

where

- 1 1
D,(p,gq) = and D;(p) =
e 1L I, o vaws )

=
Sl

u
Therefore, we obtain

5= % 11 g BO6D ZC0)
mn1<z<] .

nit pq
(5.9) x (T +y* )g(

1<s<n;

[T II p(ir)a(is) = Hpu)
1<i<jl<r<m;

1<s<n;

x H H cos(y log p(i,r)) cos(y logq(i,s) Hcos(y logp,)
1<i<jl<r<m;
+ &,

where the error term &, contributed by the big-O term in (5.8), satisfies

(P> é)ZDs(p)(ly [+ T%%)).
m, n1<z<]

n;l p.d
Note that

M
ZD3(]3) = ( Z 1) < (Tﬁm)M < TS = 702,
b TPi<p<rhin v

where we used the definition (5.2). Hence, we have

k™ kM Lo
(5.10) Ex<(Iy+1")1%* > 1 - > Dy (P, 4).
<<y Mis it 55
Observe that
kme fens j km 1\
> 11 > D2pq) = ] So= T =]
somisisj Mit mil 52 i=1 \ o<m<100kp /" MU\ s et VP
The inner sum on the right satisfies

m
Z L < Thim < Tﬁi-lookﬁi_% TlOOkﬁ%
Tﬂf*1<pSTﬂi \/ﬁ
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and thus

’ ! 200kﬁ% k™ i
5 2. D2(p, ) < T T2 2
C P i=1 0<m<100kg7¥* 7
1 i
. 4 .
Since HJ T200kB < T400KB;" < T01 e then obtain

Z H ZDZ(p Q)< TOIHEZk T‘O1 ij T‘O1 2k log20 logloglogT

m,n 1<i<j l' i=1

ki feni

which is < T (loglog T)?*. Here, we use the facts j < J —1< mgizo logloglog T and
m =0.66.. .. Inserting this last bound in (5.10) yields

(A1) & < (Jy"|+ 1) T%2 . T% (loglog T)** = (|y*| + T°*) T3 (loglog T)**.
Combining (5.9) and (5.11), we have

s=x 11 o5 e D)

m,n 1<i<j m;! n! Psd

x (T +y* )g( [T IT pG.ra,s)x Hpu)

1<i<jl<r<m;
1<s<n;

X H H cos(y log p(i,r)) cos(y logq(i, s))Hcos(y logp,)

1<i<jl<r<m;
1<s<n;

+O0((ly*] + T°?) T (loglog T)Zk).

Note that |p*| < T and the main term is nonnegative since g is supported on squares,
following an argument similar to that establishing (4.13). Therefore, we arrive at

s«TZH"”"

mal<i<j Mi

ZDz(p q ZDa(P)

1<i<jl<r<m;
1<s<n;

(5.12) xg( [T IT pGi.rg(i.s)x Hpu)

X H H Acos(y log p(i,1)) cos(y™ logq(i, s))ncos(y logp,)

+O((ly*]+ T“)T“(loglog T)Zk).

Since the two integers within g are co-prime and g is multiplicative, we have

(H [T p(ir)a(is) Hpu):g( [T II P(iw)q(i,S))g(ﬁpu).

1<i<jl<r<m; 1<i<jl<r<m;
1<s<n; 1<s<n;
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This, together with (5.12), implies
kmzm

S«<TT]] > -

1<1<j 0<m<200k >4

8(p1---pm) - -
(5.13) x ="~ cos(y logpy) - cos(y logpm)
Tﬁi—1<p1;,pm§Tﬂi \/pl"'pm
x > Mcos()}_ logp;)--- cos(y” logpar)
pl.-.pM

TPi<py,...pm<TPi+t
+O((ly*] + T°) T (loglog T)Zk).

Since g is supported on squares, by an argument similar to that leading from (4.14) to
(4.19), we find that the previous expression is bounded by

M2
20— 1 2/ —
«Texp|k Y cos®*(y~ logp) 5 MM. 3 cos®*(y~ logp)
pSTﬂj p 2 (M/z)' Tﬁj<pSTﬁj+l p

+0((Jy*|+ T**)T°(loglog T)**)

, , (1/(10B;:1)]
«Texp|k T cos*(y~ log p) 1 D cos”(y~ logp)
B P 20Bj+1 g, B p
p<Tri TFi<p<Tr it
+O(([y*] + T°*) T3 (loglog T)**).
(5.14)

Indeed, the first exponential factor in (5.14) is derived by using the same argument
from (4.14) to (4.19) while replacing J by j; the second parentheses follow from (4.15),
(4.17), and (4.18) with n = % In addition, the last estimate is due to the following
application of Stirling’s approximation:

M! - (M/e)M - (M)M/Z ) 1 M/2 ) | M/2
2M(M/2)! T 2M(M[2e)M/2 2e ~ \10eBjs -\ 2084 '
Hence, by (5.1), (5.3), (5.13), and (5.14), we arrive at

Lig, — 1 Bj
[S()exp(zkme 3 C?S(Zl(al a2)10gp) log(T /p))dt
teS(j

p<T‘;i p5+w+i(t+%(al+az)) 10g TBi

(5.15) < (- j)Texp(k2 5 COSZ(Y;OE%P))

p<TPi

1/2 B
X(ﬁm 5 cos(y log p)

[1/(108:1)]
Pi<p<TPin p )

+ (3= )(y* I+ T%) 1) (loglog T)*,
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where y~ = 1 (a1 — a2). Recall that J < logloglog T, o = 0, ; = m, and

1
> —<loglogT.
p<Th

Observe that for j = 0, the left of (5.15) is meas(8(0)). Therefore, by using the trivial
bound cos®(3 (a1 — a2) log}z) < land the assumption [y*| = [43%2| « T%, we derive
meas(8(0)) « Te(loglog T)°/10,

cosz(%(cxl - ay)logp)

<

1
— =log B —log B+ o(1) <10.
TFi<p<TPit1 p T <peTPivt p

Also, we know

5 cos?(1 (a1 — az)log p) < cos?(3 (a1 — az) logp)

pSTﬂj p p<T p
-y 1+ cos((a — a2) log p)
p<T 2p .
By the above two bounds, (2.2), and the assumption |y*| << T, we see that the left
of (5.15) is
2 2 log(1/B;
<o Tl T) T (T 00) % exp (-5,
21ﬁj+1
as desired.

6 Proof of Lemma 3.3

The proof of Lemma 3.3 is similar to the proofs of Lemmas 3.1 and 3.2. One key
difference is that we need to invoke Lemma 2.2 in place of Lemma 2.1. In this section,
we shall establish the estimate (3.9). As the proof of (3.10) is similar, the details shall be
omitted. The integral in (3.9) shall be denoted /.- exp(¢(t)) dt where exp(¢(t)) is the

integrand in (3.9). First, we decompose this integrand in terms of integer parameters
loglog T
lo

. For each such m, we define
g2

m satisfying 0 < m <

cos( (a1 — az) log p)
Py (t) = Z 2p1+i(2t+(¢x1+txz)) ?

om <P52m+1
and the set

P(m) := {t €[T,2T] ||RePy(t)] > 7m0

(6.1) but [ReP, (1) < 27"/ forevery m +1< n <

loglog T}
log2 /-
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Observe that

(6.2) Z COS((“I - “z)logp) — Z Pm(t) + O(l),

plon T 2p1+i(2t+((x1+az))

0<m<loglogT

where the error term follows from Mertens’ estimate (Lemma 2.3 with a = 0) as

1 log(2log T)
— =loglog(2log T) —logloglog T + O(1) =log ————= + O(1),
log T<pz§:2 log T 10g IOg T
which is << 1. We now have the decomposition
[Texp«oa)))dt
(6.3) = f €ex] t t+ [ ex t)))dt.
lomr P () p(¢(1)))d o, () p(9(1)))

0<m< log2

In order to establish (3.9), we shall bound each of the integrals on the right side of (6.3).
If ¢ does not belong to any P(m), then [ReP,(t)| < 27"/ for all n < 10;501;5 L
(Indeed, for those t belonging to none of P(m),0 < m < loglog L if|ReP,, (1)] > 2710

loglog T loglog T
for some 0 < m < <E°6L then [RePy(t)] > 271 for some m +1< L < %% a5

log log2
t ¢ P(m). Choosing L to be maximal, we then have |DeP,(t)| <27"/'° for every
L+1<n< h’ﬁ}%, which means t € P(L), a contradiction.) For such an instance,

Re Y pclog T costa-a2) 198 P) _ ()(1). Hence, the contribution of such ¢ to the integral

2P1+1(2l+(lx1+a2))

/5 can be bounded by using Lemma 3.1. That is,
t)))dt
oo ey SROOD)

(6.4) < f exp (Zk%e
TA(Mw P(m)<)

<y T(log T)k7 ((T, 061,062))kT .

ol p;+W+1(t+ Llay+ay)) log TBs

5 cos(3 (a1 — az) log p) 10g(TﬁJ/P))

loglog T
log2

It remains to estimate the contribution from t € TnP(m), with 0 < m <
to /. 5 (more precisely, the first integral on the right of (6.3)). To do so, we first consider

the case that 0 < m < 2logloglog T

; . In this case, we have
og2

l%e Z cos((e; — arz) log p)

plon T 2p1+i(2t+(rx1+az))

<Y [RePy()]+0(1)

< > |RePa(8)|+ Y, [RePu(1)]+0(1)

0<n<m m+l<n<loglogT

1
Z 2n/10 O(l)
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where the first O(1) is due to (6.2), and the last inequality makes use of the definition
of P(m) in (6.1). Therefore, we deduce

COS(%(OQ —ay)logp) log(TP?/p) cos((a; — az) log p)
Re — + -
+H(tr(m+a))  log TBs 2p1+1(2f+(0‘1+“2))

1, 1
p<am+l p2+53 log T p<log T

1 1

1

< +0(1)
pg;“ \/1_7 ps;“ 2p m+l<nz<:loglogT 2n/10

« 22,

Thus, we derive

[7 » )exp(ZkE)%e( D C(l)s(l(oq ay)log p) log(T /p) Ly cos((al—az)logp))) ,

p<TF p? ,;J,og‘+l(t+ (a+a3)) log TBs pionT 2p1+1(2t+(¢x|+a2))

cos(3 (@ — az) logp) log(Tﬁj/p))dt

o(k2"/?)
<e exp | 2kRe
teTNP (m) p( zmﬂggm P‘Jr’} oz Tty (mt@))  Jog Th

SeO(kzm/Z)/ exp(ZkDRe > cos(3 (@ ~ a2) log p) lOg(Tﬂj/P))
teT

2mHl<p<ThI p2+l¥ logT“(H (m+az)) log T#

% (2" eP,, (1)) ar.
(6.5)

3m/4

(Here, we used the identity [DeP,, (¢)]?2"] = (ReP, ()22 as 2[2°7/4] is an
even integer.) Let N = 2[2™/4]. To proceed further, we require the following variant
of Lemma 4.1.

2logloglog T
Lemma 6.1 Assume0 < m < =E°808° [ft ¢ T, we have

log2
B 2
. 3 ;
[ ewtimeri(ny < [T » RBON
1<i<J 1<i<d 0<n<100kﬁ 3/4 !
where

. cos(%(ay — az)logp) log(TF
Fz(t) = 2 g( /p) . ]l(zm'#l,TI}:[](p).

Tﬁi—1<P<T/5i P%+W+i(t+%(al+a2)) log Tﬁj

Proof We first claim that if T#-1 < 2™*1 < T for some 1 < r < J, then r = 1. Indeed,
1

we would otherwise have 2"*! > TA1 = T Goslos? | which contradicts the assumption

0<m< %. Consequently, when i >2, we know |[ReF;(t)| = [ReF;(t)| <

B 3/% for t € 7. On the other hand, for i = 1, we can write

cos % a;—ay)lo log( T8
5 (5( )logp) log(T* /p)

Fl(t) = +i(t+%(061+0‘2)) log Tﬁj

L gm 7857 (P)

1, 1
1<p<Th p? PolosT
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cos(%((xl - az)logp) log(TP? /p)
+i(t+1 (+az)) lOg TBs

=F(t) - Z “L,mey(p)

1<p<ThA p%+1‘3 tog T

= Fi(t) + 0(2"?).
Observe that 2"/2 < loglog T as 0 < m < %, and recall |PReF ()] < [31_3/4 =
(loglog T)*/? for t € T. It then follows that |PReF, (t)| < 1.01/31_3/4 (for all T sufficiently
large). Therefore, we can establish the desired upper bound by a slight modification of

the proof of Lemma 4.1 while using [ReE; ()| < 1.01[3;3/4 fort € Tand1< i <J(inthe
place of |ReF;(t)| < ﬂi_3/4). u
Writing

3 cos((2t+((x1+¢x2))logq)cos((a1—az)logq),

2m<q£2m+1 Zq

ReP,(t) =

by Lemma 6.1, we derive

I

o 1 i(ied ,
2m+l<p< Ty p2+‘;3'°gTﬂ(t+2(al+a2)) log TF:

f (Zki)‘ie 5 C(l)s(%l(ocl - ay)logp) log(TP?/p) ) (9B, (1))t
=2
!

ki -
IRALA T
i<J l pq
< [T TI (2m+1,Tﬂu](P(1"))]1(2m+1,Tﬂa](‘J(i>5))ZCLL(ED
1<i<T 1<r<j; q
1<s<t;

< [ TT T cos(Ct+ ") logp(is ) cos((t+ ¥ loga (i)

1<i<T 1<r<j;
1<s<¥;

N
x [Jcos(2(t+y*)logqy)dt

v=1

X H H cos(y log p(i,r)) cos(y logq(i, s))Hcos y~ logq,),

1<i<T 1<r<j;
1<s<y;

(6.6)

where j = (ji,...,j3), £ = (f1,...,0q), with 0 < j;, £; < 100k[3i_3/4, and p, 4, and q are
tuples:

13-( (L1, p(L 1), p(2,1)s 5 p(2j2)5 -5 p(0:j3))
=(q(L1),...,q(1,4),9(2,1),...,9(2,62),...,q(], {5)),
q (ql"-"qM)
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whose components are primes which satisfy

TP < p(i,1), ..., p(is ji)» q(is1), ..., q(i, £;) < TP and 2™ < g, < 2™,
Here, C(p, q) is defined as in (4.8), and

Applying Lemma 2.2, we see that the last integral in (6.6) is

N
; ; + . oglo og T)*/*
(T+y+)g( IT II P(l,r)q(l,S)Xqu)+O(|y ) + O(10128slos DU DT,

1<i<T 1<r<j; v=l
1<s<¥;

where the last big-O term is due to the bounds (4.9) and

q% . q%\l < 22(m+1)N < 26(loglog T)(log T)3/4

by 2™ < qy,...,qn < 2™ and 2™ < log T. Thus, we derive

jZH*F C(p»9)

]£1<1<3 1t pg

x [T TT Teamen,zas1(p(6: 7))L (g, ms1(q(i,5)) ZC4(CI

1<i<J 1<r<j;
1<s<d;

N
X((T+y*)g( I_Ij [1 p(i>r)q(i>5))g(l_[qv)
1<i<d 1<r<j; v=1
1<s<¥;

(6.7) + O(|y*| + TO128Uoglog T)(log T)W))

x H H cos(y log p(i,r)) cos(y logq(i, s))Hcos(y logq,).

1<i<J 1<r<j;
1<s<t;

(Here, we used the fact that none of p(i,r) and q(i,s), appearing in g, equals g,
for any v. It is because of the factor 1 ymu 1p5)(p(i,7))L(mn 1857(q(i,s)), which
forces p(i,r), q(i,s) > 2™*! > q,.) From an argument similar to the one below (4.11),
it follows that the contribution of the big-O term on the right of (6.7) to Zis

< (|y*] + 1012008 los )(log T)m) > . ———T%(loglog T)?*,

2m<qy,.qy<2nt G

which is << ([y*| + TO+° M) T (loglog T)?* as the sum above is equal to

N
N
> ! g((z’”“—z’”)im) =1L
2"'<q§2'"+1q 2
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Now, arguing as in the proof of Lemma 3.1 (leading from (4.12) to (4.19)), we can
bound .# by

5 cos®(5 (a1 — a2) log p)

< Texp (k2
p<TFs p

]1(2'"+1,T!‘a](P))

x 2mN/10 Z M +(ly*] + TO'HO(I))TO'I(lOglOg T)Zk
2M<qpse..,qN<2MHL qi- - qn

N/2
« Texp (k2 3 cos? (5 (a1 - az)logp)) 9mN/10 \y ( 1 )

X
2m+1<PSTﬁj p ZN(N/z)'

2m<q<amtl q
+ T0'7(10g10g T)Zk
(6.8)

as|y*| = |95 < T°-6. Hence, by (6.6) and (6.8), combined with (2.2), the left of (6.5)
is

m/2 3m/4 2 5
« 02" (2'”/5'23’”/4‘ _'”)[2 ] T(log T)kaT"(T, oa,om)kT

23m/4

(6.9) « 02" T(log T) ?(T o, 0(2)

2logloglog T

log2 <ms<

Second, we evaluate the contribution from ¢ € T n P(m) with

loglog T
Oﬁ);g . We shall consider

1dt < f 2"O%ep,, (1)) dt.

/t-e:mfp(m) ( P (1))

Following the previous argument in (6.5) with the exponential factor replaced by
1, one can show that meas(T nP(m)) <« Te 2" So, for 2 > (loglog T)?, we see

meas(T N P(m)) « Te~(loslos )" In addition, the Cauchy-Schwarz inequality tells
us that

1 1 B
f exp (kae( Z C?S( (o0 - a2) ng) log(T /p)
teTNP(m)

p<TPI pz ﬂJlOET+1<t+ (ar+a2)) log TP

2p1+i(2t+(v¢,+(x2))

cos((a1 — a2) log p) )) it

p<log T

1 J
- eklogloglong exp(zkf)‘ie 5 cos(3 (a1 —az)logp) log(T* /p))dt
teTNP(m)

o P; ﬁ]logT+1(t+ (a1+a3)) logTﬁV

L 1 B :
< (10810gT)k(/term:p(m)exp(%me > cosla a1~ o2) 1ogP) log(T /p))dt)

o p;+ﬁ;logT+l(t+ (1+az)) log TBs
x (meas(T N fP(m)))%
(6.10)
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As Lemma 3.1 gives

cos(3 (a1 —az)logp) log(T# /p) )
4kR : dt < T(log T)**,
/t;‘T”fP(m) P engT;g p%*'mﬂ(tﬁ-%(awaz)) log T8 < T(logT)

we see that (6.10) is bounded by
(6.11) «j Te~i(loglog ™,

Finally, we conclude the proof by combining (6.3) with the bounds (6.9) (0 < m <

2logloglog T 2logloglog T loglog T
EIEIOET) ) 511 (ST < < SEET) or ., explp(1) diand the

bound (6.4).
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