TABOO VERSUS AXIOM
KATUZI ONO

Some important formal systems are really developable from a finite number
of axioms in the lower classical predicate logic LK or in the intuitionistic
predicate logic LJ. Any system of this kind can be developed in LK (or in
LJ) from the single conjunction of all the axioms of the system.

I have been intending to develop usual formal systems starting from TABOOS
and standing on the primitive logic LO at first, since the logic too could be
brought up to the usual logics by means of TABOOS in LO". In developing
any formal system from TABOOS, we are forced to assume unwillingly that
all the TABOOS are mutually equivalent, as far as we adopt more than one
TABOOS for the system. If we could develop formal systems from single-
TABOO TABOO-systems, we could get rid of this unwilling assumption.

It would be well expected that any formal theory developable from a finite
number of axioms in LK or in LJ would be developable from a single TAB0O.”
In the present paper, I will prove that this is really the case.

Before stating the theorem, let us define the F-TRANSFORM E[F] of any
sentence € with respect to an k-ary relation § (£=0). €L[F] is introduced

by a structural recursive definition as follows:

G[Fl= (1) ((&-F(r)) »F(z)) for any elementary sentence &,
(€1~ &)[F1=ClF]- &[F],

(WS [F]= (0 (S[FD),

(&iACHIFI= () ((GLF]- (SLFI->F () = F (D),

(&1 VE&I[F1= (D) UELFI-> F (D)) » (SLF]->F () »F()),
(=S)[F1=CIF1->(D)F (1),
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) As for this plan, see Ono [1]. LO is.called PRIMITIVE SYSTEM OF POSITIVE
LOGIC in Ono [1]. The terminology PRIMITIVE LOGIC together with its reference
notation LO has been introduced in Ono [2].

2 In my work [1], I had to assume this to bring up logics by means of TABOO
systems. The strong point of single-TABOO TABOO-systems has been pointed out also
in Ono [3].
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(A [F1= .(r) (D (EL[FT->TF () »F (D),

where r denotes a sequence of 2 mutually distinct bound variables. #F-transforms
are expressible in terms of implication and universal quantification only as far
as the relation ¥ is so.

According to the results of Ono [2] and [4], we have:

Lemma 1. Any sentence S is provable in the logic LK if and only if SLF]
is provable in the logic LO for any proposition symbol F (i.e. 0-ary relation symbol
F) which is new for ©. Any sentence expressible in terms of a single primitive
notion F (h-ary relation) is provable in the logic L if and only if S[F] is provable
in the logic LO.

It should be noticed that we can assume without losing generality that any
formal system developable from a finite number of axioms can be regarded as
having only one primitive notion. For, any formal system developable from
a finite number of axioms has only a finite number of primitive notions, say
Ry, ..., Rnu, where R; is an »n(i)-ary relation for i=1, ..., m.

Let us now define s(i) by
s@=n+ -+ +n@G@-1 Z=1,...,m+1),

and let us take up an s(m + 1) -ary relation symbol R. Then, R;(Xsiy+1, . . ., Xsti+1)

can be regarded as denoting
(x;) <. (xs(i)) (xs(i+1)+1) ce. (xsmu,)R(x,, e . ey xs(mn)).

(As for details,_see Ono [3].)

Before stating the main theorem, 1 will state two more lemmas concerning
&F-transforms.

Lemma 2. For any sentence © and for any relation §, say h-ary, G(F) is

logically equivalent to
(D (EFI-F()) »F ()

in the logic LO, where v denotes a sequence of h mutually distinct bound variables.
(h=0.)

This lemma can be proved by structural induction according to the defini-
tion of E[F]. As for detailed proof, see Ono [2].
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Lemma 3. [t is provable in LK that SLF] is equivalent to & for any contra-
dictory proposition T. It is provable in LY that SLR] is equivalent to S for any

~

relation R and any sentence S expressible in terms of R only.
As for detailed proof, see Ono [4].
Main theorem. Let I be any formal system developable from a single axiom

A in the logic LK.  Then, any sentence S is provable in X if and only if S[F]
is provable in the logic LO for the proposition T defined by

FSUARI->R
for any mew proposition symbol R for X.
Next, let T be any formal system having h-ary relation R as the sole primitive

notion and developable from a single axiom W in the logic LY. Then, any sentence

€ is provable in X if and only if SLF] is provable in the logic LO for the h-ary
relation § defined by

F(2) TUALR] - R(7),
where t denotes a sequence of h mutually distinct variables.

Proof. At first, I will discuss the case where X is a formal system de-
velopable from the axiom U in the logic LK.

Let € be any provable sentence in 5, and R be any proposition symbol
which is new for 2. Then, ¥ »S must be provable in LK. Accordingly, by
virtue of Lemma 1, (¥ -»3)[R] must be provable in LO, so ALR] > S[R] must
be also provable in LO by definition of R-transforms.

Now, let ¥ be the proposition defined by F =< U[R]->R. If we assume A[R],
R and ¥ turn out to be equival?nt in LO. Hence, ALR]->S[F] must be also
provable in LO. According to Lemma 2, €[F] is logically equivalent to

(CLF1-3) -5 ie (C[F1->F) > (UALRI->R)
in LO. However, the last sentence is surely equivalent to

ALRT->((E[F]1->F) » (ALR]~>R))

i.e. to the sentence
ULRT > ((E[FI1-F) - &),

which is deducible from ULR]1->S[F] in LO. Accordingly, we can see that

https://doi.org/10.1017/50027763000023989 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000023989

116 KATUZI ONO

SL[7] itself is provable in LO.

Conversely, let R be a new proposition symbol for X, § be the proposition
defined by F<ACR]-R, and €[F] be logically provable in LO. Then, €[F]
must be provable in LK too, because LK is a logic stronger than LO. Since
R is a new proposition symbol for J, the sentence €[F] must be provable in
LK even when we replace R by any contradictory proposifion €, e.g. the pro-
position € defined by €<B A —B for any fixed proposition B.

For any sentence %, let us denote by Z* the Sentence obtained from ¥ on
replacing all the proposition symbols R in ¥ by the contradictory proposition
€. Then, S[FI* i.e. S[F*] is logically provable in LK. A[R]* i.e. ALC] can
be proved equivalent to % by Lemma 3. Moreover, if we assume U i.e. ALC],
then F* i.e. ALE]- € turns out to be equivalent to €. Accordingly, % -S[E]
must be logically provable in LK. Since € is a contradictory proposition, €[€]
is logically equivalent to & in LK according to Lemma 3. Hence, Y ~€ is
provable in_ LK. Since X is assumed to be developable from the sole axiom %
standing on the logic LK, € is provable in the formal system 2.

Next, I will discuss the case where 3 is a formal system having ZX-ary
relation R as the sole primitive notion and developable from a single axiom %A
in the logic LJ. Also in this case, we can carry out the proof almost in
parallel with the foregoing case.

Namely, let & be any provable sentence in 5. Then, (% -3S)[R] must be
provable in LO. Since (A ->&)[R] denotes ALR]1->S[R], we can see that
ACR]->E&[R] is provable in LO.

Now, let the 4-ary relation §F be defined by

F()TACRI-> R(2),

where 7 denotes any sequence of %2 mutually distinct variables. If we assume
ACR], then F and R turn out to be mutually equivalent relations in the sense
that (¢)(F(r) = R(r)) holds in LJ. Hence, ALR] - E[F] must be provable in
LO.

According to Lemma 2, &[F] is equivalent to (¢) ((S[F1->F (o)}~ F(r)),
)

ULR] - () (ELFI->F (D)) »F ()

ie. ALR] - (o) (ELF] - F () » (ULRI~>R(7)))
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must be provable in LO.

Thellast sentence can be proved equivalent to
() ((SL[FI->F (1)) > (ULR]-> R(1))),

which is equivalent to €[] according to Lemma 2. So, €[F] is provable in
LO.

Conversely, let © be any sentence of the formal system X for which E[F]
is provable in LO. Then, €[F] must be provable in LJ, since LJ is a logic
stronger than LO.

If we assume %, we can prove A[R] in LJ by virtue of Lemma 3, so the
relation §F can be proved equivalent to the relation R by definition of the rela-
tion &  Hence, &[R] is deducible in LJ from the assumption A. Because
E[R] can be proved equivalent to S in LJ by virtue of Lemma 3, we can see
that € is deducible from % in the logic LJ. Since the formal system J is
developable from the single axiom U in the logic LJ, the sentence € is provable
in 2.

Concluding remark. If we can only state the axiom system of any formal
system étanding on the logic LK or LJ, we can develop the system in the
primitive logic LO starting from a single TABOO by virtue of the main theorem.
Especially, we can establish either of the logics LK and LJ itself from a TABOO
as a special case of formal systems standing on LK or LJ.

For formal systems 2 developable from axiom schemes which may contain
unlimited number of axioms, we can only say that any concrete theory in X
can be established from a single TABOO (depending on each theory), since

any concrete theory would be developable from a finite number of axioms.
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