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1. Introduction. 

Let R be a commutative ring with unit. Let (A , <p ) 
a pa 

(a < 6) (resp . (B , vp ) (<* < P)) be an infective (resp . project ive) 
— a a$ — 

s y s t e m of R-a lgebras indexed by a directed set I; let 
((X ,d ) , f ) (or < p) (resp. ((Y , 6 ), g J (a < p» be an injective 

a a pa — a a a$ — 
(resp . projective) s y s t e m of c o m p l e x e s , indexed by the same set 
I, such that for each a€ I, (X , d ) (resp. (Y , 6 )) i s a c o m -

a a a a 
plex over A (resp. over B ). The purpose of this paper is 

a a 
to show that the covariant functor Lim from the category of a l l 
such injective s y s t e m s of complexes and complex homomorphisms 
over the R-algebra l im A i s such that it a s s o c i a t e s with an 

-+ a 
injective s y s t e m ((U , d ) ,h ) of universa l complexes a 

a a pa 
universa l complex over l im A whereas the same i s not true 

— a 
of the covariant functor l im on the category of a l l such project ive 
s y s t e m s of complexes and their maps . 

The projective s y s t e m of a lgebras cons idered here i s 
(A , <p ) (k < 1) where A = K[y]/J , K[y] being the polynomial 

ring in one indeterminate y over a field K of character i s t i c p 

The author w i s h e s to e x p r e s s her thanks to Pro fe s sor B. 
Banaschewski for his guidance during the preparation of this 
work. 

Canad. Math. Bull . vol . 8, no. 3, April 1965 

291 

https://doi.org/10.4153/CMB-1965-020-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-020-7


k 
and J be ing the idea l g e n e r a t e d by y in K[y], The r e s u l t 

tha t the p ro j ec t ive l imi t of a p ro j ec t i ve s y s t e m ((U , d ),f ) 
ri K. K.Jt 

(k < £ ), whe re (U »d ) is a u n i v e r s a l c o m p l e x over An for 
— ' k k k 

a l l k, is not a u n i v e r s a l c o m p l e x ove r l im A = K{ y} which 

is the f o r m a l power s e r i e s r i ng in one i n d e t e r m i n a t e , is obtained 
by proving that a u n i v e r s a l c o m p l e x over K{ y} is inf ini tely 
g e n e r a t e d . 

2. P r e l i m i n a r i e s . 

Let X and Y be two g raded a l g e b r a s ove r a c o m m u t a t i v e 
r i n g R with unit. Let f : X->Y be a g r aded R - a l g e b r a h o m o -
m o r p h i s m . We r e c a l l tha t an R - l i n e a r mapp ing d:X-*Y of X 
into Y i s ca l l ed an R - d e r i v a t i o n of d e g r e e 1 if (i) d i s a h o m o ­
geneous R - l i n e a r mapp ing of d e g r e e 1; and (ii) for any x, x ! 

in X, w^ith x homogeneous of d e g r e e n, d(xx f ) = dx • f(x* ) 

+ (-1) f(x) dx1 . In p a r t i c u l a r , if Y = X, then an R - d e r i v a t i o n 
of d e g r e e 1 of X into i t se l f i s ca l l ed an R - d e r i v a t i o n of d e g r e e 
i of X. F o r any un i t a ry c o m m u t a t i v e R - a l g e b r a A, a p a i r 
(X, d), whe re X is an a n t i c o m m u t a t i v e g r a d e d R - a l g e b r a such 
tha t X = A and w h e r e d:X-*X is an R - d e r i v a t i o n of d e g r e e 1 

of X such tha t d* d = 0 , i s ca l l ed a c o m p l e x ove r A. We ca l l 
a c o m p l e x (X, d) ove r A s i m p l e if X is g e n e r a t e d by dA a s 
an A - a l g e b r a . In t h i s c a s e we sha l l say tha t the c o m p l e x (X, d) 
is g e n e r a t e d by A. F o r any two c o m p l e x e s (X, d) , (Y, 6) ove r 
A, a graded. R - a l g e b r a h o m o m o r p h i s m f:X-*Y is ca l l ed a c o m ­
p l ex h o m o m o r p h i s m over A if (i) f m a p s A i d e n t i c a l l y ; and 
(ii) f o d = 6 * f. We w r i t e f : (X,d)->(Y,6) . If f:X->Y is a g r a d e d 
a l g e b r a i s o m o r p h i s m then the c o m p l e x h o m o m o r p h i s m 
f:(X, d)-*{Y, 6) over A is ca l l ed a c o m p l e x i s o m o r p h i s m over A. 
If A and B a r e two un i t a ry c o m m u t a t i v e R - a l g e b r a s and 
(p:A-+B an R - a l g e b r a h o m o m o r p h i s m then , for a c o m p l e x (X, d) 
ove r A and a c o m p l e x (Y,6) ove r B , f :(X, d)-*(Y, 6) i s c a l l ed 
a <p-complex: h o m o m o r p h i s m if (i) f:X-*Y is a g r a d e d R - a l g e b r a 
h o m o m o r p h i s m such tha t f = <p on A; (ii) f c d = 6 c f. F i n a l l y , 
a h o m o g e n e o u s idea l J C X is ca l l ed a c o m p l e x idea l iff dJ C J . 
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3. U n i v e r s a l C o m p l e x e s . 

Definition 3. 1: A c o m p l e x (U,d) over an R - a l g e b r a A 
i s ca l l ed u n i v e r s a l [5] if, given any o ther c o m p l e x (Y,6) over A, 
t h e r e e x i s t s a unique c o m p l e x h o m o m o r p h i s m f : (u ,d) -*- (Y, 6) 
ove r A. 

In the following we sha l l e s t a b l i s h the e x i s t e n c e of u n i v e r s a l 
c o m p l e x over A using the a p p r o a c h conta ined in Bourbak i 1 s 
solut ion of the u n i v e r s a l mapping p r o b l e m [4], F o r t h i s we sha l l 
f i r s t define the p roduc t of a family of c o m p l e x e s ove r A» Let 
(X , d ) (a € I) be a fami ly of c o m p l e x e s over A» We know tha t 

a a 
the p roduc t XI X is an R - a l g e b r a . Set A = { (a ) la * A and 

a a a 
a 

a = a for a l l a € 1} . Then A c n X and A i s i s o m o r p h i c 
a — a, o 

a 
to A under the n a t u r a l i s o m o r p h i s m (a ) - * a . F o r m the d i r e c t 

a 
sum A + Z II X ins ide XI X . H e r e X deno tes the 

a, n a atn 
n>l a a 

homogeneous module of d e g r e e n(n > 1) of X . One can e a s i l y 
— a 

ve r i fy tha t A H- S XIX is an ant ic o m m u t a t i v e g raded 
n>l a 

R - a l g e b r a conta in ing an i s o m o r p h i c copy of A a s the module of 
homogeneous e l e m e n t s of d e g r e e 0. Denote by X the a n t i -
c o m m u t a t i v e g r a d e d R - a l g e b r a obtained f rom A + S n X 

n>l a 
(dir) by identifying A with A under the n a t u r a l i s o m o r p h i s m 
(a )~*a. Now let d be the r e s t r i c t i o n of the p roduc t mapp ing 
(d ) : I IX -*n X to Xa S ince , for an a r b i t r a r y e l e m e n t 

a a € I a a 
a a 

x = (a) + (x ) + . . . + (x ) in X , 
Q , l o U û ' , n o ' € l 

dx = (d ) (a + (x ) + . . . + (x ) ) 
a a £ I a, 1 a * I a,n a *• I 

= (d a) + (d (x ) ) + . . . + (d (x )) 
a a € I a atn a € I or or, n a € I , 

it fol lows tha t d m a p s X into X and i s a de r iva t ion of d e g r e e 
1 of X such tha t d d = 0. Hence (X, d) i s a c o m p l e x ove r A. 
We ca l l (X, d) the p roduc t ove r A of the fami ly (X , d ) (a € I) 

» a a 

of c o m p l e x e s over A. 
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Remark: Let <p be the restriction of the natural projection 

*p:IlX-+X to X=Aa+ 2 n X (dir). Then r a a , . <*,n 
a a n>l a 

<p :(X,d)->(X ,d ) is a complex homomorphism over A. It is 

called the natural projection over A. 
Now note tha t for any s imp le c o m p l e x (X, d) ove r 

A, I x l < |A I ?*\ T h e r e f o r e , we can choose a r e p r e s e n t a t i v e 
— ' o 

fami ly (X , d ) (o « I) of s imp le c o m p l e x e s ove r A su h tha t 
a a 

e v e r y s imp le c o m p l e x over A i s i s o m o r p h i c to s o m e «X ,âj 

(a c I). Now f o r m the p roduc t (X,d) ove r A of the fami ly 

(X , d ) (a € I) of c o m p l e x e s ove r A, Denote by u the A-suh» 
a a 

a l g e b r a of X g e n e r a t e d by dA which i s a se t of h o m o g e n e o u s 
e l e m e n t s of d e g r e e 0. Since u is an a n t i c o m m u t a t i v e g r a d e d 
R - a l g e b r a such tha t u =A* the c o m p l e x (u, 6) w rhere 6 deno te s 

o 
the r e s t r i c t i o n of d to \i3 i s a c o m p l e x over A. C l e a r l y (a, 6) 
i s a s imp le c o m p l e x ove r A. We c l a i m tha t (u, 6) i s a u n i v e r s a l 
c o m p l e x ove r A. F o r t h i s le t {Y f 9 ) be any s i m p l e c o m p l e x 
ove r A, Then (Y»ô ) i s i s o m o r p h i c to s o m e (X , d ) {a « I). 

a a 
Denote t h i s i s o m o r p h i s m by j . If IT deno te s the r e s t r i c t i o n 

of the n a t u r a l p ro j ec t ion p :{X,d)-*{X , d ) to (u, 6) then TT 
'a a a a 

is a c o m p l e x h o m o r m o r p h i s m (u, 6) -HX $d ) ove r A. So, 
a a 

joTT =f i s a c o m p l e x h o m o m o r p h i s m (u, ô)-*-(Y, 9 ) over A, 
a 

Since u is g e n e r a t e d by dA a s an A - a l g e b r a , f i s un ique . 
Since e v e r y c o m p l e x o v e r A c o n t a i n s a s i m p l e c o m p l e x ove r A, 
it follows tha t ( u, 6) i s a u n i v e r s a l c o m p l e x o v e r A, (u, 6) i s 
obviously unique up to i s o m o r p h i s m » 

"** C Q m p l e x e s ove r the ho rnomorph ie i m a g e of an a l g e b r a . 

Let A and B be two u n i t a r y c o m m u t a t i v e R - a l g e b r a s and 
let <̂ :A-**B be an R - a l g e b r a e p i m o r p h i s m . Le t F be the k e r n e l 
of §. Then for any c o m p l e x (X, d) ove r A, ( X / J , d ) , w h e r e 
J - X F + XdF i s the c o m p l e x idea l g e n e r a t e d by F in X and d 
is the unique de r iva t i on induced by d on X / J , i s a c o m p l e x 
over B. A l s o , the n a t u r a l g r aded a l g e b r a h o m o m o r p h i s m 
5 :X-*X/J i s a §» c o m p l e x h o m o m o r p h i s m and , so , ex t ends $. 

Now let (Y, 6) be a n o t h e r c o m p l e x ove r A and ( Y / P , 6) be the 
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corresponding complex over B. Then one readily sees that 
any complex homornorphism f:(X, d)-*(Y, 6) over A induces 
a unique complex horn om or phi sm f:(X/ J, d)-*(Y/P, 6) over B 
such that S o f = £ o J . Moreover, for any complex homo-

morphism f1 from (Y, 6) over A, f « f = f' c f. Thus, we 
have the following proposition. 

Proposition 4. 1. Every R-algebra epimorphism §:A-*̂ B 
induces a covariant functor T~ from the category of all com-

2 
plexes and complex homornorphism s over A into the category 
of all complexes and complex homomorphisms over B. 

Proposition 4. 2. T_ is onto and maps the universal 
— — • 4 

complexes over A to the universal complexes over B. 

Proof. Let (Y,6) be any complex over B and TY be 
— — 4 

the anticommutative graded algebra obtained from Y by the 
change of the basic ring to A. Then X = A © S TY is an 

Â à n 
n>l * 

anticommutative graded R-algebra such that the module X 

of homogeneous elements of degree 0 is A. Moreover, the 
mapping 9 : X-OC given by 9 = ô o J on A and 3 =6 on 

Y (n > 1) is a derivation of degree 1 of X such that 9 ° 3 = 0. 
2 n ~ 
Thus (X, 9 ) is a complex over A. Since J = XF + X9 F 
= ( A ® 2 Y ) F + ( A © S Y ) 9 F = A F = F, it follows 

s 9 n * 4 n 

n>l * n>l * 
that X/J = B © S Y = Y. One can also easily verify that 

n 

n>l _ 
§ o 9 = 6 o § . Therefore, by the uniqueness of 9 , it follows 

X X 
that 6 = 9 . Hence TT(X, 9 ) = (Y, 6). Next, let (Z,d) b e a n y 

4 
other complex over B and (A © S _Z , D) be the c o r r e s -

n>l * 
ponding complex over A. Then, for a complex homornorphism 
f : ( Y , 6 M Z , d ) over B , g : ( A © Z TY , 9 M A © S ,Z , D) 

t è n t 4 n 
n>l * n>l x 

given by g= identity on A and f on S YY is a complex 
n>l * 

homornorphism over A. One immediately sees that T (g) = f. 
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Thus T is onto* The second part of the proposition is an 

immediate consequence of the ontoness of T' . 

R e m a r k . We know tha t the co l l ec t ion of a i l R ~ a l g e b r a s 
t o g e t h e r wi th t h e i r e p i m o r p h i s m s f o r m s a c a t e g o r y A (R). 
We a l s o know t h a t wi th e v e r y R - a l g e b r a A we can a s s o c i a t e the 
c a t e g o r y ÏZ (A) of a l l c o m p l e x e s ove r A. M o r e o v e r , P r o p o s i ­
t ions 4 . 1 , 4. 2 say tha t wi th e v e r y e p i m o r p h i s m §:A~>B be tween 
two R - a l g e b r a s A and B we can a s s o c i a t e a c o v a r i a n t functor 
T : L ? ( A ) - * * C ( B ) which is aga in onto . T h u s , we get a c o r r e s -

pondence §"*T« which h a s the following two p r o p e r t i e s : 

(i) If § i s the ident i ty m a p p i n g I:A-*A, then T : C(A)-*g1(A) 
i s the ident i ty m a p p i n g . 

(ii) If C is a n o t h e r R - a l g e b r a , and \\i:3-+C an R - a i g e b r a 
e p i m o r p h i s m , then the func to r s T and T ° T a r e 

n a t u r a l l y equ iva len t , the n a t u r a l equ iva l ence be ing given by the 
canon ica l i s o m o r p h i s m X/M->X w h e r e M i s the c o m p l e x idea l 
g e n e r a t e d by k e r (I(J ° $) in X; X = ( X / J ) / N , N being the 
c o m p l e x idea l g e n e r a t e d by the k e r (t^) in X / J . 

5. The Infect ive L i m i t of C o m p l e x e s . 

Let (X ) (a € I) be a fami ly of a n t i c o m m u t a t i v e g r a d e d 
a 

R - a l g e b r a s indexed by I. F o r e a c h a < 6, let f :X ~>X„ 5 y — K pur <* P 
be a g raded a l g e b r a h o m o m o r p h i s m such tha t (X , f ) (a < p) 

a pa — 
i s an infect ive s y s t e m . In [21 it i s shown tha t X = S l i m X 

n>0 a 
(di r ) i s an an t ic o m m u t a t i v e g raded R - a l g e b r a and i s the infec t ive 
l imi t of the s y s t e m (X , f ) (a < p). 

a pa — 

R e m a r k s . (1) Let (A , <p ) be an infect ive s y s t e m of 
— — — — a pa 

R - a l g e b r a s indexed by a d i r e c t e d se t I. If for e a c h a € I, X 

i s such tha t the modu le X of h o m o g e n e o u s e l e m e n t s of 
a, o 

d e g r e e 0 of X i s equa l to A then X ~ l im A and X i s 
a a o -* a 

an an t ic o m m u t a t i v e g r a d e d a l g e b r a ove r l im A . 
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(2) F o r each a £ I, the n a t u r a l mapping fp ;X -+X is a 
a a 

graded R - a l g e b r a h o m o m o r p h i s m . 

L»et I be a d i r e c t e d se t and let (A , </? ) (a < 6) be an 
a pa — 

inject ive s y s t e m of R - a l g e b r a s indexed by the set I. Let 
{(X , d ), f ) (a < 6) be an in ject ive s y s t e m of c o m p l e x e s such 

a a fia — 
tha t for e a c h a € I, (X , d ) i s a c o m p l e x e v e r A . Then 

a a a 
(X ,f ) i s an inject ive s y s t e m of a n t i c o m m u t a t i v e g raded 

a pa 
a l g e b r a s . Set X = l im X . By R e m a r k 1, X = l im A and 

-> a o -*- a 
X i s an an t ic o m m u t a t i v e g raded a l g e b r a over l im A . A l s o , 

-** a 
for each a < (3 in I, the following d i a g r a m c o m m u t e s : 

( s ince f a r e c o m p l e x h o m o m o r p h i s m s ) . So (d ) (a € I) i s an 
pa a 

in jec t ive s y s t e m of m a p p i n g s . Now, for e a c h a € I, se t 
X = ç o d , w h e r e <p :X ~*X i s the n a t u r a l g r aded a l g e b r a 

a a a a a 
h o m o m o r p h i s m . Then , for a < p in I, 

\ o f = < p o d o f = < p o f o d = < p o d = X 
P Pa ^p P pa r p pa a r a a a 

i m p l i e s the e x i s t e n c e of the unique mapp ing l im d = d of X into 
-+• a 

i t se l f such tha t <p o d =do^> for a l l a € I. One can e a s i l y 
a a a 

ver i fy tha t d i s an R - d e r i v a t i o n of d e g r e e 1 of X such that 
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d o d = 0. Therefore, (X,d) is a complex over lim A 
a 

D e f i n i t i o n 5 . 1. We c a l l ( X , d) t h e i n j e c t i v e l i m i t of t h e 

i n j e c t i v e s y s t e m ( (X , d ), f ) (a < p ) , a n d w e s h a l l w r i t e 
a a pa — 

(X, d) = l i m ( X , d ). 
-** a a 

R e m a r k . If e a c h (X , d ) i s a c o m p l e x o v e r A , t h e n 
— — — - a a 

(X, d) i s a c o m p l e x o v e r A . 

F o r a n i n j e c t i v e s y s t e m (A , <p ) (a < p) of R - a l g e b r a s 
a Ç>a — 

i n d e x e d b y a s e t I , l e t v / b e t h e c a t e g o r y w h o s e o b j e c t s a r e 

t h e i n j e c t i v e s y s t e m s ( (X , d ) , f ) (a < 6) of c o m p l e x e s 
a a pa — 

( i n d e x e d b y I) s u c h t h a t f o r e a c h a in I (X , d ) i s a c o m -
a a 

p l e x o v e r A , a n d w h o s e m a p s a r e t h e m a p s b e t w e e n t h e s e 
a 

i n j e c t i v e s y s t e m s . 

P r o p o s i t i o n 5 . 1 .• T h e c o v a r i a n t f u n c t o r l i m f r o m -• / i n t o 

t- ( A ) , t h e c a t e g o r y of a l l c o m p l e x e s o v e r A = l i m A , i s o n t o . 

P r o o f . L e t ( X , d) b e a c o m p l e x o v e r A = l i m A , a n d 
> ^ a 

l e t \\t : A ->A b e t h e n a t u r a l m a p p i n g s (a € I ) . We kn t h a t 
a o 

f o r e a c h a € I , X c a n b e m a d e i n t o a n A - m o d u l e by d e f i n i n g 
a 

t h e s c a l a r m u l t i p l i c a t i o n by t h e e l e m e n t s of A a s f o l l o w s : 
a 

a x = 4» (a )x f o r e a c h a in A a n d x in X. 
a a a a a 

T h u s , f o r e a c h a € I, ( X , d ) w i t h X = A ; X = t h e 
a a ÛO a a, n 

A - m o d u l e X (n > 1 ) ; a n d d = d o ^ o n A , d = d 
en n —* a, o o a a a,n n 

on X (n > 1 ) i s a c o m p l e x o v e r A . So w e h a v e a f a m i l y 
cv, n — a 

( X , d ) (a € I) of c o m p l e x e s s u c h t h a t f o r e a c h a € I , (X , d ) 
ct & a a 

i s a c o m p l e x o v e r A- » N o w , f o r e a c h a < (3 i n l, h :X ~*X 
a — ^a a p 

b e t h e m a p p i n g g i v e n b y h = ç on A a n d i d e n t i t y on 
pa pa a 

T, X , T h e n , s i n c e e a c h x € X c a n b e w r i t t e n a s a + x w i t h 
. , n a r o 

n>1 

w 7 \.J 

https://doi.org/10.4153/CMB-1965-020-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-020-7


a € A , x € S X » i t f o l l o w s f r o m t h e d e f i n i t i o n s of d a n d 
a a a . n a 

n > l 
h , t h a t h : ( X , d )-*{X , d ) i s a <p - c o m p l e x h o m o m o r p h i s m 

pa fia a a fi fi fia 
(a < 6 ) . M o r e o v e r , ( (X , d ) , h ) (a < fi) i s a n i n f e c t i v e s y s t e m 

— a a fia — 

of c o m p l e x e s i n d e x e d b y I ; s i n c e a < fi a n d I d i r e c t e d i m p l i e s 

t h e e x i s t e n c e a of 6 € I w i t h 6 > a, fi a n d f o r t h i s 6 , 

h c h (x) = h c h (a + x ) = <pc <p (a ) + x = <pc (a ) + x 
6p p<* 6p p ^ v a a *op *fia a a Y§a a <* 

= h.. (a + x ) = h,. ( x ) . T h u s ( (X , d ) , h ) (a < p) b e l o n g s 
Oa a a Oa a a fia — 

t o û ^ . N o w w e c l a i m t h a t l i m ( X , d ) = (X , d ) . F o r t h i s w e 
-* a a 

r e c a l l t h a t ( i) l i m X = l i m A + 2 l i m X = l i m A + 2 l i m X 
-* a ~+ a . -* or, n -*• or , ~* n 

n > l a n > l » 
= A © 2 X = X; a n d ( i i ) t h e n a t u r a l g r a d e d R - a l g e b r a h o m o -

n 
n > l 

m o r p h i s m <p : X -*X i s g i v e n by <p = ^ on A a n d i d e n t i t y on 
a a a a a 

X (n > 1) . F r o m ( i i ) a n d t h e d e f i n i t i o n of d i t f o l l o w s t h a t 
a , n — a 

<p o d = d o A) a € I. T h e r e f o r e , b y t h e u n i q u e n e s s of l i m d , 
a a a -** a 

o n e h a s d = l i m d a n d , h e n c e l i m ( X , d ) = (X , d ) . T h u s , i t 
-*• a "*• a a 

o n l y r e m a i n s t o s h o w t h a t if ( Y , 6 ) i s a n o t h e r c o m p l e x o v e r A 
a n d f : (X , d)-**(Y,6 ) i s a c o m p l e x h o m o m o r p h i s m o v e r A t h e n 

t h e r e e x i s t s a m a p (g ) (a € I) f r o m t h e i n f e c t i v e s y s t e m 
a 

( ( X , d ) , h ) t o t h e c o r r e s p o n d i n g i n f e c t i v e s y s t e m 
a a fia 

((Y , 6 ) , g ) s u c h t h a t l i m g = f. T h i s h o w e v e r f o l l o w s 
a a fia -> a 

f r o m t h e f a c t t h a t f o r e a c h or in I , t h e m a p p i n g g : 
a 

A © 2 X - * A 0 S Y g i v e n b y g = i d e n t i t y on A a n d 
a t n a a n a a 

n > l n > l 
f on S X i s a c o m p l e x h o m o m o r p h i s m ( X , d ) -+• (Y , 6 ) 

n a a a a 
n > l 

o v e r A , s u c h t h a t g o g = g o h f o r e a c h a < 6 in I ; 
a &fia sa &fi fia - K 

a n d t h a t f o <p = cp* o g (or « I) w h e r e \\t} : Y -* Y i s t h e 
a a a a a 

n a t u r a l g r a d e d a l g e b r a h o m o m o r p h i s m . H e n c e l i m i s o n t o . 

P r o p o s i t i o n 4 . 2 . L e t ((U , d ) , f ) b e a n i n j e c t i v e 
a a fia 

s y s t e m of c o m p l e x e s s u c h t h a t f o r e a c h a in I , (U , d ) i s a 
a a 

u n i v e r s a l c o m p l e x o v e r A . T h e n (U , d) = l i m (U , d ) i s a 
a -*> a a 

u n i v e r s a l c o m p l e x o v e r l i m A = A . 
-*> a 
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Proof. Let (Y, 6) be any c o m p l e x ove r A. Then by 

the ontoness of the covariant functor Lim there exists an injective 
s y s t e m ((Y , 6 ), g ) (a < p) s u c h t h a t ( Y , 6 ) = l i m ( Y , 6 ). 

a a • (?a ~ -+ a a 
Since for e a c h a 6 I, (U »d ) ic a u n i v e r s a l c o m p l e x ove r A , 

a a a 
t h e r e e x i s t s a unique c o m p l e x horn om or phi sm f : (U , d )->(Y 5 6 ) 

a a a a a 
(a € I) over A . It can e a s i l y be checked tha t for each a < p 

a — 
in I, g w f = f c f ; t hus (f ) (a € I) i s an in jec t ive s v s t e m 

"pa a p pa a 
of m a p p i n g s . Set f = l im f . Then , c l e a r l y , f : (U,d) -• (Y, 6) 

-*• a 
i s a c o m p l e x h o m o m o r p h i s m over A. Un iquenes s of f fol lows 
f r o m the fact tha t U i s g e n e r a t e d by dA a s an A - a l g e b r a . 

6. The P r o j e c t i v e L i m i t of C o m p l e x e s , 

Let (X ) (a € I) be a fami ly of a n t i c o m m u t a t i v e g r a d e d 
a 

R - a l g e b r a s . It is known tha t t h e i r c a r t e s i a n p r o d u c t n X 
a a 

i s aga in an R » a l g e b r a . Ins ide n X , we f o r m the sum S 
n>0 

II X =7P X of the R - m o d u l e s n X , w h e r e X deno t e s 
a a tn a a a a, n a, n 

the module of h o m o g e n e o u s e l e m e n t s of d e g r e e n of X (n > 0 ) . 
a — 

C l e a r l y , t h i s sum is d i r e c t and IP X is an an t ic o m m u t a t i v e 
a a 

g r a d e d R - a l g e b r a . We ca l l IP X the p roduc t of the fami ly 
a a — 

(X ) (a c I) of an t i c o m m u t a t i v e g r aded R - a l g e b r a s . If 7"1 

a a 
deno te s the r e s t r i c t i o n of the n a t u r a l p ro j ec t ion n X -*> X to 

a a a 
Tp X , then Y> is a g r aded R - a l g e b r a e p i m o r p h i s m and we 

a a a 
ca l l it the n a t u r a l p ro j ec t i on . 

Now, le t (X ,f ) ( a< p) be a p r o j e c t i v e s y s t e m of a n t i -
a ap — 

c o m m u t a t i v e g r aded R - a l g e b r a s , and se t X = { x | x € 7 p X , 
a a 

yj (x) =f c yj (x)}. Then , f r o m a s t r a i g h t f o r w a r d c o m p u t a ­

t ion it fol lows tha t X = 2 l im X (d i r ) and X is an a n t i -
. »̂ a, n 

n > 0 a 
c o m m u t a t i v e g r a d e d R - a l g e b r a . 
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Definition 6. 1. X = Z l im X (di r ) wil l be ca l l ed 
n^O a 

pro jec t ive l im i t of the p ro jec t ive s y s t e m (X ,f ) . 
^ _ i . — ^ a ap 

R e m a r k . Le t (A , <p ) (a < (3) be a p ro j ec t i ve s y s t e m 
_ a ap — 

of R - a l g e b r a s indexed by a d i r e c t e d se t I. Le t (X , f ) 
a ap 

(a < p) be a p ro j ec t ive s y s t e m of a n t i c o m m u t a t i v e g raded 
R - a l g e b r a s a l s o indexed by I. If e a c h X i s such tha t 

a 
X = A , then X - l i m A . 

», o a o «$_ a 

Next , let ((X , d ), f ) (a < p) be a p ro j ec t ive s y s t e m of 
a a a$ — 

c o m p l e x e s ( indexed by a d i r e c t e d se t I) such tha t for e a c h 
a £ I (X , d ) i s a c o m p l e x ove r A w h e r e (A , q> ) (a < B) 

a a a a ap — 
is a p ro j ec t ive s y s t e m of R - a l g e b r a s indexed by I. We note 
tha t the r e s t r i c t i o n 6 of the mapp ing (d ) : n X -*• n X 

a a* I a a a a 
to IP X is a de r iva t i on of d e g r e e 1 of 7P X such tha t 

a a a a 
6 c 6 = 0; t h u s , ( fp X , 6) i s a c o m p l e x ove r II A and the 

a a a a 
n a t u r a l p r o j e c t i o n s y? : TP X -* X a r e such tha t 

a a a a 
JJ c 6 = 6 <• y? (a € I) . Denote by d the r e s t r i c t i o n of 6 to X. 

a a a 
Then , for any x in X, 

y> (dx) = d ( y> (x)) , . ( s ince d i s the r e s t r i c t i o n of 6) 
' a a a 

= d f >> (x) 
a Q'P'p 

= f drt 7^(x) , ( s ince f i s a q> - c o m p l e x 
ap P P <*P c*p r 

h o m o m o r p h i s m ) 

= f T (dx) 

ap V 
tha t i s , dx€ X. Thus d m a p s X into i tself . C l e a r l y , d i s 
a de r iva t i on of d e g r e e . 1 of X such tha t d o d = o . T h e r e f o r e , 
in v iew of the R e m a r k 1, (X, d) i s a c o m p l e x ove r l i m A . 

.*- a 
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Dei mit ion 6. Z. We call (X, d), the projective limit of 
the projective system ((X » d ), f ). 

a a afi 

We need the following lemma: 

Lemma 6. 1. Let k be a field and let K be a purely 
transcendental extension of k such that the degree of transcendenc 

of K over k is infinite. Let (U, d) be a universal complex 

over K. Then the dimension of U . , which is the module of 
1 

homogeneous elements of degree 1 of U, over K is equal to 
the degree of transcendence of K over k. 

Proof. K a purely transcendental extension of k implies 

K is isomorphic to the quotient field of a polynomial ring K[X] 

where X is a set of indeterminate s such that cardinality of 

X = degree of transcendence of K over k. We recall that a 

universal complex (V, 6) over K[X] is such that V is a free 

K[X]-module on the set { ôxjx* X} . Therefore, U = K ® V 

is a free K-rnodule on the set { 1 © 6x|x€ x} [l]. Hence, 

dimension of U over K = degree of transcendence of K over k. 
1 

Remark. This lemma generalises Kahler1 s result [3] for 

finitely generated fields to the fields of arbitrary infinite degree 

of transcendence. 

Now we être in a position to give the desired examples. 

Let K be a field of characteristic p, and let K[y] be a poly­

nomial ring in one indeterminate y over K. Let J be the 

k k 

ideal generated by y in K[y], and let A = K[y]/J 

(k = 1, 2, 3, . . . ). We know that for each k < I , J C J ; 

therefore, there exists a natural K-algebra homomorphism 

0 :A -+A. such that <z> (a + J ) = a 4- J, for all a in Kfyl. 
' U I k yki l k iy J 

Clearly, (A, , cp1 ) is a projective system of K-algebras. If 

A = lim A, » then it is known that A is the ring of formal power 
•*— k 

series in one indeterminate y over K{[5]); that is, A = K {y} . 

FIT each k > 1, let* (U ,d ) be a universal complex over An . 
™~ k k k 

ckr:ce, -:''-1 3ach k> 1, A is generated, over K by the single 
— k 
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e l e m e n t y =y 4 J , it fol lows tha t U i s g e n e r a t e d by the 

s ingle e l e m e n t w, = d y a s an A , - a l g e b r a , 
k k k k 

Now, let (V, 6) be a u n i v e r s a l c o m p l e x ove r K[y] . 
k 

Since 6(y ) = 0 for e a c h k, the c o m p l e x idea l g e n e r a t e d by 
3 in V i s J + J 6y; and , so by P r o p o s i t i o n s 4 . 1 and 4. 2 , 

xC xC JK 

(U , d, ) i s i s o m o r p h i c to ( V / J , + J , 6y, 6, ) = (V, , 6, ) which 
k k k k k k k 

g ives the l i n e a r independence of w ove r A ( k > 1). M o r e -
JK xC ~~~ 

o v e r , for e a c h k < i , t h e r e e x i s t s a <p - c o m p l e x h o m o m o r -

p h i s m f : (V , 6 ) -> ( V ^ 6fc) such tha t f (6y + J + J 6y) 

= 6y + J + J 6y. So ( ( v
k » ^ ),f ) (k < * ) i s a p r o j e c t i v e 

s y s t e m of c o m p l e x e s . Since for e a c h ! , (U , d ) i s i s o m o r p h i c 

to (V , 6 ), it fol lows tha t for e a c h k < I t h e r e e x i s t s a 

<P - c o m p l e x h o m o m o r p h i s m g, : (U , d ) -»> (U , d ) such v k i F ^ Bki I | k k 
tha t g (w ) = w, and ((U , d ) , g ) i s a p r o j e c t i v e s y s t e m 

ki i k k k ki 
of c o m p l e x e s . Let (U, d) be the p r o j e c t i v e l imi t of the p r o ­
j e c t i v e s y s t e m ((U . d ) ,f ). Then U i s g e n e r a t e d by the 

k k k i 
f ami ly (w ) a s l im A = K { y } a l g e b r a . F o r , let u € U be 

xC xC <— xC 

a r b i t r a r y . Then u = (u ) , u € U (k > 1) and 
k k k k — 

^ (u) = g, . P.(u) for a l l k < j . Tha t i s , u = g, . (u . ) , and 
k kj j ~ k kj j 

so a w = g (aw)=<y> .(a )w . Since w i s l i n e a r l y 
k k kj j j kj j k k 

independent ove r A, , i t fol lows tha t a = <p (a ); t ha t i s 
k k kj j 

^ k ( ( a k y = % r , j ( ( a k ) k ) ' a n d s ° ( V k € ^ Ak* T h u s 

u = ^ a v M w i ^ v i m P*i - e s t n a t U is g e n e r a t e d by the s ingle 
xC xC xC xC 

e l e m e n t (w ) ove r K{ y} . We c l a i m tha t a u n i v e r s a l c o m -
xC .K. 

p lex over K{ y} i s inf ini te ly g e n e r a t e d . Since K{ y} i s an 
i n t e g r a l doma in we can f o r m i t s field of q u o t i e n t s , which we 
denote by K((y)). Then K((y)) i s a p u r e l y t r a n s c e n d e n t a l 
ex t ens ion of K and the d e g r e e of t r a n s c e n d e n c e of K((y)) 

N 
ove r K i s equa l to the c a r d i n a l i t y of K w h e r e N i s the se t 
of n a t u r a l n u m b e r s ( see [3] , ex . 13 , Sec . 5). Now le t (W, D) 
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be a universal complex over K{y} * If S denotes the set of 

all non-zero elements of K{y} , then (W , D ) is a universal 
b b 

complex over K((y)) where W = K((y)) © W and 
S K{y} 

D : "W" -* W„ is the derivation given as follows: 
S S S B 

1 
for any —® x in W , homogeneous of degree n , 

s s 

D„(-©x) = - © D x - ( - D n 4 ® D c • b s s ù b 
s 

Since the degree of t ranscendence of K((y)) over K is 
infinite, by JLemma 6. 1, the dimensions of the module (W ) 

s i 
of homogeneous elements of degree 1 of W over K((y)) is 

b 
infinite. Thus, W is not finitely generated over K((y)). If 

b 
W is finitely generated over K{ y} , then W = K((y)) © W 

K{y> 
will imply that W is finitely generated over K((y)); 

b 

a contradiction. Hence W is not finitely generated over K{y} , 
and so (U,d) is not isomorphic to (W, D). Hence (U,d) is 
not a universal complex over K{ y} . 

Remark. This example also proves that if 
((M , d ), f ) {a < 6) is a projective system of universal 

a a û?p — 
derivation modules such that for each a , M is an 

a 
A -module then the projective limit (lim M , d) need not be 

a .*_ a 
a universal derivation module over lim A = A. 
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