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SYLVESTER’S PROBLEM FOR SPREADS OF CURVES
KYM S. WATSON

Introduction. Spreads of curves were introduced by Griinbaum in [1]. A
spread of curves is a continuous family of simple arcs in the real plane, every
two of which intersect in exactly one point. A spread is the continuous ana-
logue of a finite arrangement of pseudolines in the plane. Sylvester’s problem
for finite arrangements of pseudolines asks if every non-trivial arrangement has
a simple vertex, that is a point contained in exactly two pseudolines of the
arrangement. This question was answered in the affirmative by Kelly and
Rottenberg [5]. One interesting feature of this result is that it does not depend
on the pseudolines being straight lines.

Here we settle Sylvester’s problem for spreads. We show that every non-
trivial spread of line segments has uncountably many simple vertices. But we
also give examples of non-trivial spreads with no simple vertices. Thus there
is an essential difference between general spreads and spreads of line segments.
We find some necessary and some sufficient conditions for a spread to have a
denumerable number of simple vertices. This investigation leads to the concept
of a 2-isolated point in a spread which permits Sylvester’s problem for spreads
to be answered affirmatively.

The author was introduced to the subject of spreads of curves by B. B. Phadke
while at The Flinders University of South Australia.

1. Preliminary concepts and notation. Let C be a closed Jordan arc in
the real plane and let D be its interior. Then a family L of simple arcs in the
plane (homeomorphic images of [0, 1]) is called a spread of curves (or simply a
spread) on C \J D if there is a mapping p + [(p) from C onto L such that, for
all p € C,

i) ip)yCCUD

(ii) I(p) is the unique curve in L with endpoint p
(iii) the other endpoint p* of /(p) is in C
(iv) I(p) N C = {p, p*}

and such that

(v)if Iy, ls € L and [, 5 I, then [y M I, is a singleton
(vi) I : C — L is a continuous map, where L is given the Hausdorff metric.

The above definition of a spread of curves is essentially the same as that used

in [1], [2] and [6].
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Since C is homeomorphic to a circle, C may be given an orientation. For
p € C, let Ct(p) be the open subarc of C formed by going from p to p* in an
anti-clockwise direction. Let C=(p) = Ct(p*). So C = {p} U CH(p) U {p*} U
C=(p).

Now for p € C,

D = (I(p) YD) \J p+ U p~

where p? is the component of D\/(p) with boundary I(p) \J C?(p) for ¢ = +.
Note that p— = (p*)*.

For every pair of points d,, d» in C \U D with d, # d, there is at most one
I € Lwithd,, d; € . If such an [ exists, let (d;, d2) be the open subarc of / from
dy to ds. Let [dy, d2) = {d1} U (dy, d2), (dy, d2] = (d1, d2) U {d2} and [dy, d.] =
(d1, do) \J {dy, do}.

The following elementary results are well known and are easily proved using
continuity arguments.

1.1 ProposiTiON. The map (p, q) — L(p) M 1(q) is continuous on { (p, q) €
C X C:1l(p) # g}

1.2 PrROPOSITION. If [1 and [ are distinct curves in L, then the endpoints of [
separate on C the endpoints of I.

1.3 ProprosITION. The map p — p* 1s continuous on C.

1.4 ProrosiTiON. If p € C and d € p° (where ¢ = =), then there exists «
netghbourhood V in C of p such thatd € q° for all g € 1.

The remark that 1.2, 1.3 and 1.4 need not be true if condition (v) in the
definition of a spread is deleted.

By 1.2, we may make the following definition. For p, ¢ € Cwithq € Ct(p) \J
C=(p), let (p, q) be the open subarc of C from p to ¢ which does not contain p*
?)I‘ q*} Let [pr g) = {p} U (pv Q)v (pv (]] = (pv (1) U {(]} and IP, q] = (p! Q) U

py qs.-

The next two propositions are again straightforward.

1.5 ProprosiTION. Let p, g € Cand d € pt (M q—. Then there exists v & (p, q)
such thatd ¢ L(r).

1.6 PropPOSITION. Every point in D lies on at least one curve in L.

A point d € D is called a k-tuple (k-fold) point of L where B € N U {o0}
if precisely (at least) k curves of L pass through d. Let T (L) be the set of
k-tuple points of L and let F, (L) be the set of k-fold points of L. So 1.6 may be
expressed as D = [F(L). A spread L is called trivial if F,(L) is a singleton.
That is, L is trivial if all of its curves pass through a common point.

Ford € D,letl(d) ={l€ L:d ¢ L}. Forz € C\UD,let

Fiz) = {p € C:z€l(p)}.
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If 4 isasubset of C\U D, let 04 denote the boundary of 4. While if 4 isa
subset of I € L, let 3,4 denote the boundary of 4 in the relative topology of /.

2. Examples of spreads. Many examples of the so called natural spreads
are given in [2]. In most cases the curves of the spread are line segments. Here
we give an example of a spread which is not in general a spread of line segments.

Identify the real plane with the complex numbers C. Let D = {z € C: |z] < 1}
and C = {z € C: |z] = 1}. Letg: (0, 7) = (—1, 1) be continuous. Now con-
struct the spread L(g) as follows. For 8 € (0, =), let [(¢®) be the line segment
from e to g(#) together with the line segment from g(6) to —e®. Let (1) be
the line segment from 1 to —1. For 6 € [, 2x), let [(e®) = [(—e®). Then
L(g) = {l(e®) :0 € [0,27]} isaspread of curveson C'\U D.

It will be shown that L (g), for suitable choices of g, has properties very much
different from those of spreads of line segments.

3. The boundary of Fy(L).
3.1 ProrositioN. We have Ts(L) C OF2(L).

Proof. Letd € T5(L) and let p, ¢ € [7'(d) with ¢ € C*(p). We may assume
thatd € s—foralls € (p, q). Now eitherd € (~forallt € (p,¢*) ord € t+ for
all ¢ € (p, ¢*). In the former case, (d, ¢*) C 17(L) and in the latter case,
(p,d) C T1(L). Hence d € OF:(L).

Thus the set of simple vertices of L is contained in the boundary of the set
of 2-fold points. We will later show that all but a denumerable number of
points of Fy(L) M 0Fs(L) belong to 75(L). We also remark that Fs(L) is
contained in the closure of F3(L) (see[1]), from which it follows that 0F» (L) =
OF3(L). Little else can be said about 0Fs(L) for general spreads L. The set
OF>(L) may be contained in 7 (L) or contained in Fy(L). The set 0F2(L) may
consist of C together with various subarcs of curves of L. The set 7,(L) M
OF,(L) may be a closed Jordan arc which intersects each curve of L in exactly
two points. On the other hand, 7°1(L) M 0F,(L) may contain a non-trivial
subarc of a curve in L. For examples of spreads of the above mentioned types,
refer to those constructed in 3.8.

Since ¢ — [(p) M 1(g) is continuous on the connected space C*(p), Fo(L) M
1(p) is a subarc of I(p). Notice that Fs(L) M I(p) is a singleton if and only if
L is trivial. If d € 9,(F2(L) M I) for some !l € L, thend ¢ OF.(L). It is pos-
sible ford € 0Fy(L), butd ¢ 0,(Fo(L) M) foralll € L.

3.2 PROPOSITION. If d € Fo(L) M OFy(L), then there exists | € L such that
d € 0,(F:(L) M 1).

Proof. Let d € Fo(L) M OF:(L). Then there exists a sequence {d,} in T (L)
such that d, — d. If there exists [ € L such thatd € ! and d, € [ for infinitely
many n, then d ¢ 0,(Fs(L) M 1). So assume that no such [ exists. Since
d € F:(L), we may assume, by taking a subsequence of {d,} if necessary, that
there are p, ¢ € [71(d) with ¢ € C*(p) and d, € pt M ¢~ for all n. For every n

https://doi.org/10.4153/CJM-1980-017-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-017-1

222 KYM S. WATSON

there exists p, € (p, q) such that d, € [(p,). We may further assume that
pn— 7 € [p, ql. Since d, — d and I(p,) — I(r), d € I(r). Suppose also that
r # ¢ (if  # p, then a similar argument may be given).

We claim that d € 0,y (F(L) M I(r)). If this is not true, then there exists
s € Ct(r) such that d € s*. So for all n large enough, d, € s* M ¢~. Hence
~1(d,) M (s, q) is not empty for all n large enough. But p, € [~'(d,) and
pn— 1 & s, q] C C*(r), which contradicts the fact that d, € 7',(L) for all n.

3.3 PROPOSITION. Suppose p € Candd € p* are such that
pt M Fo(L) M Oy (Fo(L) M I1) =0
foralll € I(d). Thend € F_(L)\J T:1(L).
Proof. Suppose that d € T, (L) where 1 < k < . Let p; € Ct(p) be such

that [=1(d) M [p*, p1] = {p1}. Hence d € r—for all » € (p*, p1) asd € (p*)~.
Since d € T(L), there exists a maximal sequence {p,},-," with the properties

(i) {putn=t™ C CHp) N 1I71(d)
(1) pn € (P, pu—y) form =2,..., N

(iii) d € r—forallr € (p,_1, pp) forn = 1,..., N (where p, = p*;see fig. 1)
Po
24l
pe
2%
p
Fic. 1

https://doi.org/10.4153/CJM-1980-017-1 Published online by Cambridge University Press


file:///PnU-S
https://doi.org/10.4153/CJM-1980-017-1

SYLVESTER'S PROBLEM 223

Sol(r) N\ (d, px) = Bforallr € (p*, pn). Now if I(r) N (d, px) = @ for all
v E (pNy P)) then

d € pT M Fy(L) M 0y (F2(L) M L(py)),

a contradiction. Therefore there exists r € (pn, p) such that d € r—. Hence
=Y(d) MY (py, p) #= B. There exists pyi1 € I71(d) M (pu, p) such that I=1{d) N
(pn, py+1) = 0. Hence either d € r—for all r € (py, py41) or d € r+ for all

7 € (pn, Py+1)-
If the latter is true, then I[(r) M (d, pn) = @ for all € (p*, pny1). So there
exists s € [pny1, p] such that

I(s) M L(px) = p* M Fo(L) M Qg (F2(L) M L(py)),

a contradiction.
Therefore d € r~forall ¥ € (py, pyt+1). But this means that {p,},-1¥1! has

the properties (i), (ii) and (iii). Hence no such maximal sequence exists and
d € F (L)\U Ty(L).

3.4 COROLLARY. If d € D is such thatl (M Fy(L) 1s open in [ for all I € 1(d),
thend € F(L)\J T1(L).

Proof. There exists p € C such that d € p*. The corollary now follows im-
mediately from 3.3.

3.5 COROLLARY. If F2(L) is open then Fo(L) = F_(L).
Proof. Apply 3.4 toeachd € Fy(L).

3.6 An example of a spread L such that Fy(L) = F_(L) = D
Let g : (0, 7) — (—1, 1) be continuous, surjective and such that

lim mfg(x) g(gl — o forall a € (0, 7)

T —a
and
lim supg( ) :—__—i—(C—Q =o forall a ¢ (0, 7).

One can prove that such a function exists by using the Baire category theorem.
A concrete example of such a function may be constructed from the function

f:(0,50/101) — (0, 500/909)

defined by f(x) = 2_io (10*"x)/10", where (v ) is the distance from y to the
nearest integer. Consider the spread L(g) as defined in § 2. We will show that
Fo(L(g)) = D, whence F_(L(g)) = D by 3.5.

Clearly, (—1,1) C F2(L(g)) as g is surjective. Letd € 1T and let p = e €
I=Y(d) M C*(1) (recall that D = F;(L(g)). For x in a neighbourhood of 8,
let 2(x) be where the straight line through d and e cuts /(1). So £(6) = g(6).
See fig. 2.
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<0 )

p*
Fie. 2

Now there exists a sequence {6,} in (0, =) such that §, — 6, 6, = 6 and
(g(6,) — ¢(8)/ (6, — 8) — 0. If I(e™) M (d, p) = O for all n, then

lg(6,) — O] = [h(8,) — R(0)]

for all » sufhciently large, which contradicts the fact that # is differentiable
at 6. Hence I(e™) M (d, p) # @ for some n, which implies that d ¢ Fy(L(g)).
If d € 1~, one uses a similar argument but with (g(6,) — ¢(8))/(0, — ) —> —x©
and Z(x) being where the straight line through d and —e® cuts /(1).

Thus Fo(L(g)) = D and by 3.5,

Fo(L(g)) = Fo(L(g)) = D.

In particular this means that 75(L(g)) = 0. That is, Sylvester’s problem for
general spreads has a negative answer.

The next proposition is an example of a statement independent of the theory
of spreads of curves, but whose proof is made transparent by using the theory
of spreads.
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3.7 PropPOSITION. Let I be a non-trivial subinterval of R. Suppose thath: I — R
is continuous with range I' and that
lim inf M) — o and limsup - (x) = h(a)
T30 —a rsa —a
for all a in the interior of 1. Then h takes every value in the interior of I' infinitely
many times.

Proof. Let y be in the interior of I’. Let m, M € I’ be such thatm <y < M.
Let ¢y, to € h~'({m, M}) be such that {; < ts, h(t;) # h(ts) and k((ty, t2)) =
(m, M). Defineg: (0,7) > (—1,1) by

P N R

Then g may be used as in 3.6 to construct the spread L(g) which has the
property that F,(L(g)) = D. From (—1,1) C F,(L(g)), we deduce that g
takes every value in (—1, 1) infinitely many times. Hence % takes the value y
infinitely many times.

We will now modify the example given in 3.6 to demonstrate that the cardi-
nality of T3(L) may take any value not more than X,. An example of a spread L
such that T'5(L) contains a non-trivial subarc of a curve in L is given in [2].

3.8 THEOREM. For all m € N, let k, € {0} \U N U {Ro}. Then there exists a
spread L such that card T, 1 (L) = k, for alln € N.

Proof. We may assume that not all the &, are zero, for otherwise the example
of a spread given in 3.6 would have the desired properties. Let / C N and
m; € N, j € J, be such that

(i)J=NorJ=1{1,..., M} for some M ¢ N

(ii)card {j € J:m; = n} = k, forall € N.
Forallj€ {0} U J, letd;=1—1/(j+1) and 8, = nd;. Let s = sup {d;:j € J}
and ¢ = sup {6;: 7 € J}. Foreachj € Jletg;: [8,_1,0,] — [d;-1, d;] be such that

(i) g; is continuous
(i) g;(0,-1) = dj1, g;(8;) = 4,

(iii) lim inf g—f(—l—fili@ = — o, forall ac¢ (8,_1,0,)
(iv) lim sup&(xa)c:—(glj(a) =0, forall a € (6;,-1,0;)
(v) lim sup g](x) — ij(a) o for a=6;

(vi) d; is attamed exactly m; times
(vii) g;(x) > d,_, forall x € (6,_4, 6;].
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Such a function ¢; may be easily constructed from the function x — f({(x — %)
+ 1), where f(x) = )_%, (10"x )/10"
Letg: (0,7) —» (—1, 1) be such that

(1) g is continuous
(ii) g = g;on (8;4,0,] foralljc J
(i) g, ™) = (5, 1)

(iv) limsup==~—=-== =0 forall a € (¢, r)

T X —a
_7:___~ = —o forall ac (Y, w).

We will show that the spread L(g) has the desired properties.

Clearly, (—1,d] C T1(L(g)). By 3.7 and the construction of L(g), (d,_1,d;)
C F.(L(g) forallj € J, (s,1) C Fo(L(g))and d; € T',41(L(g)) forallj € J.
Since

lim sup
T->a

then 1+ C Fo(L(g)) by the reasoning used in 3.6. Let z € 1+, Then [ M 1+ C
Fo(L(g)) for all I € [(z). Hence z € F_(L(g)) by 3.3. Now let = € 1-. If
z € I(e®i) for some j € J, thenz € 11(L(g)). If 2 ¢ [(e®) forall j € J, then

—-52 = o0 forall « € (0, 7)

glx) —gla) _
X —a

lim inf ST, - ® forevery a € (0, w) suchthat z ¢ I(e').

By reasoning similar to that used in 3.6, /M (—1)* C Fo(L(g)) foralll € I(z).
Hence z ¢ F_(L(g)) by 3.3. Putting the above together yields that

card 71 (L(g)) =card {j € J:m,; = n} =k,
for all » € N.

Two spreads, L; and L, are called combinatorially isomorphic if there exists
a bijection n : Ly — L, such that [, I, I3 in L, are concurrent if and only if
n(ly), n(ls), n(l3) in Lo are concurrent. Clearly card 7°.(L,) = card T (L») for
all k € N\U {00} if Ly and L, are combinatorially isomorphic. So by 3.8 there
are uncountably many pairwise non-combinatorially isomorphic spreads.

The next three lemmas are directed towards proving that F3(L) M 0Fs(L)
is denumerable for every spread L. The latter two are very important and are
the key to the subsequent theory.

3.9 LEMMA. Let B C C X C X C have the following properties:

() (byy bay bs) € B=by € C+(by), by € C*(by)

(1) If b = (b1, bs, b3) and ¢ = (c1, ¢2, ¢3) are in B, then at least one of the
following occurs
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b=c

(2) (bl, bz) M (C], C2) =0

(3) (ba, b3) M (ca, c3) = B:
Then B is denumerable.

Proof. Fix a homeomorphism between C and the unit circle. If C; is a subarc
of C,let u(Cy) be the length of the corresponding subarc of the unit circle. For
n € N, let

B, = {(by, bs, b3) € B : p(by, b2) > 27/n, u(bs, b)) > 2w/n}.

Then B = U,en B To complete the proof it suffices to show that B, is finite
for all # € N. Now by Ramsey’s theorem, there exists a number N, such that
if B, contains at least N, elements, then either

(i)’ B, contains a set ¥ of n + 1 elements, every two of which satisfy (2)
or

(ii)" B, contains a set Z of n + 1 elements, every two of which satisfy (3).
If (i)’ occurs, then D ,ey (b1, b2) > ((n + 1)/n)2w, a contradiction. If (ii)’
occurs then D ez u(bs, bs) > ((n 4 1)/n)2r, a contradiction. Hence B, is
finite as required.

310 LemMA. Let p € C,AC D, 71: A—>CHP),m0: A—>CH(p)andp: A —
Ct(p) satisfy the following conditions for alla € A:
(i) (@) € (p, p(@)), m2(a) € (p(a), p*)
(ii) 71(a), p(a), 2(a) € =Y (a)
(iii) @ ¢ t+for all t € [71(a), T2(a)]
(iv) a1 € 72(ag)t M ri{as)™ for all ay, as € 4.
Then A is denumerable.

Proof. We will show that if @, b € A then at least one of the following occurs
(vi)a =0

(vii) (ri(a), p(a)) M (71(0), p(b)) = 0

(viii) (p(a), m2(a)) M (p(b), 72(b)) = 0.
By applying 3.9 to B = {(r:(a), p(a), 72(a)) : @ € A} it would then follow that
A is denumerable as the map a — (r1(a), p(a), 72(a)),a € A4, isinjective (by (i)
and (ii)). To prove the above it suffices to consider the following cases

(1) : 71(0) = 71(a) but b # «a

(2) : 11(b) € (11(a), p(a))

(3) : 71(0) € [p(a), p*).

Case (1). By symmetry we may assume that b € (r,(a), a) (fig. 3).
If p(0) € (r1(a), 12(a)), then ¢ € p(b)*, which contradicts (iii). Hence p(b) €
[r2(a), p*) and therefore (p(a), 2(a)) M (p(b), 72(b)) = 0.

Case (2). Since a ¢ 7,(b)* by (iii), one of the following two subcases occurs
(2a) : a € I(r1 (D))
(2b) 1 a € 1, ().

Case (2a). See fig. 4.
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p*

Tl(a,) = Ti (b)

p(a)
Fia. 3

By (iv), b € (r1(b), «). If p(b) € (7:1(D), 72(a)), then @ € p(b)*, which con-
tradicts (iii). Hence p(b) € [72(a), p*) and therefore (p(a), 72(a)) M (p(b),
m2(0)) = 0.

Case (2b). Let {c¢} = 1(r1(0)) M (p(a), a) (fig. 5).
We distinguish the two subcases

(2ba) : b € (11(D), €]

(208) : b € (¢, 1(b)*).

Case (2ba). If 72(b) € (p(a), p*), thena € 7o(b)*t M 7,(b)~, which contradicts
(iv). Therefore 72(b) € (71(0), p(a)] and hence

(p(a), 72(a)) M (p(b), 72(0)) = 0.

Case (2bB8). If 72(0) € (p(a), p*), then p(a) € (r1(b), 72(b)) and b € p(a)T,
which contradicts (iii). Therefore 72(b) € (71(b), p(a)] and hence

(p(a), 72(a)) M (p(b), 72(b)) = 0.
Case (3). Clearly, (r1(a), p(a)) M\ (r1(), p(b)) = 0.
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FiG. 4

If condition (iii) in the statement of 3.10 is replaced by

(iii) @ ¢ t~for all ¢ € [11(a), T2(a)],
then 4 would obviously be denumerable as before. For reference we state this
fact in the next lemma.

311 LEMMA. Letp € C,AC D, 1 : A—>CHp)ym2: A—>CHp)andp: A —
Cr(p) satisfy conditions (i), (ii) and (1v) of 3.10 and (iii)’ for alla € A. Then A
1s denumerable.

3.12 THEOREM. For every spread L, F3(L) (M O0Fy(L) is denumerable.

Proof. Let A = F3(L) M 0F.(L). Then for every a € A there exists by 3.2
71(a) € I71(a) such that a ¢ t* for all ¢t € C*(r1(a)). Since 4 C F3(L), for
every ¢ € A there exist p(a), 72(a) € [7'(a) such that 72(a) € Ct(r1(a)) and
p(a) € (r1(a), 72(a)) (fig. 6).

Let {p,} be a countable dense subset of C. Then 4 = U, 4, where

A, ={a € A:711(a), pla), 2(a) € CH(pn)}.
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p(a)

Fia. 5

So to prove that 4 is denumerable, it suffices to show that each 4, is denumer-
able. Clearly, p,, 4, 7:: A, = Ct(p,) (1 = 1,2)and p : 4, — CF(p,) satisfy
(i), (i1) and (iii) of 3.10. We will now check condition (iv).

Let a1, as € A,. If a1 € 72(a2)t M 71(a2)~ then either 7a(a2) € Ct(r1(a1))
and a; € 7o(as)t or 71(ae)* € CH(ri(w1)) and a; € 71(a2)**, which contradicts
the above. Hence (iv) is satisfied. Therefore 4, is denumerable by 3.10.

3.13 COROLLARY. For every spread L, Ts(L) is denumerable if and only if
Fo(L) M OFy(L) is denumerable.

Proof. This follows immediately from 3.1 and 3.12.

4. Isolated curves in /(d). In this section we analyse the properties of
spreads L such that 7'5(L) is denumerable. This will lead to a sufhcient condi-
tion for a spread L to have uncountably many simple vertices. An application
of this result will show that every non-trivial spread of line segments has
uncountably many simple vertices. Another consequence will be the recogni-
tion of the importance of isolated curves in [(d). A new definition of a k-tuple

https://doi.org/10.4153/CJM-1980-017-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-017-1

SYLVESTER’'S PROBLEM 231

Tl(a) T (a)

p(a)

Fic. 6

point will ensue in Section 5 which allows an afirmative answer to Sylvester’s
problem.

The following lemma about isolated curves in [(d) is the first step towards
describing the topology of /(d) for all but a denumerable number of points d
on a curve in a spread L with 75(L) denumerable. The lemma will also play
a part in 5.1.

41LEMMA. Letp € C,A CD,71: A—>CHp),12: A—> CH(p)andp : A —
C*(p) have the following properties for alla € A:
(i) To(L) M I(p(a)) =0
(i) mi(a) € (p, p(a)), 2(a) € (p(a), p¥)
(iii) I=1(a) M [r1(a), 72(a)] = {71(a), p(a), 72(a)}
(iv) a1 € 7o(as)t M 71(as)™ for all a1, as € A
V) a1 & mo(a2)™ M 7i(az)t for all ay, a» € 4.
Then A 1s denumerable.

Proof. Fore € {1,2} and ¢ € {4, —}, let
Af=f{a € Ad:actforallt € (p(a), r:a))}.
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Then by (iii), 4 is the disjoint union of A*tt = AT M AyT, AT~ = At M 4,7,
A=t = AN 4dstand A= = A~ M 4, It suffices to show that all the 47+
are denumerable.

A7 is denumerable (¢ = %£). Forall « € 4?2 and for all ¢ € [r,(a), 72(a)],
we have a ¢ t7°. So A+* and 4~ are denumerable by 3.10 and 3.11.

A+~ isdenumerable. Leta € A+~. Then [(¢) N [p(a),«] = Bforallt € (r1(a),
72(a)) with ¢ # p(a). Hence there exists a unique

Ma) € (p(a), a]l (N Fa(L) MY O (F2(L) M L(p(a))).

By (i), Na) € F3(L). So N(a) € F3(L) M 0Fy(L) which is denumerable by
3.12. To prove that 4%~ is denumerable, it suffices to show that A : 4+~ —
F3(L) M OFs(L) is injective. Let @, b € A%~ be such that N(a) = \(b).

If p(a) # p(b) then N(a) € I(¢) for all ¢ € (p(a), p(b)), and hence there
exists t € (r1(e), 72(a)), t # p(a), such that N(a) € [(¢t) M (p(a), ¢], a contra-
diction.

Hence p(a) = p(b). We may assume by symmetry that a € (p(a), b]. Then

b€ (ro(a)™ M 7ri(a)™) U {al.
So by (iv), @« = b as required.

A~ isdenumerable. Define 7* : 4 — Ct(p*),1 = 1, 2,and p* : 4 — Ct(p*)
by 7*(a) = r:(a)* and p*(a) = p(e)*fori = 1,2and ¢« € A. Then p*, 4, m*,
7o* and p* have the following properties for all « € 4

(O)* To(L) M I(p*(a)) = 0
(i)* m1*(a) € (p* p*(a)), 2*(a) € (p*(a), p)
({i)* =1 (@) N [1*(@), m2*(@)] = {11*(a), p*(a), 2*(a)}
(iv) * a1 ¢ 7o*(a2)~ M 7¥(ax)t for all ay, ax € 4
(V)* ay ¢ 12%(a2)t M m*(aqg)~ for all ay, as € 4.
Forz € {1,2} and ¢ € {+, —}, let

AX ={a € Ad:a € tforallt € (p*(a), 7.*¥(a))}.

Then A*+— = A,** M 4,* is denumerable by what has already been proved.
Since A=+ = 4*t—, 4=t is denumerable.

4.2 THEOREM. For every p € C there exists a denumerable set A (p) C L(p) such
that for every d € 1(p) one of the following occurs:
(i) d € A(p)
(1) 1(d) contains no isolated curves other than (possibly) L(p)
(iii) every lin I(d) such that | 5 [(p) and | is isolated in [(d) satisfies T (L) M
I #0.

Proof. Let A(p) be the set of all @ € L(p) M D for which there exists ! € I(a),
I # 1(p), such that [ is isolated in I(a) and T2(L) M I = @. Clearly, it suffices
to show that A4 (p) is denumerable.
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Foreacha € A4 (p), select p(a) € I=1(a) M Ct(p) such thatl(p(a)) is isolated
in I(a) and To(L) M I(p(a)) = @. Then select 7,(a) € [p, p(a)) and r:(a) €
(p(a), p*] such that

=(a) M [ri(a), p(a)] = {r1(a), p(a)}

and

I=(a) M [p(a), m2(a)] = {p(a), r2(a)}.
Since a ¢ To(L), r2(a) # m1(a)*. Let ay, as € A(p). Then
ary € volae)™ M ri(a)~ C p~
and
ar & 12(a2)™ M 71(as)™ C p™.
Now let {p,] be a countable dense subset of C. Then 4(p) = U, 4, where
A, = {a € A(p) : 1(a), p(a), 72(a) € CHP)}.

Hence A4 (p) is denumerable as each 4, is denumerable by 4.1.

4.3 COROLLARY. Let L be a spread such that To(L) is denumerable. Then for
every p € Cthere exists a denumerable set A (p) C L(p) such that for every d € [(p)
M Fy (L) one of the following occurs:

(i) d € A(p)
(i1) I7Y(d) is a perfect set
(i) I=1(d) M\ CH(p) 1s a perfect set.

Proof. The set of points ¢« € I(p) for which there exists [ € [(a) such that
I # 1(p) and I M T,(L) # @ is denumerable. The result is now a direct conse-
quence of 4.2.

Note that a perfect subset of C is uncountable. If a curve [ in the spread L
contains no points which lie on uncountably many curves of L, then T2(L)
is uncountable by 4.3. This extends the main result of T. Zamfirescu in [8].
T. Zamfirescu has given in [7] a sufficient condition for a spread L to have
simple vertices. (Note that none of the results of [7] and [8] have been correctly
stated in MR 40 #2035 and MR 50 #8297 respectively.)

In [4], C. Ivan has studied spreads L which have a curve [ such that the
interior of I M Fy(L) (in the relative topology of [) is contained in T (L)
for some k& € N. By 4.3, all such spreads have uncountably many simple vertices
if they are not trivial.

By using 4.3 we can now amplify the conclusion of 3.7 about certain con-
tinuous but nowhere differentiable functions.

4.4 THEOREM. Let h, I and I' be as in 3.7. Then the set of values in I’ which h
takes a denumerable number of times is itself denumerable.
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Proof. 1t suffices to show that whenever m, M € I’ and m < M then the set
of values in (m, M) which & takes a denumerable number of times is itself
denumerable. Define the function g as in the proof of 3.7. It suffices to prove
that the set of values in (—1, 1) which g takes a denumerable number of times
is itself denumerable. Since T2(L(g)) = @ (see 3.6), this follows by applying
4.3 to the spread L(g) with p = 1.

The next two lemmas will be used to deal with the distinction made in 4.2
between [(p) and the other curves of [(d), d € L(p).

4.5 LEMMA. Let p € Cand g € CH(p). For every s € (p, q) there is ¢ unique
N(s) € 1(s) M D such that I=*(N(s)) N [p, ¢*] # O and \(s) € v+ \J I(r) for all
r € [p, ¢*]. Moreover, the map \ : (p, q) — D 1is continuous.

Proof. The existence of \(s) for every s € (p, ¢) follows from the continuity
of the map 7 > L(r) M I(s) on the compact set [p, ¢*]. If X is not continuous,
then there are s € (p, q), a sequence {s,} in (p, ¢) and a sequence {r,} in [p. ¢*]
such that s, — s, 7, — 7 € [p, ¢*], N(s,) € 1(r,), \(s,) =z € C\U D and
2z # N(s).Since \(s,) € L(r,) —=1(r),2z € I(r). Since \(s,,)) € I(s,) = 1(s),3 € I(s).
So by the definition of X,z € (X (s), s*). Now there existsv € I=1(\(s)) M [p. ¢*].
Hence z € v~ and \(s,) € v~ for all # large enough, which contradicts the defi-
nition of A\. Therefore \ is continuous.

4.6 LEMMA. Let p € Cand g € CH(p). Let \ be defined as in 4.5. Let

E = 1{d € \N(p, q) : there exist 7,(d), To(d) € I=1(d) M [p, ¢*] with
m2(d) € (11(d), pl},

A1 = {d € Np, q) : there exist p(d) € N"1(d) and 71(d) € (p, p(d))
such that I=1(d) N [1:(d), q] = {11(d), p(d)} and [(p(d)) N T2 (L) = B},

As = {d € N(p, q) : there exist p(d) € N"1(d) and 72(d) € (p(d), q)
such that I=1(d) M [p, 72(d)] = {p(d), 72(d)} and [(p(d)) M T:(L) = B}.

Then E, A1 and A, are denumerable.
Proof. E is denumerable. Let d; and ds be distinct elements of I£. Then
() N d)T N re(d)t = 6,0(r) N (72(dr). dy) = 0
and
L(r) (N (dy, 71(d1)*) = 0

forall 7 € (r1(d1), 72(d1)). Hence l(r) N\ N(p,q) C {d,} forallr € (r1(dy), 72(d,)).
Therefore

(r1(dy), T2(d1)) M (11(d2), 72(d2)) = 0,

whenever d; and d, are distinct elements of . Thus £ is denumerable.
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Ay is denumerable. If d € 4, then d € ¢~ for all t € (p(d), ¢q] and either

(1)d € ttforallt € (r:.(d), p(d))
or

(2)d € t—forallt € (r1(d), p(d)).
Let A ={d € 4:: (i) holds} fori = 1,2. If d € A" then there exists a unique
n(d) € (p(d), &} M\ Fo(L) M oy (F2(L) M 1(p(d))).

Since I(p(d)) M T2(L) = @, n(d) € F3(L). So n(A4:') is denumerable by 3.12.
We claim that n : 4! — D is injective.

Let d; and d, be distinct elements of A;! such that n(d;) = 7n(d:). Since
Np(d)) = d for all d € A, p(d1) # p(d:). We may assume that p(dz) €
(p(dy), q). Then di € p(ds)~, which implies that n(d;) € (di, p(d1)*) as
{n(d1)} = l(p(d1)) M I(p(d2)). But this contradicts n(d:) € (p(d,), di].

So 44! is denumerable. To prove that 4, is denumerable, it suffices to show
that 4,% is denumerable. Let d; and ds be distinct elements of 4,2 Suppose that
T1(d2) S (T1<d1), p(dl)) Then d1 c Tl(dz)— (ﬁg 7)

71(d2)
Fic. 7
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Now d € p(dy)~ U l(p(d;)) and hence ds € (1(d2), 2] where {2z} =1(r1(d2)) N
[(p(d,)). Since d» = \(p(d:)), there exists r € [p, ¢*¥] M [71(d»). But then
d, € r~ which contradicts d; = N(p(d;)). Therefore

(r1(dy), p(d1)) M (71(d2), p(d2)) = 0
whenever d; and d, are distinct elements of 4,2 Hence 4% is denumerable.

A, is denumerable. The proof is similar to that given to show that 4, is
denumerable.

4.7 THEOREM. If L is a non-trivial spread such that I=*(d) D [p, q] for some
d €D, pc Candqg € CT(p), then Ts(L) 1s uncountable.

Proof. There exists either r € (p, ¢*) such that I(r) N\ p* M g~ # B or
r € (p, ¢*) such that I(r) N p~ M g+ # @. Without loss of generality, assume
the former is true. Let £ and X be as in 4.6. Since \ is not constant and con-
tinuous on (p, q), A(p, ¢) is uncountable. Since E is denumerable, 7°,(L) which
contains A(p, ¢)\E is uncountable.

In fact the above proof shows that {s € (p, q) : [(s) N To(L) = @} is
denumerable.

4.8 THEOREM. Let L be a non-trwial spread, let p € Cand g € CH(p). Suppose
thatr € (p, q*) is such that the curve [(r) has a parameterization ¢ : [a, b] — I(r)
for which the map f : [p, q] — [a, b] defined by s — ¢~ (I(r) M L(s)) is of bounded
variation, i.e. such that

{ ng=1 |f(51) '_f(SH—l)‘ C S E (Siv (Z]f07' 1= 1) BN (2 E [P’ g]}
15 bounded. Then T3 (L) is uncountable.

Proof. Let X = \U {I(s) N I(r) : s € [p, q]}. By 4.7, we may assume that X
is a non-trivial subarc of /(r). Since f is of bounded variation, there are an
uncountable number of points d in X such that [=1(d) M [p, ¢] is finite. Hence
there are an uncountable number of points d in X such that /='(d) and I='(d) M
C*(r) are not perfect sets. Therefore 7°»(L) is uncountable by 4.3.

The next theorem is a special case of 4.8 and shows in particular that every
non-trivial spread of line segments has uncountably many simple vertices.

4.9 THEOREM. Let L be a non-trivial spread such that 1(s) is a line segment for
every s € [r, gl wherer € Cand q € C+(r). Then Ts(L) is uncountable.

Proof. Coordinatize the plane so that /(r) is contained in the set of points
with coordinates (£, 0),t € R. Let p € (r, q). For every s € [p, ¢, let a(s) €
(0, 7) be the angle between [(s) and I(r). Then e« : [p, g] — (0, 7) is a continuous
injection. Moreover, for every s € [p, ¢] there exists a unique 6(s) € R such
that I(s) is contained in

{(x,9) : xsina(s) — ycosa(s) — d(s) = 0}.

https://doi.org/10.4153/CJM-1980-017-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-017-1

SYLVESTER'S PROBLEM 237

The map é : [p, g] — R is continuous. Hence the point of intersection of I(s)
with /(r) has coordinates

(6(s)/sin a(s), 0).

Fors € [p, q], let f(s) = 6(s)/sin a(s). To complete the proof it suffices to
show that f : [p, ¢] — R is of bounded variation. We will use the argument of
the proof of Theorem 1 of [3].

For distinct sy and s» in [p, ¢], the point of intersection of /(s;) with /(s2)
has coordinates

(6(52) cos a(sy) — 8(s1) cosa(ss) 8(s2) sin a(sy) — 8(s1) sin CZ(SQ))
sin (a(s2) — a(s1)) ' sin (a(s2) — a(s1))
and belongs to the bounded set D. By computing the sum of the squares of the

coordinates of these intersection points, we deduce that there exists a positive
number K such that

( 5(s2) — 8(s1) ) 28(51)8 (52) < x
sin (a(se) — a(sy)) 1 4 cos (a(s2) — als1)) =
whenever s; and s, are distinct elements of [p, ¢]. Now
j 20(s1)8 (s2) .
|1 cos (a(ss) — alsy)) V™ € [p Q]f
is bounded. So there exists a positive number K’ such that
| 8(s2) — 8(s1)
| sin (a(s9) — als1))

whenever s; and s, are distinct elements of [p, ¢]. From this it follows easily
that there exists a positive number K’’ such that

6(s2) — 8(s1)| = K |a(s2) — a(s)
for all s1, s2 € [p, q]. Hence § : [p, g] — R is of bounded variation. Clearly
s — 1/sin a(s) is also of bounded variation on [p, ¢]. Hence f is of bounded
variation on [p, ¢] as it is the product of two functions of bounded variation

on [p, ql.

=K'

5. The concept of a k-isolated point. The preceding results have demon-
strated that isolated curves in [(d) are useful to work with. Furthermore, the
study of spreads L such that 7»(L) is denumerable leads to their consideration.
The following definition encapsules the process of distinguishing between
points d of D by the number of isolated curves in /(d).

A point d € D is called a k-isolated point of the spread L if either

(1) & = Ny and [(d) contains N, isolated curves; or

2)kR e Nandd € Ty(L); or

(3) B € N and I(d) consists of B — 1 isolated curves and a perfect set.

https://doi.org/10.4153/CJM-1980-017-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-017-1

238 KYM S. WATSON

Let 7%*(L) be the set of k-isolated points in D. Then
D=\UI{TVWL): ke NU{Ro}} and T (L) C T (L).

We will now show that every non-trivial spread L has an uncountable
number of 2-isolated points. Thus, from the point of view of Sylvester’s
problem, the concept of a 2-isolated point in a spread of curves is the appropri-
ate continuous analogue of a simple vertex in a finite arrangement of pseudo-
lines.

5.1 THEOREM. If L is « non-trivial spread, then 15 (L) is uncountable.

Proof. We may assume that 7°5(L) is denumerable. Since L is non-trivial,
let p, ¢, \, E, 4, and A, be as in 4.6 and such that G = \(p, q) N\ p* M ¢~
is uncountable (\ is continuous). Now let G’ = G\(E\J 4, U 4,). Then G’ is
uncountable as E, 4, and 4. are denumerable by 4.6. If d € G', then [71(d) N
[p, ¢*] is a singleton belonging to (p, ¢*) and I=1(d) M (p, q¢) #= @. Let G'' be
the set of all those d in G’ for which [=1(d) M (p, ¢) has an isolated point.
Hence G'\G” C T,»'(L). So to complete the proof it suffices to show that G"
is denumerable.

Let 4 = {d € \N(p, q) : there exist p(d) € [=1(d) N (p, q), 7:(d) € (p, p(d))
and 72(d) € (p(d), ¢) such that I='(d) N [7:.(d), 72(d)] = {1:(d), p(d), 72(d)}
and [(p(d)) M T2(L) = @}. Note that the definition of X implies that A(p(d)) =
dforalld € A. We aim to show that A is denumerable by using 4.1. It remains
to check (iv) and (v) of the statement of 4.1. For this purpose, let a,, az € 4.
Since a2 € N(p, q), there exists 7o € 71 (a2) M [p, ¢*]. Hence

aq 62 72((L2)+ f\ T1((l2)_

because a1 € N(p, q) implies that a; ¢ ro~. Let 1 € [7'(a1) M [p, ¢*]. Then
ae ¢ r1~ implies that

11 Q TQ((LQ)_ M Tl((LQ) k.

Thus we may apply 4.1 to deduce that A is denumerable.

Now let A" = {a € N(p, g) : there exists p(a) € N"'(a) such that [(p(¢)) N
To(L) # B}. Since 15(L) is denumerable, 4’ is denumerable. Finally, G"" C
A \J A" and hence G" is denumerable as required.
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