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OSCILLATION AND NONOSCILLATION OF A
DELAY DIFFERENTIAL EQUATION

CHUNHAI KOU, WEIPING YAN AND JURANG YAN

In this paper, some necessary and sufficient conditions for oscillation of a first order
delay differential equation with oscillating coefficients of the form

2'() + Zp-'(t)z(t -7(t) =0

are established. Several applications of our results improve and generalise some of
the known results in the literature.

1. INTRODUCTION

The oscillatory behaviour of first order delay differential equation has been studied
by many authors. In particular, several authors have studied the oscillations caused by
deviating arguments. Besides its theoretical interest, this question is important from
the viewpoint of practical applications. For some contributions in this area see [2]
and references cited therein. Most of the known results, however, deal with equations
having coefficients with fixed sign. The case where the coeflicients are oscillating has
been considered in only a few papers, for example, [5, 8] and [9].

Let us consider the first order differential equation with oscillating coefficients

(1) 2'() + Y pi(t)z(t — mi(t)) =0,

i=1
where p;, 7,4 = 1,2,---,n, are continuous functions on the interval {to,00) and
tlirgo(t —7i(t)) = 00, i =1,2,---,n. If T > tg, by a solution on [T,c0) of equa-
tion (1) we mean a real-valued function z(t) defined on [T, 00), which is differentiable
on [T,00) and satisfies z'(t) + f: pi(t)Z(t —7i(t)) = 0 for t > T, where Z is a con-
tinuous extension of z(t) on [T“=,loo) with T* = 121.'i£n{inf (t — 7i(t))}. A solution of

equation (1) is said to be oscillatory if it has arbitrarily large zeros, and otherwise it is
called non-oscillatory.
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We say that the conditions (C) hold if the following conditions are fulfilled:

(C1) mi(t), i =1,2,--- ,n are continuous on [tg,00), and there exist two con-
stants o and B sothat 0 < a < 7(t) S 1) < --- < 7(2) £ 6.

(C2) »pi(t), i = 1,2,--- ,n, are continuous on [ty,), and for each m, m =

m

1,2,---,m, Y pi(t) = 0; Furthermore, there exists a sequence of intervals {[ax, bi}}
i=1 o0
with by — ax > 8 such that p;(t) 20,1 =1,2,--- ,n, t € U (ax,bi)-
k=1
Recently, under the conditions (C) Yongchao Chen [1] studied equation (1) with
7;(t) = 7; (constants), 1 =1,2,--. ,n and gave the following main results.

THEOREM A. Assume that the conditions (C) hold and
t n
liminf/ pi(s)ds > 0,
oo Jiort /2 ; (=)

lim inf/
t—oo t

1 n
.
“Tn i=

1
pi(s)ds > e
1

Then all solutions of equation (1) with 7;(t) = 7; (constants), i = 1,2,--- ,n, are
oscillatory.

In this paper, by using a new technique we establish necessary and sufficient condi-
tions, and explicit sufficient conditions for all solutions of equation (1) to be oscillatory.
We also give conditions, under which equation (1) has at least one non-oscillatory so-
lution and estimate of the asymptotic behaviour of the non-oscillatory solution.

2. MAIN THEOREMS

The following two lemmas are basic for all later discussions and Lemma 1 is a
extension of Lemma in [1].

LEMMA 1. Assume that the conditions (C) hold. Let z(t) be an eventually
positive solution of equation (1). Then for sufficiently large t, z(t) is eventually non-
increasing and

@) (Som0) sttt < Somit0ss -

PROOF: Obviously, there exists T 2> ¢y so that
z(t—-7:(t)) >0, i=1,2,-.-,n, forevery t2>T.

From (C), there exists ¢; > T such that pi(t) >0, i =1,2,--- ,n, on [t1,t + 8]. Thus

(3) z'(t) = — Z pi(t)z(t — (1)) €0, forall t € [t1,t; + f],
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which implies that z(t) is non-increasing on [t;,¢; + B]. We now claim that z(t)
is also non-increasing on [t1,%; + 8 + a]. Indeed, from (C;) and (3), for every t €
[t1 + B,t1 + B + a], we have that t — 7y(t) € [t1,1 + 6], i=1,2,---,n, and
(4) z(t-m(t)) 2z(t—m(t) > > (t - ()
By using the condition (C;), (4) yields the inequality

2'(t) = = ) pilt)z (t — mi(t)

=1

< plt)e(t-m(®) - 3 p(t)e (t—mi(0)

<= (1) +p2(t)) 2z (t —ma(t)) = D_pi(t)z (¢ = Tu(t)) < -+ -

=3

- il’i(t)z (t—ma(t)) <0, for t€[ty+B,ti+P+al
=1

This means z(t) is also non-increasing on [t; + A,t; + 8 + a]. By repeating the same
procedure k 2> 1 times we are led to the following inequality:

2'(t) = = ) pilt)z (- 7i(2))

i=1

S- (i?f(t)) z(t—7a(t)), for te[ti+pB,t1+pB+kal

i=1

Since k is aribitrary, the above inequality implies that for all ¢ > ¢;, z(t) is non-
increasing and

(E P-‘(t)) z(t —m(t)) < Zpi(t)z (t— (1))

The proof of Lemma 1 is complete. 1

In the sequel, unless otherwise specified, for sufficiently large T > ¢p, we define

(5) To = min {iaf (- ()}

1<ign 't

LEMMA 2. Assume that the conditions (C) hold. Then for sufficiently large T >
tg, the differential inequality

(6) 2(t)+ Y p()z(t— () <0, t>T,

=1
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has a positive continuous differentiable solution on [T, o) if and only if the integral
inequality

t

™ Y pi(t)exp ( /

-1

u(a)da) < u(d), t>T,

has a non-negative solution on [T, o).

PROOF: Let z(t) be a positive solution on [T, 00) of equation (1) and for all ¢t > Ty,
z(t —7:(t)) >0, i=1,2,---.,n, where Tp is as defined by (5). Set

(8) u(t) = —%’((—:-)2 for t 2> Tp.

From Lemma 1, without loss of generality, for ¢ > Ty we can suppose that u(t) > 0.
By integrating both sides of (8) from T to t we obtain

9) 2(t) = =(T) exp (- / ‘ u(a)da) :

T

Substituting (9) into (6), we can see that u(t) is a non-negative continuous solution of
(7) on [T, 00).

Conversely, let u(t) be a non-negative continuous solution of (7) on [T,00). It
is easy to verify that z(t) = exp (— f;. u(s)da) is a positive continuous differentiable
solution of (6) on [T, c0). The proof is complete. 1]

With (1) and for every T 2 ¢, we introduce the sequence of functions:

ug(t)=0 for t2>T,
and for k=1,2,---.
Z: p‘(t)exp (f:_r‘.(') uk—l(s)da) for t > T,
1
To

(10) uk(t) = { i=

0 for Lt<T,

where Ty is as defined by (5). It is obvious that u.(t), £k = 1,2,---, is continuous on
[To,T) and [Ty,00), respectively.

Since uo(t) =0, t > To, u1(t) = 1 pi(t) 20, t > T, and uy(t) > 0, t > To,

=1
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hence u1(t) 2> uo(t) for t > To. From (C) and (10) we have

us(t) > p(t) exp ( Lo ul(s)da) + Ep.(t)exp ( / ')ul(s)ds)

-7

u1 8)ds + E P ex u (s ds
( ) ) =3 (t) P ('/ mi(t) ( ) )
E p‘(t)exp( ul(s)da)

}Ep,-(t):ul(t), for t27T,
=1

> (pa(t) + pa(t)) exp (

which means that u3(2) > uy(t) for all t > Ty. By induction it is easy to see that for
t>To

(11) uk+i(t) > uk(t) 20, k= 1,2,.--

Now we are ready to establish the following theorem.

THEOREM 1. Assume that the conditions (C) hold. Then the following state-
ments are equivalent:

(a) Equation (1) has a non-oscillatory solution.

(b) The delay differential inequality (6) has an eventually positive solution.

(c) There exists a sufficiently large T > to such that the sequence {ui(t)}
which is defined by (10) converges pointwise to a finite limit for each
t>2T,.

Proor: (a) = (b). Let z(t) be a non-oscillatory solution of equation (1). As
the negative of a solution of equation (1) is also a solution of the same equation, we
can assume that z(t) is eventually positive. Clearly, z(¢) is also an eventually positive
solution of (6).

(b) = (c). Assume that (6) has an eventually positive solution z(t) and there
exists T* > i such that z(t) > 0, t > T*. From (5) we can choose T such that
To > T*. Set u(t) = —2'(t)/z(t). By using Lemma 2, it follows that the inequality (7)
has a non-negative solution u(t) which is defined in [Tp,00). Consider the sequence
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(10). Noting u(t) > ue(t), t > Tp and using (10) and (C), we find that

ui(t) = Zl’i(t) < (i P-'(t)) exp (/‘i © "(3)43)

i=1

< (z—: pi(t)) exp (/;_Y © u(a)da) + pa(t) exp ([_ © ‘u,(a)dg)
< (2—: P.'(t)) exp (./t‘_ © u(a)ds) + pn_1(t) exp (/: © u(s)da)

+ pa(t) exp ( /t it u(s)da) SEEREN Zp.-(t) exp ( /‘ o 1t(ﬂ)d-‘-')

< ult), for t2> To.
So, u;(t) < u(t), t > Ty. By a simple induction, we can show that

0 < up(t) < ult), k=0,1,2,.--,
for t > Ty. Then from (11) it follows that

0< uk(t) < 1l.k+1(t) $u(t), k= 0,1,2,---,

for ¢ > Ty. Therefore, the sequence {ux(t)} converges pointwise to a finite limit for all
t>T,.

()= (a). Set u(t) = klim ui(t), t2> To. By Lebesgue’s monotone convergence
— 00

theorem, u(t) satisfies

(12) a(t) = { ‘Z:l pi(t) exp (f‘_,,'.(‘) i(s)ds) . t>T,

0, To<t<T

which implies that u(t) is a continuous solution of the integral equation

u(t) = Zp,-(t) exp (/: ) u(s)ds) .

-1

Let z(t) = exp (— f;, E(a)ds) . Then it is easy to verify that z(t) is a positive solution
of equation (1).
The proof of Theorem 1 is complete. 0

The next result is an immediate consequence of Theorem 1.
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THEOREM 2. Assume that the conditions (C) hold. Then the following state-
ments are equivalent.

(a1) All solutions of equation (1) are oscillatory.
(51) The inequality (6) has no eventually positive solutions.
(e1) For every large T > to there exists t* > T such that the sequence (10)
satisfy
Hm ug(t*) = o0
k—o00

3. APPLICATIONS OF MAIN THEOREM
In this section we apply the above main theorems to give some sufficient conditions
for equation (1) to have at least one non-oscillatory solution and for all solutions of
equation (1) to be oscillatory.

THEOREM 3. Assume that the conditions (C) hold, and there exists sufficiently
large T > tg such that forallt > T,

(13) / _ﬂ(‘)gpf(s)d., <3

where p}(t) = max{p;(t),0}. Then equation (1) has a non-oscillatory solution z(t)
with

(14) exp (—e A Zp:‘(a)ds) < exp( A Zp.(s)ds)

forallt > T.
PROOF: Consider the sequence (10) on [Ty,00), where Ty is as defined by (5).
From (10) and (C;) it follows that 0 < u,(t) = 2": pi(t) < eX pf(t), t>T. Thus
=1 i=1

Sui(t) e 2 pf(t), t>To. In view of (10) and (13) we obtain

ug(t) < Zp:r(t)exp ( / © ul(a)da) < ez:p:f(t), t>T.

t—n

Hence ua(t) < e E pi(t), t > To. By (10), (13) and a simple induction, it is easy to
show that

(15) w(t)<ed pf(t), t>To, k=0,1,2,---.
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Thus, by applying Theorem 1, we know that equation (1) has a non-oscillatory solution.
Let us now prove (14). Set

(16) u(t) = klim ui(t), pointwise on [T, 00),
—Oo0

then #%(t) satisfies (12). Then it is easy to verify that

z(t) = exp (- /; 'Ti(s)ds)

is a positive solution on [T,00) of equation (1). From (10) and (15), we have that
3 pi(t) < @(t) < eY. p}(t), t > T, which means that the estimate (14) hold. The
i=1 i=1

proof is complete. 0

THEOREM 4. Assume that the conditions (C) hold and for sufficiently large
T there exists A > 0 such that

(17) sup { 3 ZP:"(t Jexp (AT,(t))}

where p}(t) = max{p;(t),0}. Then equation (1) has a non-oscillatory solution.
PROOF: Consider the sequence (10) on [Tp,00), where Ty is as defined by (5).

ui(t) = Y pi(t) € A\; where A\, = sup E pF(t). Since u1(t) =0, To <t < T, u4(t) <
i=1

t2Ti=1

A1, t 2 To. Also ua(t) < E pf(t)exp (ft_r'_(t) ul(a)ds) < Y ot (t) exp (MiTi(t)) € A2
i=1

where Az = sup { 3 pF(t)exp (Al'r.(t))} . Obviously, A; < A2. By induction it is easy
2T

to see that

urt1(t) < Y pF(t)exp (Ami(?)) < Arta,

where Ak41 = sup {Zp"'(t) exp (/\k‘r.(t))}

and Ax € Ag41. By using (17), we derive that

A < E pF(exp(An(t)) <A, t>T.

i=1
Hence, it is easy to show that Ax < X, k=1,2,---,and ux(t) < A, t > T. By applying
Theorem 1, we conclude that equation (1) has a non-oscillatory solution. The proof is
complete. 0

Now, we establish the following oscillation comparison theorem.
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THEOREM 5. Assume that the condition (C) hold and all solutions of the delay
differential equation

(18 #(0)+ Y- pid)e(t ~ ra(8) =0

are oscillatory. Then all solutions of equation (1) are also oscillatory.

PROOF: Suppose that equation (1) has a non-oscillatory solution z(t). As the
opposite of a solution of equation (1) is also a solution of the same equation, we may
suppose that z(t) > 0 for all ¢ > 1, > ¢;. By Lemma 1, for all sufficiently large t, we
have

() + zm(t)Z(t - (1)) <0

From Theorem 2 of [6], it follows that equation (18) has an eventually positive solution.
This is a contradiction. The proof of the theorem is complete. 0

Combining Theorem 5 with known oscillation criteria for equation (18) (see [2, 3,
4, 7]) we may obtain various results for oscillation of all solutions of equation (1).

COROLLARY 1. Assume that the conditions (C) hold and each one of the follow-
ing conditions is satisfied,

()  Jim mf i Zp,(s)d.s > -
() Jim inf(ral) Y i(t)dt) > 2.
i=1

Then all solitions of equation (1) are oscillatory.

COROLLARY 2. Assume that the conditions (C) hold and the function t—1,(t) is
non-decreasing. Moreover, assume that each one of the following conditions is satisfied:

(3) hm sup Ep.(a)da >1,
t—~7n(t) =1
.. .. 1
(i) tll’n;o 1nf/ 2 Ep.(a)da =ag <o and

Emin [ ate)ie > et 1,

‘_

where ), is the smaller solution of the equation A = e**. Then all solutions of equation
(1) are oscillatory.
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REMARK. Obviously, the condition (i) of Corollary 1 improves and generalises Theorem
A

ExXAMPLE. Consider the differential equation
(19) z'(t)+az(t—‘rl)+bsinta:(t—-rz)+csin%z(t—'r;) =0, t2>0,

where a,b,c,71,72, and 75 are positive constants with a 2 b+cand s <o <1y < 7.
It is easy to check that equation (19) satisfies the condition (C). If

¢
. + . 8 + 1
/‘ [a + b(sins)™ + c(sm 5) Jds £ -

-n
then, by Theorem 3, equation (19) has a non-oscillatory solution. If

t 1
lim infry (a + bsint + ¢sin —) > —,
t— oo 2 [
then, by Corollary 1, all solutions of equation (19) are oscillatory.
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