ENVELOPING ALGEBRAS OF SEMI-SIMPLE
LIE ALGEBRAS

N. JACOBSON

IN a recent paper we studied systems of equations of the form
(¢Y) ([ sci]ck] =8kix; — Bxjocs, LW k=12...,n.
(2 o(x) =0

where as usual [a,b] = ab — ba and ¢(7) is a polynomial.! Equations of this
type have arisen in quantum mechanics. In our paper we gave a method of
determining the matrix solutions of such equations. The starting point of our
discussion was the observation that if the elements x; satisfy (1) then the
elements x;, [x;,xi] satisfy the multiplication table of a certain basis of the
Lie algebra @, . of skew symmetric (z 4+ 1) X (n 4+ 1) matrices. We proved
that if (2) is imposed as an added condition, then the algebra generated by
the x’s has a finite basis, and we obtained the structure of the most general
associative algebra that is generated in this way.

In this paper we shall generalize a portion of these results to arbitrary
simple and semi-simple Lie algebras. Our main results are stated in §1. In
§2 we reduce the considerations to the case of an algebraically closed base
field. In §3 we give a summary of known definitions and structural results
and in §4 we prove some basic lemmas that are needed to complete the proof.
The algebraically closed case is then treated in §5. In §6 we give some
applications of our results to representation theory. One of these is a general-
ization of a result due to Harish-Chandra that we have been privileged to see

prior to publication.?

1. Let @ be a Lie algebra over a field . Thus { is a vector space over &
in which there is defined a bilinear composition [a,b] satisfying the identities

(3) [a’va] =0, [[arb]vc] + [[b,c],a] + [[C9a]rb] =0.

As is well known any associative algebra I determines a Lie algebra ¥; rela-
tive to the composition [a,b] = ab — ba. We define an imbedding of a Lie
algebra € in an associative algebra % to be a homomorphism a — a® of € into
A;. This means that
(4) (@ + )5 =a® 4+ b5, (aa)’ = ad®

[a,0]° = [a5,65] = a®b® — b%a®.

Received January 15, 1949.
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The subalgebra of % generated by the elements a® is called the enveloping
algebra of the imbedding S.

We shall say that the imbedding S is a cover of the imbedding T(S 2 T) if
there exists a homomorphism of the enveloping associative algebra €s of S
onto the enveloping associative algebra €z of T. This means that T = SG
where G is a homomorphism of €5 onto €. Evidently G is unique. If S2 T
and T 2 S, then we say that S and T are eguivalent. This is the case if and
only if T = SG where G is an isomorphism of the enveloping algebras.

There exists a universal imbedding U that is a cover of every imbedding.
We can obtain such an imbedding as follows. Let x1,xs, . .. be a basis for
over & and let [x;x;] = X vijsxx be the multiplication table. Let § be the
free associative algebra generated by the x;, B the two-sided ideal generated
by the elements y;; = xx; — xj%; — Y vixr and let U = §/B. If %; is the
coset x; + B, [%,%;] = %%, — %;%; = X vix¥x. Hence the mapping a =
> aix; — > a%; = d is an imbedding of 8 The enveloping algebra of this
imbedding is U. It is easy to see that this imbedding is universal. Also it is
known that the distinct monomials %,%%:*:, . . . , %,*r form a basis for 1.3 In
particular the X; are linearly independent so that the universal imbedding is
1—1. It is therefore convenient to identify € with its image € in this imbedding
and to write a for @, € for . The universal imbedding thus becomes the iden-
tity mapping. We call U the universal (associative) algebra of the Lie algebra L.

If S is any imbedding of € the mapping @ — a5 can be extended in one and
only one way to a homomorphism of Ul onto the enveloping algebra €s. We
denote this extension by S also. It is clear that if & is the kernel of S, then
S is also equivalent to the natural imbedding in 1/Rs. Also it is easy to see
that S 2 T if and only if 85 C 1.

In this paper we assume throughout that £ has a finite basis but we consider
imbeddings of € in associative algebras that need not be finite dimensional.
Our main results show, however, that under certain simple conditions we can
conclude that the enveloping algebras have finite bases. To state the results
we need to introduce several definitions.

Let ¢ be a semi-simple Lie algebra over a field of characteristic 0.4 As is
well known, = 4@ L@ ...® &, where the ¢; are simple and uniquely

determined. If ¢ is any element of ¢, ¢ = a; +a; + ... + a, a;in &, We
call a; the ith component of a. We call a subset I' = {a,b, e } total if for
any ¢ = 1,2,...,s there is a ¢ in the set whose sth component ¢; % 0. Itis

easy to see that T is total if and only if the ideal generated by T is & itself.
We can now state the main results of this note as the following two theorems.

THEOREM 1. Let & be a semi-simple Lie algebra with a finite basis over a
field of characteristic O and let T be a total subset of . Let S be an imbedding
3The results in the universal algebra quoted here are due independently to Birkhoff [1] and

to Witt [9].
‘Definitions of semi-simplicity and simplicity are given in the next section.
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of & such that for each ¢ € T, ¢° is algebraic. Then the enveloping algebra of
S has a fintte basts.

THEOREM 2. Let € and T be as in Theorem 1 and let { S} be the collection of
imbeddings of R such that for every c in T, ¢ is algebraic of degree < a fixed i.
Then their exists an imbedding T such that the enveloping algebra of T is finite
dimensional and such that T 2 S for every S € {S}.

2. We shall now show that it suffices to prove these theorems for algebraic-
ally closed base fields. Assume that & is arbitrary and let Q be its algebraic
closure. Then it is well known that if € is a semi-simple so is q. It is neces-
sary for our purposes to obtain the decomposition of ¥g into simple algebras
from that of L.

For this purpose we consider first the structure of Me for any simple non-
associative algebra . Let P be the multiplication centralizer (extended
centre of ®).5 Then we know that P is a field containing ® and that I can be
regarded as an algebra over P. Let x1,%, . . . , ¥ be a basis for I over P and
accordingly write ! = Px; + Px; + ... +Px,n. We assume now that P is
separable over ®. (This will certainly be the case if & has characteristic 0.)
We form Pg. Then it is well known that Po=00 @ 2@ @ ... ® Q" where the
Q are one dimensional algebras over @ isomorphic to @ and r is the dimension-
ality (P:®).6 Ifp € Pwehavep = p® 4 p@ 4 ... 4 o7, o € Q) and the
correspondences p — p(” are isomorphisms of P into (7. Now Pg acts as a
set of endomorphisms in Mg and

Ma = Paxy + Poxz + ... + Poxm.

Since the elements of Pe commute with the right and the left multiplications,
M = @O, is an ideal in Mg. We have the decomposition Mg = M
OM2P...0 M. Also M = 0% 4+ QD% 4+ ... +29x, and it is
easily seen that I(D= (M over P)a.” Since IM is central simple over P, (M
over P)g is simple. Hence, Mg is a direct sum of r isomorphic simple algebras
over Q.

Nowleta € M and writea = Y a;x;, ajinP. Thena=a® +aD 4 ... 4a”
where a7 = 3 a;%x; € MD, Thus it is clear that if ¢ 3= 0, then each a'? £0.

We return now to the consideration of Lie algebras. Let { be semi-simple
over a field of characteristic 0 and let T' = {a,b, ...} be a total subset of .
It is clear from the above remarks that 2g is semi-simple and that T is total
for 2. Now let S be an imbedding of € in an associative algebra .  Then S
can be extended in one and only one way to an imbedding of g in g and the
enveloping algebra of this extension is §g, € the enveloping algebra of S. If
the elements a5, . . . are algebraic in % they are algebraic of the same degree
in Yg. Hence, if Theorem 1 holds for algebraically closed fields, then we can

5(4] p. 546.
o[6] p. 97.
1CE. [6] p. 115.
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conclude that the dimensionality (€q:Q) is finite. Since (€:®) = (€o:Q) this
proves the result for 2.

Now let {S} be the collection of imbeddings of ® such that ¢® is algebraic
of degree <t for every ¢cin I. Let U be the universal associative algebra of &
and let 5 be the kernel of the homomorphism of Ul onto the enveloping algebra
Gs. We form the intersection D of the ideals R, S in {S} and we let T be the
natural imbedding determined by U/®. It is clear that T 2 S for every S.
Hence, it suffices to show that 11/9D is finite dimensional. We require now the
following.

Lemma. Let R be a vector space over a division ring A and let P be a
division ring extension of A. Then if {&,} is a collection of subspaces of R,
(NS,)p = NG,y holds in Np.

Proof. Assume first that our collection consists of two subspaces &;,S;.
Let (u5g;) be a basis for &, such that (g;) is a basis for ® = &, M &; and let
(vx,g;) be a basis for ©,. The set (#;,vx,g;) is linearly independent over A and
hence also over P (in Rp). It is obvious that & N Sep = Dp. Thus the
result holds for two spaces. By induction it holds for a finite number. Hence,
by the descending chain condition it holds also for any number of sub-
spaces in a finite dimensional space. Now consider the general case. Clearly

NG DV, D=NEGS,. Let y = Zl: piei; € M Sar where (eye, .. .)

is a basis for ® over A. Let § = [es,€s, ..., e;,] be the space spanned by
the e;; and set Uo = § N Sa Then y' € (PN Sup) = Uar.  Hence
9" € (M Uqe). Since the U, are subspaces of the finite dimensional space
9, Nl = (N U)e. Hence y € (NU)e € (NS.a)e = De. This proves
that \G.p € DVr. Hence N\ Sep = De.

In the above notation we now have Dg = M Ksq where @ is the algebraic
closure of the base field #. On the other hand, Ug is the universal algebra of
g and (U/D)e = Ue/De = Ug/MN Rse. Moreover, each Uo/fRse determines
an imbedding S of g in which the elements ¢, ¢ in T, are algebraic of degree
<t. If Theorem 2 holds in the algebraically closed case, then there exists a
T such that T 2 S for every S and G is finite dimensional. It follows that
Ua/N Ksq is finite dimensional. Hence 1/D is finite dimensional. This will
prove Theorem 2 in the general case.

3. We recall at this point some of the standard definitions and results of
the theory of Lie algebras of characteristic 0.8 If ¢ € ® the mapping 4:
x — [x,a] is called the adjoint mapping determined by ¢. This mapping is a
linear transformation in the vector space & and the correspondence ¢ — 4 is
an imbedding of  in the associative algebra of linear transformations. This
imbedding is called the adjoint representation. The elements of € can be classi-
fied according to the nature of their adjoint mappings. Thus a is said to be
nilpotent, if A is nilpotent. Also a is called regular if A has the minimum

8See [8] for the results of this section.
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number of 0 characteristic roots for the adjoint mappings of & If a is regular
the subspace & belonging to the characteristic root 0 of 4 is a nilpotent sub-
algebra of  An algebra is said to be nilpotent if there exists an integer N
such that the Lie product of any N of its elementsis 0. A nilpotent subalgebra
9 is called a Cartan subalgebra if O is a maximal in the sense that the only
elements z such that 24™ = 0 for every a € § and a suitable integer m are
the elements of §. It is known that the nilpotent algebra ¥, determined as
above by a regular element is a Cartan subalgebra.

A somewhat weaker condition than nilpotency is solvability. This states
that the derived series R D = [, D ¢’ = [¥,&]... leads to 0. An alge-
bra is semi-simple if it has no solvable ideals, simple if it has no proper ideals.
It is a fundamental theorem that any semi-simple Lie algebra is a direct sum
of simple Lie algebras.

It is known that any Cartan subalgebra $ of a semi-simple Lie algebra
is commutative. If the base field ® is algebraically closed, we can use any
Cartan algebra § to obtain a certain canonical basis for . This consists of
a basis (h1,hs, ..., h;) for © and elements eq, e_., €s, €_s, ... such that the
subscripts a, 8, . . . are linear functions on the vector space . These functions
are called the roots of © and their significance is given in the first line of the
following multiplication table:

leh] = a(h)e,

(5) [e—mea] = he € @,
[as] = 0 if & + B8 is not a root,
A P ecrs F 0 if a + B is a root.

It is known that there are ! linear independent roots and that the %, generate
the whole of §. It is known that the e, can bé normalized so that if a,8 are
any two roots such that ¢« + 8 is also a root, then ho1g = bo + hg. If e and 8
are any two roots, the roots of the form a+»B, v an integer, form an unbroken
a-string

B—ka,B—(k—1a,...,0...,8+ Fa.

The value a(k.) == 0 and 28(k.)/a(h.) = k — k’. Thus B(k.) = 0 if and only
if Bis the centre term of its a-string.

We shall say that the root p is connected to a if there exists a sequence of roots
a, B, ..., psuch that for any two consecutive terms 8, v, v(kg) & 0. If 8is not
the centre term of its a-string, then as we have seen, 8 is connected with a.
The same conclusion holds also if 8 is the centre term provided that the a-
string, containing B, contains more than one term. For if these conditions
hold either 8+ a or 8 —aisaroot. In the former case (8 + a)(k.) = a(hs) F£0
and B(hayp) = B(ha + k) = B(ha) + B(kg) = B(hg) 0. Hence the sequence a,
o + B3, B shows that 8 is connected with a. A similar argument can be used
if 8 — a is a root. Thus we see that if ¢ is not connected with «, then the a-
string containing ¢ contains this term only. Then [e,e.] = [es,6—c] = [€s,ha] = 0.
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It follows easily that if a is any root the space spanned by e, k., e, &, for all
the p that are connected to a is an ideal. Hence, if { is simple any root p is
connected with any other root a.

It is clear from the multiplication table (5) that any element 2 € § is
semi-regular in the sense that its adjoint mapping H has simple elementary
divisors. We shall now prove the converse that any semi-regular element %
can be imbedded in a Cartan subalgebra. First let &, be the subalgebra cor-
responding to the characteristic root zero of H. Since 0 is a simple root, Lo
is just the set of elements z such that [z,h] = 0. Let &’ be an element of &
that is regular in & and let  be the Cartan subalgebra of & determined by
this element. Thus, 9 is the totality of elements z € &, such that z(H")™ = 0
for some m. Here, i’ — H’ in the adjoint representation. Now it is clear that
9 is the intersection of the space belonging to the characteristic root 0 of H
with the space belonging to the characteristic root 0 of H'. Since $ contains
k and &' it follows from the definition that § is a Cartan subalgebra of L.
This implies that § is commutative.

4. The proof of the main theorems for algebraically closed base fields depends
on some lemmas which we shall now derive.

LeEMMA 1. Let U be an associative algebra over a field of characteristic 0
and let e and & be elements of U such that [e,h] = eh — he = e. Then if &
is algebraic of degree m, e is nilpotent of degree < m.

Proof. From [e,h] = e we obtainek = (kb + 1)e. Hence for any polynomial

o(N)

(6) ep(h) = ¢(h + D)e.
Hence, also

@) efo(h) = ¢(h + k)e*.

Now let ¢(\) be the minimum polynomial of % (of degree m). Then by (7)
o(h+k)e* = 0. We multiply this equation for 2 < m on the right by e™™*
and obtain ¢(k + k)e™ =0, k = 1,2,...,m. Also ¢(h)e™ = 0. Since ® is of
characteristic 0, these relations imply that e™ =

LemMMA 2. If eand % are elements of an associative algebra of characteristic
0 such that [[e,k],e] = 0 and e is algebraic of degree m, then [e,h] is nilpotent
of index £ 2™ — 1.

This is essentially Lemma 2 of [3]. The proof given there needs to be
corrected by the replacement of 24 — 1 by 2* — 1 and 2k — 1 by 2% — 1.

LEmMMA 3. Let k, e, f be elements of an associative algebra over a field of
characteristic 0 such that

()] le,h] = 2¢, [fhl = —2f, lefl="Fh
and suppose that e is nilpotent of index m. Then k is algebraic and its mini-

mum polynomial is a factor of
2m -1

©) ) = 1L 4 m = j).
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Proof. We use the argument that gives (7) to prove that

(10) ebo(h) = ¢(h + 2k)e¥, d(h)f* = f'6(h + 2k).
Also,

(11) [enfl = n(h + n — 1)en?

and by induction on 7 we can prove for r < n

[r/2] r—2k

(12) e sl fl,..., fl= kz_l Carif® jI_Il (h+n —jer—rt*

where
_(n\(n— k "
ok = \eN\r —20)7"

Assume now that e™ = 0. Then, we can prove that

2r -1
(13) II @ 4+m—je=0.
j=1
For this is true for r = 0. If we assume it true for0,1,2,...,7 — 1 and we

2r—1

multiply (12) for » = m on the left by Il ( 4+ m — j) we obtain (13).
r+1
For r = m this gives the lemma.

5. Now let € be semi-simple over an algebraically closed field of character-
istic 0 and let T' = {a,b, ...} be a total subset of 2. Let S be an imbedding
of € in U such that every 5, ¢ in T, is algebraic of degree < ¢. To prove the
first theorem it suffices to show that € has a basis y1,ys, . . ., ¥, such that every
v is algebraic. For if [yiy;] = Xv+jxyx then

9%y = 9%y + Ty
It follows that the monomials (y.5)™1(y:5)™2 . . . (y,5)™s, m; < T the maximum
degree of the y,® generate the space €. Hence (€:®) < T".

We suppose first that { is simple and T' = {a}. We note first that we can
suppose that a is a nilpotent element of & For if the adjoint mapping 4 is
not nilpotent, then there is an ¢ 4= 0 and a p & 0 such that [¢,a] = ed = pe.
If we replace a by @’ = p~la, then [¢,a’] = e. Hence by Lemma 1, €° and the
adjoint transformation E corresponding to e are nilpotent. Also degree e® < ¢.
Thus, we can assume that T' = {e} where E is nilpotent.

We apply next a result due to Morosov that asserts that if e is a non-zero
nilpotent element of a semi-simple Lie algebra over an algebraically closed
field of characteristic 0, then e can be imbedded in a three-dimensional simple
subalgebra.® In fact, we can find elements f, & such that

(14) le,h] = 2¢, [f,B) = — 2f, lef]l = k.
The first of these equations shows that [[e,k],e] = 0. Since €® is algebraic,
[e,h]° is nilpotent. Hence 2¢° and &° are nilpotent of index < ¢.

We observe next that the adjoint transformation H of & and the element 4°

97]. A simple and complete proof of this result will be given by the present author in
Trans. Amer. Math. Soc.
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are roots of polynomials of the form (9). Hence the minimum polynomials of
these elements have distinct roots in Q. It follows that H has simple elemen-
tary divisors and that & is semi-regular.

We now imbed & in'a Cartan subalgebra $ and we choose a canonical basis

(B,hey . . ., hi€a—, ... ) for & Since there are [ linearly independent roots
and & £ 0 we can find an a such that a(h) 3 0. Then [e.k] = a(h)e. and
[e—ah] = — a(h)e—o. By Lemma 1, ¢,° and e_,° are nilpotent of index

< 2t — 1. The elements e,,e_, and k. span a three-dimensional simple Lie
algebra with multiplication table

[e‘"hﬂ] = a(hﬂ)euy [e—avha] = - a(hu)e—a,
le—aea] = e

If we set €. = 2a(ho) €., €' —a = €—a,h'a = 2a(ka) 'h,, then we obtain

(€l = 2 [€ o' = — 2€/_.,
[C’ —aye, u] = h’a-

Hence, by Lemma 3, k'S satisfies an equation of the form (9).

Now let p be any root. Since & is simple, we can find a sequence of roots
a,B,...,p beginning with « and ending with p such that consecutive terms,
B, v, have the property v(kg) 3= 0. Now [eg,k.] = B(ho)es F= 0 and [e_p,k] =
— B(ho)e—p £ 0. Since 1% is algebraic, es° and e_g° are nilpotent. If, as
before, we introduce e€'s = 28(hg)les, €' g = e_p, W = 28(hg) ‘hs, hg =
le—g,es) then we see that e's°,e'_s° are nilpotent and that h'g° satisfies an
equation of the form (9). Continuing in this way we obtain ¢',, €'_,, &', such
that ¢',5, ¢/_,5 are nilpotent and #’,5 satisfies an equation of the form (9).
We obtain in this way a basis consisting of certain of the #’, and all of the
., ¢ _, and we have

(eraS)u = 0, (er_aS)u =0
(15) 2u —1

IT (W5 +u—1) =0.

i=1

It is now clear that the enveloping algebra €5 has a finite basis. Hence,
Theorem 1 is proved in the present case.

Now let U be the universal algebra of € and let & be the two-sided ideal
generated by the elements

2u —1
(elaS)u, (el_aS)u, H (hlas + U — i).
i=1

Since (15) holds, it is clear that the natural imbedding in U/& is a cover of S.
Also we can choose a % for which (15) holds that depends only on ¢ and on the
basis (h'q,€a, . . .) for & Hence, the imbedding determined by 11/f is a cover
of every imbedding S that has the property that a® is algebraic of degree < t.
Hence, we have also established Theorem 2 in the special case.

Finally let € be semi-simple, 8 = 4 ® L@ ... ® ¢, where the £; are simple.
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For each 7 we choose a ¢ such that ¢; 3= 0. .If ¢; is nilpotent in &; by Morosov’s
theorem, there is an element k; in &; such that [¢;,k;] = ¢;. Hence, [¢,h)] = ¢;
and [[¢,hd,c] = [ci,c] = 0. Hence, by Lemma 2, ¢ is nilpotent of index
< 2'—1. If ¢;is not nilpotent in €;, there exists an element e; in ¢; such that
lei,ci] = [esc] = pe; £ 0. It follows that e;” is nilpotent of index < . Asin
the above discussion, we can use the element c; or e; to prove that &; has a
basis of the form (4',,€, . . .) satisfying (15). The set theoretic sum of the
bases obtained in this way for the &; is a basis for & This basis can be used
as in the simple case to complete the proofs of Theorems 1 and 2.

6. By a representation of a Lie algebra we mean as usual an imbedding in
the associative algebra of linear transformations of some finite dimensional
vector space. Irreducibility is defined as usual. We consider now the set of
irreducible representations S such that the minimum polynomial of ¢° is of
degree < tfor every cin I'. Then S determines a representation of the finite
dimensional algebra €r given in Theorem 2. If we recall that a finite dimen-
sional associative algebra has only a finite number of inequivalent irreducible
representations we obtain the following

THEOREM 3. Let & and T be as tn Theorem 1. Then there exists only a
finite number of inequivalent irreducible representations of L such that the
degree of the minimum polynomial of every ¢, ¢ in T, does not exceed a fixed
integer 1.

Since the minimum polynomial of a linear transformation has degree < the
dimensionality of the space we have the

CoroLrLARrY (Harish-Chandra). If is a semi-simple Lie algebra of charac-
teristic 0, § has only a finite number of inequivalent irreducible representa-
tions of a given degree.?

We consider next a more special application, namely, we study a system of
equations of the form (1) to which is added the equation ¢(x) = 0 where
”n

x = Y &x;F 0 and ¢(\) is a polynomial. We seek linear transformations
1

(or matrices) X ; that satisfy such a system. It is known that the correspon-
dence x; — X ; defines a representation of the Lie algebra ©€,4, of (n + 1) X
(n + 1) skew symmetric matrices.”? If X = Y £,X; then ¢(X) = 0. Hence,
by Theorem 3 there exist only a finite number of inequivalent irreducible sets
of linear transformations that satisfy our system. This generalizes our
earlier result noted in the introduction.

10[2]. It should be noted that Harish-Chandra has proved that there are only a finite num-
ber of inequivalent representations of given degree. This resultfollows readily from the present
corollary and the theorem that any representation is completely reducible.

uf5] p. 156.
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