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x-Subvarieties of the Variety Generated by
(Ma(K), 1)

Francesca Benanti, Onofrio M. Di Vincenzo and Vincenzo Nardozza

Abstract. Let K be a field of characteristic zero, and * = ¢ the transpose involution for the matrix
algebra M;(IK). Let U be a proper subvariety of the variety of algebras with involution generated by
(MZ(]K)., *) . We define two sequences of algebras with involution R, 84, where p, g € N. Then we
show that T, (1) and T« (R, @ 8,) are x-asymptotically equivalent for suitable p, .

1 Introduction

Let K be a field of characteristic zero and let A be an associative K-algebra with
involution * of first kind, i.e., such that (ar)* = ar* foralla € K, r € A. If
X = {x1,x,, ...} is a countable set of unknowns, we denote by K(X, *) = K(x;, x},
X2,%5, ... ) the free associative algebra with involution generated by X over K. Recall
that an element f(x;,x], ..., %, x5) of K(X, %) is a *-polynomial identity for A if
flay,ay,...,am,ay,) = 0 for all substitutions ay, . .., a, € A. Moreover T, (A), the
set of all #-polynomial identities of A, is a T,-ideal of K(X, %), i.e., an ideal invariant
under all endomorphisms of K(X, ) commuting with *, and K(X, %) /T, (A) is the
relatively free *-algebra of countable rank in the %-variety V(A, *) generated by A.

In case A = M(K), k > 2, is the algebra of k x k matrices over K two involutions
play a very important role in the study of *-polynomial identities: the transpose in-
volution, denoted * = ¢, and the canonical symplectic involution, denoted * = s
and defined only in case k = 2l is even. In fact, it is well known (see [9, Theo-
rem 3.1.62]) that, if K is an infinite field and * is an involution in M (K), then either
T, (Mi(K), %) = Ty Mi(K), t) or Ty (Mi(K), %) = T ( M(K),s).

A complete study of T, (MZ(][\(), t) and of T, (MZ(][\(), s) , in characteristic zero,
has been made by Drensky and Giambruno in [3] and by Procesi in [8] respectively.

The purpose of this paper is to determine a description of the x-subvarieties of the
*-variety V(MZ(II\(), t) or, equivalently, of the T,.-ideals properly containing
T, (Mz(][\()) by using the method due to Drensky [2] in the case of ordinary T-ideals
containing T(Mz(][\()) .

First, we shall introduce the notion of x-asymptotic equivalence for T'.-ideals of
K(X, *). Then we shall construct two sequences of *-algebras, (R,) and (S,), with
T.(Rp)NTw(Sy) D Ts (Mg(][\()) and establish that if U is any T-ideal of K(X, %) such
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that U D T, (Mz(lK)) ,then U and T..(R,) N T,(S,) are x-asymptotically equivalent
for suitable integers p, q.

2 Preliminaries

Throughout the paper we shall denote by KK a field of characteristic zero. It is useful to
regard the free associative algebra with involution K(X, ) as generated by symmetric
and skew-symmetric variables, i.e., if we set y; = x; + x] and z; = x; — x}, fori =
1,2,..., then K(X, *) = K(Y,Z) = K(y1,21, y2,2,. - . ). Moreover, any K-algebra
A with involution # is a direct sum A = A" @ A~, where A* = {a € A | a* = a} and
A~ ={a € A|a* = —a} are the spaces of symmetric and skew-symmetric elements
of A respectively. Therefore f(y1,...,¥r,21,...,2) € K(Y,Z) is a *-polynomial
identity for A if f(ay,...,a,,b,...,b) = 0foralla; € A", b; c A7,i=1,...,r,

j=1,...,s

Let us denote by F,,(x) = K{(y1,..., ¥m,21,...,2m) the free associative alge-
bra with involution generated by the symmetric variables yi,...,y, and the
skew symmetric variables z;,...,z,. Let U = Spang{yi,...,ym} and V. =

Spanyg{zi,...,2zm}. The group GL(U) x GL(V) = GL,, x GL,, acts on the left
on the vector space U @ V and we can extend this action diagonally to get an ac-
tion on F,,(x). For every T,-ideal T, (A), F,,(x) N T« (A) is invariant under the above
action of GL,, X GL,,. Hence we can view F,,(A, *) = Fm(*)/(Fm(*) N T*(A))
as a GL,, x GL,,-module. Its homogeneous component of degree n, F/(A, %), is a
GL,, X GL,,-submodule of F,,,(A, *).

Now we describe briefly the representation theory of GL,, x GL,, acting on
FU(x). The isomorphism classes of the irreducible modules are described by pairs
of partitions (A, i), where A and g are partitions of r,n — r respectively in not
more than m parts, for all r = 0,1,...,n. We write W), for a representative of
the corresponding isomorphism class of GL,,, X GL,,,-modules. More precisely, let
(K{y1, .., ym))® be the homogeneous component of degree r of K(y1,. .., ¥m).
Let W), be an irreducible GL(U)-submodule of (K(y, ..., yu))® corresponding to
. It is well known that there exists an isomorphic copy of Wy in (K(y1, ..., yu))",
generated by the following product of standard polynomials

A
W)\(yla'“ayp) = Hspj(ylv"'aypj)7

j=1

where p; is the height of the j-th column of the Young diagram D) associated to
A, p := pi and the s, are the standard polynomials of degree p;. Similarly we may
define a GL(V)-submodule W, of (K(z1, . .., zu) )"=" with a generator w,,. Now the
irreducible GL,, x GL,,-module W}, ,, is isomorphic to the tensor product W)@y W,,.
A generator of an W , is wa(y1, ..., yp)wu(z1, . . ., zq), where q is the height of the
first column of D,,. Any isomorphic copy of W, in F{")(x) is generated by a non-
zero element

Wi = WA, ypwul(z, ., 2g) Z a,o0 (a€K)
oES,
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where the symmetric group S, acts by place permutation of the variables (right action
of S,,) (see for instance [3, p. 720],). The polynomial w) , is the so-called highest
weight vector (h.w.v.) of the module.

We refer to [4] for a complete treatment of the representation theory of GL,, X
GL,, acting on F,,, ().

As in [3] we bring the notion of Y-proper *-polynomial up. First, we define
(higher) commutators by

Vi, »] = viv, —

[V17"'7Vﬂ—l7vn]: I:[Vh"'avn—l]vvﬂ]v (T’l>2)

We say that a x-polynomial f(y1,..., Ym,21,-..,2m) € K(Y,Z) is Y-proper if the
¥’s occur in commutators only.
By the Poincaré-Birkhoff-Witt theorem F,,(x) has a basis

S1 Sm 1 tm 4,11 T,
A -yma -z -y | sty 1y = 04,

where uy, u, . . . are higher commutators.
We denote by B,,(x) the vector subspace of F,,(x) spanned by all products

{Z]" ... zmul . ouy | iy s; > 0}

Hence the Y-proper *-polynomials are the elements of B,,(x). ijf)(*) denotes its
homogeneous component of degree #.

An alternative definition of Y-proper polynomials is the following: f is Y-proper
if all formal partial derivatives 0 f /Oy, defined by Oy ;/0y; := &; j (Kronecker delta),
arezero foralli =1,...,m.

By Lemma 2.1. in [3], we have that all %-polynomial identities of an algebra A
with involution * follow from the Y-proper ones. This means that the set T (A) N
B, (%) generates the whole T'.(A) N F,, () as a T.-ideal. Let us denote by B,,(A, *) :=
Bu()/(Tu(A) N B(#))

The relation between the Y-proper and all the *-polynomial identities of a PI-
algebra A with involution * are stated by the following:

Theorem 2.1 ([3, Theorem 2.3 (iv), (v)])  The following GL,, X GL,,-module iso-
morphism holds:

Fm(Aa*) glK[yla,ym] ®Bm(Aa*)

where the algebra K[y, ..., ym] is under the canonical GL(U)-action and the trivial
GL(V)-action. In particular, if

En(A, ) 2 ay WA @ W,
Bu(A, %) 2> b, W, ® W,

then ay, = > b, , where for fixed X = (X1, ..., \y) and p the summation runs over
all partitions v = (v, . . ., V) such that

)\IZVIZ"'Z)\WIZVM'
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As in [6] for T-ideals we give the following
Definition 2.2 Let B"(x) be the space of all Y-proper polynomials of degree n
in K(Y, Z). The T,-ideals of K(Y, Z), U, and U,, are %-asymptotically equivalent if
there exists vy € N such that for all n > 1y

U; NB™ (%) = U, N B™(x)
and we write
U, =, U,.
In this paper we shall investigate the case (A, *) = (Mz(][\(), *) , where % is the

transpose involution. We shall give an asymptotic description of the T -ideals prop-
erly containing T, (MZ(H\()7 *) .

3 Partial Linearization and the Koshlukov’s Criterion

Definition 3.1 Let f = f(xy,...,x,) be a multi-homogeneous polynomial. By the
symbol

Faloea| .o i |xi, ul x| - [xa—1|%0)
we denote the homogeneous component of the polynomial
Fle, X,y X1, Xi + Uy Xig1y o oy Xy 1, Xn)

of degree 1 with respect to the variable u, and we shall refer to it as to the partial
linearization of f with respect to x;. Analogously,

f(x1|xz| ce. |xi—1‘xia Uy, Ugy v vy Mk|xi+1| cee \xn—1|xn)

is the homogeneous component of first degree with respect to each of the variables
u; of
j

f(x17x2a ey Xi—1, X + up + U teeet Uy Xig1, - - 'axn—lvxﬂ)y
and finally
feal. X u, | xg, v, va| - )

will denote the homogeneous component of first degree with respect to uy, u,, v1, v,
of the polynomial

Fler, oo tuptuy, ., Xt v+ Vs, X)),
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Examples 3.2 Let f = f(x1,x2,%3,%4) = X2X1%,%3%4%;. Then

£ |%2, ulxs|xs) = uxtxaxsxaxy + X U3 XXy + X207 X X3 X4 U
F(x1|%2, 4, V] |Xa) = Vs XXy + UXT X2 X3 X4V + VX UN3X4X,
2 2 2
+ XX UX3X4V + VXX X3X4U + XpX] VX3 X4 U

Very often we shall consider a given polynomial f = f(xi,...,xi—1,%,
Xitly .-, %) and write f(xp|...|xi—1]xi, 81,82, - - |Xi41] - - - |%0), where g1, 2, ..
are polynomials, to mean the polynomial obtained from the partial linearization
fler| .. |ximy|xi, uy, tg, . . . |Xis1] - - - |x,) by substituting g; to the linear variable u,
£ to the linear variable u, and so on.

The following criterion due to Koshlukov [7] is an effective tool to establish if a

given polynomial f of multidegree A = (Ay,..., A,) is a h.w.v. for a GL,,-module
W =W,

Proposition 3.3 (Koshlukov’s Criterion, [7, Lemma 1.3.1]) A multi-homogeneous
polynomial f = f(x1,...,%,) of degree A\ = (A1, ..., Ay) is the h.w.v. for a GL,,-
module W =2 W, if and only if f # 0 and
falxi X fxm) =0 Vi=1,...,m,j <i.
4 The Algebras (M,(K), %), R,, 8,

Let A = M, (K). We recall that just two kinds of involution do define different T-
ideals: the transpose and the symplectic involution. The transpose involution acts on

M, (K) by
ar A * _ a2
a1 Q) oy oy )

In this case, we know the following decomposition:
Theorem 4.1 ([3, Theorem 3.4, (i)])
Bu(My(K), %) = P Wy, =P wraw,

where the summation is over all partitions X = (A1, A2), b = (1) and Ay # 0 when
A1 £ O0and py =0.

We define two sequences of finite dimensional algebras with involution which will
be essential to our description of the T, -ideals properly containing T, (Mz (H\()) .

Let k > 1 and € = K[t]/(t*) be the polynomial algebra modulo the ideal gener-
ated by t*.
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We define the following algebras with involution

R, =Cpe+tCra+tCpb+Cpec

8 = Che+ Cha+1tCb+1Cyc

where e, a, b and c are the matrices

() ) () ()

Since the algebras M,(C,) and M,(C,;) have the same *-polynomial identities as
M,(K), and R, and 8, are subalgebras of M, (C,) and M,(C,), respectively, we obtain
that the GL,, X GL,,-modules B,,(R;, *) and B,,(8,, *) are homomorphic images of
Bm(Mz(l[\(), *) . By Theorem 4.1, the latter GL,, X GL,,-module decomposes into
irreducible submodules associated to pairs of partitions of kind (()\1, A2), (k)) . So
B,y (Rp, *) and B,,(8, *) do the same. Now we are going to check which among these
modules occur in these decompositions, actually. By Theorem 4.1, it will suffice to
work in B,(*) and consider Y -proper polynomials in which just one z occurs, i.e.,
Y -proper polynomials in yy, y2,2;. The following lemma will prove itself useful in
direct computations:

Lemma 4.2 Leta, b, c be the matrices defined at the beginning of this section.

(1) The following relations hold:

ab=c=-ba ac=b=-ca cb=a=-bc
(2) The previous relations yield
[a,b] =2¢ [a,c] =2b [c,b] =2a.
(3) For higher commutators, the following relations hold

[c,a,...,a] =2Pca’? [b,a,...,a] = 2/ba’.
———

P p

Proof The statements (1) and (2) are straightforward. A simple inductionon p > 1
yields (3). If p = 1, then [b,a] = 2ba = —2c and [c,a] = 2ca = —2b. Assume
p > 1and consider

[c,a,...,a] = [[c,a7...,a],a} = [2Pca?,a] = 2P[c,a]a’
——
ptl p
since af and a commute. Similar arguments prove the other equality. ]
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Now we are going to compute the h.w.v. of the irreducible components of
By (M (K), *) .

Lemma 4.3 Let W be the irreducible component of By (M, (K), %) associated to the
pair (A1, A2), (k). Then

w=lz,y1,..., 1y )2 ifk >0,
—_—
A=\
w = [[}’2,}’1],}’17---0’1][)’27}’1])\2_1) Ifk:()
—
A=\

is its highest weight vector.

Proof The polynomials w are not zero, the symmetric variables y;, y, occur in com-
mutators only (hence they are Y-proper) and replacing in w one y, by y; the poly-
nomials w(yi|y2, y1]z) vanish identically (Koshlukov’s criterion). The only thing to
check is that they are not polynomial identities for (M,(K), x). A straightforward
calculation (using Lemma 4.2) shows that w(a, b, ¢) # 0. [ |

Some of the polynomials listed in Lemma 4.3 may be a *-PI for the algebras R, §,
and now we shall see which ones. The proofs of the next two lemmas are very similar.
We give the proof of the last one only.

Lemma 4.4 Let k = 0 and, from Lemma 4.3, consider the highest weight vector w
for the irreducible component of B, (Mz(][\(), *) associated to the pair (()\1 s A2), (0)) .
Then

1. wis a *-polynomial identity for R, if and only if \i + Xy > p;
2. wis a *-polynomial identity for 8, if and only if A, > q.

Similarly, in the general case:

Lemma 4.5 Letk > 0 and, from Lemma 4.3, consider the highest weight vector w
for the irreducible component ofBz(Mz(I[\()7 *) associated to the pair (()\1, A2), (k)) .
Then

1. wis a x-polynomial identity for R, if and only if \; + Xy > p;
2. wis a x-polynomial identity for 8, if and only if \, + k > q.

Proof The symmetric part of R, is spanned over €, by the elements e, ta, tb, and
the skew-symmetric part by c. Since in the polynomial w the variables y,, y, occur
in commutators only, we may assume that the generic substitution for w is of kind

p: yi — a;ta+ Gitb, z+—c.
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Let n:= A\; + \,. Then

w(p(y1),¢(y2), o(z)) = t"w(aia+ Bib, aza+ Bab, c).

Henceif n > p then ¢(w) = 0 and w € T,(R;). Converselyif n < p the substitution
w(ta, tb, c) = t"w(a, b, ¢) is not zero.

So w is a *-PI for the algebra R, if and only if A; + A, > p. Similar arguments
hold for the algebra §,. u

5 Consequences of a Highest Weight Vector

If f € K(Y, Z) we denote by (f)r, the T.-ideal of K(Y, Z) generated by f. Recall that
a x-polynomial g is a consequence of fifg € (f)r,.

Definition 5.1 Let W, W be irreducible components of B, (M (K), *), and w, w
their corresponding highest weight vectors. If w is a consequence of w, then we say
that W is a higher consequence of W, and that the polynomial w is a higher conse-
quence of w for W,

Since B, (Mz(]l\(), *) decomposes into irreducible components with multiplicities
1 by Theorem 4.1, we shall identify the components Wy, x,).0 = W) @ W
with the corresponding diagrams (A1, A;) ® (k).

We are interested in the consequences of degree # + 1 of the highest weight vector

of degree 1 for a fixed irreducible submodule ﬁ—q—l ® of By (M,(K), *) .

We shall prove that, for any diagram (a,b) ® (c) which can be obtained from
(p + g, p) ® (k) by one the following operations

1. glue a new box to one row
2. delete a box from a row and glue a new box to each other row,

the highest weight vector of the corresponding irreducible component of
By (M;(K), %) is a higher consequence of the highest weight vector of (p+4, p) ® (k).
As in Lemma 4.3, the highest weight vector w of (p + ¢q, p) ® (k) is of type

W:[27 yly"'ayl][YZ)yl]pzk_la 1fk>07
N——
q
w=[lyznly,-.on] by, P ifk=o0.
—_——

q

We may rephrase Proposition 3.3 to get an effective tool in order to verify that
a given polynomial is the h.w.v. for the irreducible submodule Wy, ) of
Bz (Mz(][\(), *) .

Remark 5.2 Let f = f(y1,2,21) bea polynomial in F, ( M, (K), *) of multidegree
(A1, A2, k). Then f is the h.w.v. for the irreducible submodule (A1, A;) ® (k) if:
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(1) 9f/0y; = 0fori = 1,2. This is to check that f is Y-proper.
(2) f(y1|y2, y1lz1) = 0. This is Koshlukov’s criterion.
(3) f ¢ Tu(M(K)).

Since the formal derivative 0f/0y; equals the partial linearization of y; by 1 in f, if
we write

fo=fC.\yi,ul...)

yir=u

we have to check

f = f = f :0’ f(alaabbl)#o

yi—=1 yor—=1 Y201

fora,a, € A*, by € A™.

We start dealing with the simplest case.
Lemma 5.3  The polynomial
w=wz
is a higher consequence of w for (p + q, p) ® (k+ 1).

Proof The polynomial w is a consequence of w, is Y-proper, has the right multi-
degree and satisfies the Koshlukov’s criterion as in Remark 5.2. Finally it is not a
*-polynomial identity for M, (K) since w(a, b, ¢) = w(a, b, c)cand w(a, b, c) # 0 be-
cause w is the highest weight vector for the irreducible component of B, (Mz(][\(), *)
associated to (p + g, p) ® (k). [ |

The remaining cases are investigated in the following five lemmas. These lemmas
can be proved by straightforward calculations as for Lemma 5.3. We shall omit the
proofs of Lemmas 5.5 and 5.8 because they are through and through similar to those
investigated.

More precisely, we shall prove that any polynomial w (listed in the following lem-
mas) is a consequence of w. Each # is a linear combination of suitable partial lin-
earizations of w. We remark that it is essential that in the partial linearizations we
replace (skew-)symmetric elements by elements of the free algebra which are of the
same type. This ensures that w is in the T,.-ideal generated by w. Next, we follow
the steps listed in Remark 5.2 and prove that #w is the highest weight vector for the
corresponding irreducible submodule of B, (M, (K), *) .

In the following we shall adopt the standard notation of the so-called Jordan prod-
uct, u o v := uv + vu. Also, we shall write ¢ := [y,, y1] for shortness.

Lemma 5.4  The polynomial

W= w(y1, yilyalz) = 2(p + @wyr ifp+q#0
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or
w:=w(y1|y2lz,z0 y1) —2kwy, ifp+q=0

is a higher consequence of w for (p + q + 1, p) ® (k).
Proof Assume at first that p + g # 0 and k > 0. Then, by Lemma 4.3,

w= [27}’17-~-,)/1][}’27}’1]pzk_1
—_—

q

and write

q
Wy = W2:Z[Z,)/l,...,)/%,...,yl][yz,yl]pzkil
nen o T

+z 1, ol Y ey, 2!
T i+j=p—1

Here we shall denote by > [z,...,u,...] the summation

[Za?yylw"vyl]+[Za)/la11’!7}/17-~-7y1]+"'+[Zaylr-'vyl;’#]'

1 2 q

We shall write [z, . . . ] asa shortcut for [z, yy, . . ., y1] if there is no ambiguity. Finally,
——

q
we shall shorten 35, ., 3%, ., in D770, D70 respectively.

In order to simplify the notation, we shall use these shortcuts through the rest of
this section. Actually, we shall add some more shortcuts in the following lemmas. We
shall emphasize them as soon as they occur.

Since in the partial linearization w; we are replacing the symmetric element y; by
the symmetric element y2, w; is a consequence of w. Hence w is a consequence of w,
as well.

It is worth noticing that

[y2, il = y1 0 [y2, 3]
(z,...,y,...]=p10lz,...]

as direct calculations show. Hence

p—1
wy=q(y10lz,... NePZ 4+ [z, ... ] Zci(yl o)l
i,j
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Since in w the variable y, occurs in [y,, y1] only, W is y,-proper and w = 0.
y2=p
Moreover, since w is Y-proper, w = 0. Hence
yi—=1

W =2qlz,... 1PV + 2plz, .. 1P = 2(p+ w =0
yi—=>1

and w is y;-proper, as well. We have to prove that w is not a polynomial identity in
(M,(K),*). Since a*> = e and y} occurs in w; in commutators only, deduce that
wi(a,b,c) = 0 hence w(a,b,c) = —2(p + qg)w(a,b,c)a # 0.

Now assume that k = 0. Then, by Lemma 4.3,

w=1lc,...]cP7!

and

q
B2 (D] + 3 M6l
p—2
+ [c,...]Zci[yz,yf]cj —2(p+q)wy
ij
= [J’lOCam]+Q()’1O[C,-~-])Cp71+[Cam]ZC’(}’lOc)cf—2(P+q)w)’1
i
p—2 . '
=(@+Dyiole,...1)cP "+ e, ...] ch(yl oc)c! = 2(p+qwy.
ij

Then
w =2(q+1w+2(p—1Hw—=2(p+qw=0.
yi—1
Asbefore, w = w = 0because y, occursin [y, y;] only, and again w(a, b, c) =

Y=l e
—2(p + g)w(a,b,c) # 0. In both cases (k = 0 and k # 0) the polynomial w is a
h.w.v. for (p+ g+ 1, p) ® (k). Hence w is a higher consequence of w for the module
(p+q+1)® (k).
Now assume p + g = 0. Hence w = z* (k > 0), by Lemma 4.3, and

k—1
W= Zzi(yl o0z)7) — 2kzky1.
1]

Since in the partial linearization w  we are replacing the skew-symmetric element
zZV>z0y)

z by the skew-symmetric element z o y;, w is a consequence of w. Hence w is a
z—2z0y,

consequence of w.
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Clearly

w = 2kz" — 2k =0,

yi=1
so w is y;-proper (and Y -proper). Since ¢, a anti-commute, c o a = 0. Hence
w(a, c) = —2kcka #0.
So w is a higher consequence of w. ]
The proof of the following lemma is very similar, and we shall omit it.
Lemma 5.5 Letq> 1.
(1) Ifk > 0, then
W =w(y1, n2y21z,2 0 y1) = 2kw(y1, yaly2l2)y1 — qwlyily2lz, z 0 y2) + 2kqwy:

is a higher consequence of w for (p +q, p + 1) ® (k).
(2) Ifk =0, then

W = 2pqwys — 2pw(y1, y21y212)y1 + wiyily2, y312)
+w(y1, y2|y2, 72 0 112) + qw(y1, ¥31y2, 1112)

is a higher consequence of w for (p +q, p + 1) ® (0).

So far, we proved that the components (a,b) ® (c) obtained by gluing an extra
box to one row of (p + g, p) ® (k) are higher consequences of the given irreducible
component of B, (Mz(]l\(), *) . Now we start with deleting one box from a row and
gluing a new box in each of the remaining rows.

Lemma 5.6 Letk > 0. Then

w=wnlylz, [y2, 1)
is a higher consequence of w for (p +q+ 1,p+ 1) ® (k — 1).
Proof Since k > 0, by Lemma 4.3

w=lz,...]cPZ".

Then

k—2
w=lc,...1ctZ" +[z,...]cF Zziczj.
i
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It is a consequence of w because in the partial linearization we are replacing the skew-
symmetric variable z by the skew-symmetric element [y;, ;] of the free algebra. The
polynomial W is clearly Y -proper, has the right degree and # = 0. Thus we have

Y220

to check that w ¢ T (M,(K)) . It is the case, since

k—2
w(a,b,c) = —2[c,a,...,a](—1)P2°cP ! — 2[c,a,...,a](—1)P2PcP Zciccj
ij

= (=2)""k[c,a, ... ,a]c"" 1 £ 0.
Hence w is a higher consequence of w. ]
The proof of the following lemma involves much more calculation:

Lemma 5.7 Letq > 2.

(1) Ifk > 0 then

W= (q* — Dwiy, [z, n21|32]2) — (@ + Dw(y, y2, [z, y1]]y2]2)
+(q — Dw(y1, y21y2, [z, y2112) — wyi, y2, v2ly2, (2, y1]|2)

is a higher consequence of w for (p +q— 1, p+ 1) ® (k+ 1).
(2) Ifk =0 then

w=(p—q—1)(q— Dwy, lz,y:1]y212) + (g — Dw(y1, y2, [z, y21]y2, y1]2)
+w(y1, ¥2, ¥2|y2, 2, y1l|2) + (g + Dwiys, 2, (2, y1]]y2]2)

is a higher consequence of w for (p+q — 1, p+ 1) ® (1).

Proof First assume that k > 0. Thus w = [z,...]c?zZ""! by Lemma 4.3. Split
w into the linearizations wq, w,, w3, wy of w which are the summands of w. Since
[z, y1], [z, y2] are symmetric elements, these summands are consequences of w.
Then, we follow the steps listed in Remark 5.2 for each of them in order to prove
that w is an highest weight vector in BZ(MZ(]K), *) . Thus we shall compute, for

i = 1,2, 3,4, the partial linearizations w; , w; , w; ,and the values w;(a, b, c) in
yi—=1 ya=l y=y

(My(K), *) .

wi = w(y1, [z, y21|y2]2)

q

p—1
D DI AN ) S e S D DA P e
ij

i

w, = wWp =0
yi—1 yar—=>1
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55
p—1
w = Z[z, o lznl ] FZ =2z, ... ] Zc’[z, y2, y11c/ZE!
ren i i
p—1
—z,...] ch[c,z]c]z]‘*1
l*]

wi(a, b, c) = 2PTIT(—1)P*(p + g)alcP*

(note that in computing w; weuse [z, y1, y2] = [z, y2, y1]+[y2, 1, 2] by the Jacobi
V2=
law).

Here and for the rest of this section we adopt the notation
Z[z,...,f7...,g,...]
i#]
to mean the summation
[Z7f7g7"‘]+[Zug7f7"']+[Z7f7'7g7"‘]
+z,8,f, . ]+ 2., frel+z,...,8 f].
Now let us consider the second summand.

wy = W(y17)/27 [27}’1]|}’2|Z) = Z[za"',yZa"'v[Zayl]a"'] szkil
i+

p—1
- E [Za"wyZa'-'] E Cl[Za}’z,J’l]CJZkﬂ
i i,j

p—1
. -
— Z[z,...,yz, . ch[c,z]cfz !
i ij

Wy = Wy =0
yi—1 yor—=1

p—1

wy =(g—1) E [z, ozl ] Pl —qlz, ... E Az, y2, y11c/25!
Y2y . T
i L]

p—1
- z:[z7 S Y Zc’[z, yl,yl]c]zk_l —qlz,...] Zc’[c,z]cfzk_l.
i ij ij

In order to compute w,(a, b, ¢), note that [a, b, ¢c] = 0 and so is any 3-commutator
with these three elements, for all their place permutations. Furthermore, note that

Z[c,...,b,...,b,...]zzz[c,...,lT),b,...]zzz[c,...,?,a,...].

i#]j i<q i i<q i
iodd iodd
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We shall denote by d(1, g — 1) the number of odd integers between 1 and g — 1. With
this notation,

> le,oub,, b ] =21"d(1, g — 1)cat.

Hence we get

wa(a,b,c) =2 [c,...,b,...,b,...](~1)P2PcP*!
i7]
= —2(—1)PT2P* I 4(1, g — 1)alcP™*,

Let us proceed with the next polynomial.

ws = w(y1, y21y2, [z, 21]2)

p—1 p—1
=z, p2- 1>l ya T 4 1z, 1)z, pa)
j i i

w3 = W3 = 0
yi—1 yar—=1
p—1 p—1
ws =(q+2)z,...] E:c’l[z7 yz,yl]cjzk_l +[z,...] Zci[c, z)d/ !
e i.j i.j
p—1
+Z[Z7"'ay27"']251[27)/15)/1]6]21(71
i ij
ws(a, b, c) = (—1)PHa—12Ptal pad Ptk
Similarly,

ws = w(y1, ¥2, ¥2|y2, [2, y11]2)
p—1

= [z,---,yz,-.-,yz.-.]Zc”[z,yl,yl]cjzk‘1
i#] i

p—1
+2 Z[z, e Y2yl Z 'z, v, 1]l
]

<

p—1

+22[z7 ,yz,...]Zc’[c z)d/ !
i ij
Wqg = Wy =0
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p—1
wy = ZqZ[z, cey V2] Zc’[z,yl,yl]c]zk_l
r2n i i
p—1 p—1
+2qlz,...] Z [z, yz,yl]cjzkfl +2q[z,...] Zci[c, z]cl <1
y —

wi(a, b, c) = 2(—1)PH7 12040 p(1 g — 1)alcP k.
Since w = (¢ — 1)w; — (g + 1)wy + (g — 1)ws — wy, by the previous calculations

wegot w = w = w = 0.Moreover,
y1—=>1 ya>1 V2

w(a,b,c) = (=P (@ — D)(p +q) +2(g+ 1d(1,q — 1)
—p(q—1)+2pd(1,q — 1)) a%cP**

which is not zero since ¢ > 2 implies ¢> —1 > q— 1and p + q > p, hence
(@ = D(p+q) >plg—1).

Now assume that k = 0. In this case, w = [c, ... ]c?~! by Lemma 4.3. Similarly to
what was done in the previous case, we split the calculations for each summand of w.

w1 =wiy, [z, 2lly2l2) = = [z, 92, 320, ... ] 7!

p—2
+Z b Lz, 72], ]cp_l—[c,...]Zci[z,yz,yQ]cj
i’j
w, = wp =0
yi—=>1 yar>1
wy =—2[[z,y2,y1],...]cl’_l—[[cz cp 1+Z o Lz pl, ]cp_l
Y2y
p—2
—2[c,...]z [zyz,ylc—[c Zc[cz]cf
ij

wi(a,b,c) = (—1)“‘12"*‘1“(1) +q)alct.

Then, consider w;, w3, wy

wy = w(y1, y2, (2, y21ly2, y112) = —PZ lzyad ]
p—2
+(p=Dle,- 1Y clzyapld = [lz,ya, 1],y y2,- ] 7
ij i
p—2
_Z[Cw-w)/zwu]ZCI[ZJ’ZJ/I]C]+(P_1)[[Z7)’27)’2]7'-']CP_1
i ij
Wy = Wy =0

yi—=1 yar—=1
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v =p X[l ]

Y21
p—2 ‘
+@p—q-2)(le, 1Y Claanle + [z 2l ] )
¥
p—2
+(p— 1)([5,...]Zci[c,z]cj +[le,2l,...] cP—l)
oy

p—2
_2[67"'7)/27"']ch[z7yl7yl]cj
i ij

_Z[[z7yl7yl]7-'~7}/27-..}Cp_l

w,(a,b,c) = —(=1)P"22" " p(p + g — 1)a’lc?

ws = w(y1, ¥2, ¥21y2, [z, y11|2)

p—2
=2(Yler a1 a4 D [yz sy ]
i ij i

i

p—2
+2(Z[[c,z],...,y2,...]cp’l+Z[c,...,y2,...]Zci[c,z]cj)
i i

+Z[[z,y1,y1]...,yz,...,yz,...]cpfl

i#i
p—2
+Z[c,...,y2,...,y2,...]Zc’[z,yl,yl]c]
i#j irj

w3 = W3 =0
yi—1 Y21

w3 :2q<2[[z,y1,y1]...,yz,...]cp_l

Y2 i

p—2

#le sy ) Yzl

L]

p—2
+2q( [z @ [ 1 Elz e nle)
i7j
p—2

+2q([c,...]2ci[c,z]cj + [[c,z],...] cp_l)

i,
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wi(a,b,c) = —2(—1)P*12P** pd(1, g — 1)alc?

wa =wy, o,z llnle) =3 ey lznl. ]!

i#]
p—2
—Z“Z,)’za)’l]’---a}’b“&C‘Dil—Z[Cw-w)’za---]ZCI[Zv}’z,)’l]CJ
i i ij
p—2
—Z[[c,z],...,yz,...]cp_l—Z[c,...,yz,...]Zc’[c,z]cf
i i ij
wy = wyg =0

yi—1 yor—=1

Wy = (q_ I)Z[Ca-“v[za}/l]v"‘]CP?I_Z[[Z7ylvyl]-~')y23"']cp71

yan

1

p—2
=S Moy 1>l yunld —qllzynl. ]
i i

p—2 p—2

—q[c,...]Zci[z,yz,yl]cj —q[[c,z],...] ch! —q[c,...]Zci[c,z]cj

i,j ij

wy(a, b, c) = —2(—=1)PT2P**14(1, g — 1)a’cl.

Hence w = w = w = 0.Moreover, w(a,b,c) = (—1)PT2P4 " nalcP where
yi—1 yar—1 Y21

a=—(q(q—1)+2d(1,9—1)) (p+g+1) #0.
|

The proof of the next lemma is very similar to the previous one, and we shall omit
it.

Lemma 5.8 Let p > 0. Then
W =w(yily2, [z, y1]]2)
is a higher consequence of w for (p +q+1,p — 1) @ (k+ 1).
We summarize the results in Lemmas 5.3-5.8 in the following corollary:
Corollary 5.9  Let W, W be the irreducible components of B, (Mz(][\(), *) correspond-

ing to the diagrams (p + q, p) ® (k), (a,b) ® (c) respectively. If (a, b) @ (c) is obtained
by (p + q, p) ® (k) as the result of one of the following operations:

1. glue a new box to one row,
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2. delete a box from a row and glue a new box to each other row,

then W is a higher consequence of W.

Now we look for consequences of bigger degrees.

Lemma 5.10 Let W be the irreducible submodule of B, (Mz(][\(), *) corresponding to

ﬁ,——' ®[k__|. If W is the irreducible submodule of B, (Mz(l[\(), *) corresponding
to the diagram (a, b) ® (c) satisfying

a+b+c>2(u+pp +k)
a+b>p +pp
b+c>u+k

then W is a higher consequence of W.

Proof By comparing the length of the rows of the two diagrams we distinguish eight

a < a >
cases. It is clear by our assumptions that the cases (b <, , S b<pu, and
c>k c<k
a < a < ph
b < pu,  are not possible. Moreover the case { b > u, is not possible as well.
c<k c<k

Indeed it holds: ¢+ a < p; + k, therefore g + k+b > a+b+c > 2(uy + oy + k)
and b > py +2uy + k. Hence iy > a > b > py +2us + k, and 2, + k < 0 which is
impossible. Then we study the following four cases:

a2 b a2 [ a < [ az [

L. {b>py , 2. <b<py , 3. <Sb>u, and 4. <b>pu,
c>k c>k c>k c<k
a>

(1) f¢b>pu, ,then we can apply Lemma 5.3 (¢ — k) times to obtain a higher
c>k
consequence of w for the module corresponding to (u1, t2) ® (¢). Hence, by ap-
plying successively Lemma 5.4 and Lemma 5.5, we obtain a higher consequence
w of w for (a, b) ® (¢).
a>
(2) If < b<pu, , then we have to remove (u, — b) boxes. Hence we apply
c>k
Lemma 5.8 (u, — b) times. We obtain a higher consequence of w for
(1 + p2 — b,b) ® (ua + k — b). We can apply Lemma 5.3 and Lemma 5.4
suitable times because ¢ > p, +k—band a > pg + p, — b. In this way we obtain
a higher consequence w of w for (a, b) ® (c).
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a < [
(3) If S b> p, ,then we can use Lemma 5.7 to obtain a higher consequence of
c>k
wfor (a,pu; + py — a) ® (uy + k — a) (notice that yu; + pu, —a < b < a). It
is trivial to prove that p; + p, — a < b. Moreover, our assumptions on a, b, ¢
force p; + k < a + c. Indeed, suppose on the contrary p; + k > a + c. It follows
w+k—c+b>a+b,therefore uy +k+b>a+b+c>2u; +2u; + 2k. Hence
b > puy+2uy +kanditfollows puy +k—c>a>b> pu; +2u; +k,s0 —c > 2
which is impossible. Therefore 1 + k — a < ¢ and we can use Lemma 5.3 and
Lemma 5.5 to glue the remaining boxes and obtain a higher consequence w of w
for (a,b) ® (c).
a>
(4) Finally,if ¢ b > p, , then we move away (k — ¢) boxes applying (k — ¢) times
c<k
Lemma 5.6, and we get the higher consequence for (1; +k — ¢, pp +k —¢) ® (¢).
We note that p, + k — ¢ < b holds; on the other hand it is p; + k < a + ¢, that
is p1 + k — ¢ < a. Hence we may apply Lemmas 5.4 and 5.5 and get the higher
consequence of w for (a,b) ® (c). [ |

6 A Description of the Proper Subvarieties
For convenience of the reader,we recall Definition 2.2: Let B" (x) be the space of all
Y -proper polynomials of degree # in K(Y, Z). The T,-ideals of K(Y, Z), U, and U,
are x-asymptotically equivalent if there exists vy € N such that for all n > 1
Ui N B™(x) = Uy N B™ (x)
and we write
U1 Ky U2.

Here is the main result of our investigation:

Theorem 6.1  Let x = t the transpose involution. If U is the T,-ideal of K(Y, Z) of
a proper subvariety of the variety of algebras with involution generated by (Mz(H\(), >1<) ,
then

U . To(Ry) A TA(S,)
for suitable p and q.

Proof Let U be a T,-ideal properly containing T, (Mz(]k()) . By Theorem 4.1 it is
enough to consider Y -proper polynomials in B, (*). We may consider the submodule

U := (UNB,(%)) /(T* (M,(K)) ﬁBz(*)) of the GL, x GL,-module B, ( M (K), *) .
It describes all Y -proper identities in U N B, (x) which do not hold for (MZ(I[\(), *) .
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Since U 2 T. (M,(K)) and U is generated by its Y -proper polynomials, we obtain
that U is not zero. For simplicity of notation, we denote the irreducible GL, x GL,-
module W, 3 ® W(,) by (, 3) ® (). If the unique irreducible submodule W of
B, (MZ(][\(), *) associated to (a, b) ® (c) occurs in the decomposition of U, then all its
higher consequences occur in the decomposition of U, as well.

Now write:

p1:=min.{a+ 8| (a,B) ® (v) occurs in U},

g :=min.{B+7 ]| (o,3) ® (v) occurs in U and o + 3 = p; }.
Choose (a;,b1) ® (c1) in U such thata; + by = py and by +¢; = q;.

Let

g =min {8+~ | (a,3) ® (y) occurs in U},
p2:=min.{a+ 3| (a,3) ® (y) occursin U and B+ v = q2}
Choose (a3, ;) ® (c;) in U such that b, + ¢; = q; and a, + by = p,.
Note that p; < p, and q1 > q2. Nowset p = p;, q = g2 and V := T (R,) N

T.(8;). We want to show that U ~, V. By Theorem 4.1 it is enough to show that the

irreducible Y -proper submodules occurring in U N BY” (x) and V N B{"” (%) are the
same from a suitable positive integer n on. Since U and V' both contain T (M, (K))
we may work modulo T (Mz(I[\()) .

Note that if (a,3) ® (y) € U = (U ﬂBz(*))/(T*(Mz(H\()) ﬂBz(*)> (with
abuse of notation), then

i a+fB>prand,ifa+8=p;,thenB+v>q > q;
. B+y>qand,if 6+~ =qp, thena+ 8 > p, > p1.

Certainly, it is already true that if (o, B)®(7y) € (UOBZ(*)) /(T* (Mz(][\()) ﬁBz(*)) ,
then

(@8 @M € (VNBMm) /(T.(M0) NB(),

as a consequence of the choice made for p and g in view of Lemmas 4.4 and 4.5. To
complete the proof, set

to := max{2(q1 + a1),2(p2 + c2), p2 + q1 }-

If (o, B)R(7y) € (VﬂBz)/(T* (Mz(][\()) ﬂBz) is of degree at least ng, i.e., y+a+5 >

Oé+62p1

B+y=>q
then (¢, 8) ® (7y) is a higher consequence of (ay, b,) ® (¢;) by Lemma 5.10; so it is in

1y, then by Lemmas 4.4 and 4.5 it satisfies . Hence,if a+ 6 > p,,
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(U N Bz(*)) /(T* (Mz(][\()) N Bz(*)) . Suppose this is not the case, so a + 5 < p,.

If 3+~ > q1, then Lemma 5.10 applies, so (o, 3) ® (7) is a higher consequence of
(a1, b1) ® (c1). Therefore we suppose that this is not the case, thatis 8 + v < ¢;. But
this yields a contradiction, since we get

a+p < p2 .
prp yields v+a+8>ny>pr+q1 >7+a+206.
B+y<q
This ends the proof. ]
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