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Abstract. We introduce the concept of left APP-rings which is a generalization
of left p.q.-Baer rings and right PP-rings, and investigate its properties. It is shown
that the APP property is inherited by polynomial extensions and is a Morita invariant
property.
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1. Introduction. Throughout this paper, R denotes a ring with unity. Recall that
R is (quasi-) Baer if the right annihilator of every nonempty subset (every right ideal)
of R is generated by an idempotent of R. In [13] Kaplansky introduced Baer rings
to abstract various properties of A W*-algebras and von Neumann algebras. Clark
defined quasi-Baer rings in [9] and used them to characterize when a finite dimensional
algebra with unity over an algebraically closed field is isomorphic to a twisted matrix
units semigroup algebra. As a generalization of quasi-Baer rings, Birkenmeier, Kim
and Park in [6] introduced the concept of principally quasi-Baer rings. A ring R is
called left principally quasi-Baer (or simply left p.q.-Baer) if the left annihilator of a
principal left ideal of R is generated by an idempotent. Similarly, right p.q.-Baer rings
can be defined. A ring is called p.q.-Baer if it is both right and left p.q.-Baer. Observe
that biregular rings and quasi-Baer rings are p.q.-Baer. For more details and examples
of left p.q.-Baer rings, see [3], [4], [5], [6], and [15]. We say a ring R is a left APP-ring
if the left annihilator /z(Ra) is right s-unital as an ideal of R for any element « € R.
This concept is a common generalization of left p.q.-Baer rings and right PP-rings. In
this paper we investigate left APP-rings. In section 2 we provide several basic results.
In section 3 we discuss various constructions and extensions under which the class of
left APP-rings is closed.

For anonempty subset Y of R, /z(Y)and rg(Y) denote the left and right annihilator
of Y in R, respectively.

2. Left APP-rings. Anideal / of Rissaid to be right s-unitalif, foreach a € I there
exists an element x € I such that ax = a. Note that if 7 and J are right s-unital ideals,
thensoisINJ (ifae INJ, thena € alJ C a(I N J)). It follows from [22, Theorem 1]
that 7 is right s-unital if and only if for any finitely many elements a;, a, ..., a, € [
there exists an element x € I suchthata; = a;x,i =1, 2, ..., n. Asubmodule N of a left
R-module M is called a pure submodule if L @ g N —> L ® g M is a monomorphism
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for every right R-module L. By [19, Proposition 11.3.13], an ideal [ is right s-unital if
and only if R/[ is flat as a left R-module if and only if 7 is pure as a left ideal of R.

DEFINITION 2.1. A ring R is called a left APP-ring if the left annihilator /g(Ra) is
right s-unital as an ideal of R for any element a € R.

Right APP-rings may be defined analogously. Clearly every left p.q.-Baer ring is
a left APP-ring (thus the class of left APP-rings includes all biregular rings and all
quasi-Baer rings).

A ring R s called a right (resp. left) P P-ring if the right (resp. left) annihilator of an
element of R is generated by an idempotent. R is called a PP-ring if it is both right and
left PP. Clearly every Baer ring is a PP-ring. The following result appeared in Fraser
and Nicholson [10, Proposition 1].

LEMMA 2.2. The following conditions are equivalent for a ring R.
(1) Ris a right PP-ring.
2)If & # X C R then for all a € Ir(X), a € alp(X).

From [1], a ring Ris called an Armendariz ring if whenever f(x) = Y1, a;x’, g(x) =
Z;;o bjx' € R[x]satisfy f(x)g(x) = 0, we have a;b; = Oforeveryiand;. From[11], aring
R is called a quasi-Armendariz ring if whenever f(x) = Y 1, a;x', g(x) = 2;1:0 bi¥ €
R[x] satisfy f(x)R[x]g(x) = 0, we have a;Rb; = 0 for every i and j. Armendariz rings
are quasi-Armendariz rings. Results and examples of quasi-Armendariz rings appeared
in [11].

PROPOSITION 2.3. For any ring, we have the following implications.
(1) right PP = left APP.
(2) quasi-Baer = left p.q.-Baer = left APP = quasi-Armendariz.

Proof. (1). This follows from Lemma 2.2.
(2). If R is a left APP-ring, then, by [11, Theorem 3.9], R is a quasi-Armendariz
ring. Other implications are clear. O

All of the converses in Proposition 2.3 do not hold. In fact, left p.q.-Baer »
quasi-Baer follows from [6, Example 1.5]. Some examples were given in [6, Exam-
ples 1.3 and 1.5] to show that the class of left p.q.-Baer rings is not contained in the
class of right PP-rings and, the class of right PP-rings is not contained in the class of left
p-q.-Baer rings. By Proposition 2.3, it is clear that both of these classes are contained
in the class of left APP-rings. This shows that left APP # left p.q.-Baer and left
APP = right PP. Quasi-Armendariz # left APP follows from the following example.

ExAaMPLE 2.4. Use the ring in [4, Example 2.3]. For a given field F, let
S = {(an);’,‘i1 1S H Fla, is eventually constant},

which is a subring of the countably infinite direct product [[ F. Then the ring S
is a commutative ring. Let R=S[[x]]. Clearly S is a reduced ring. Suppose that
f(X)=ap+aix+ax>+ --- and g(x) = by + byx + byx?> + - -- € S[[x]] are such that
J(x)g(x) = 0. Then, from [1, p. 2269], it follows that a;b; = 0 for all i and j. Thus R is
a reduced ring. From [2], R is an Armendariz ring, and so it is a quasi-Armendariz
ring.
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Suppose that R is an APP-ring. Let f(x) =fy + fix+ fox> 4+ --- and g(x) =
g0 +gix+gx>+--- € R, where f5 =(0,1,0,0,...), /i =(0,1,0,1,0,0,...), =
0,1,0,1,0,1,0,0,...),..., and go =(1,0,0,0,...), gt =(1,0,1,0,0,0,...), g2 =
(1,0,1,0,1,0,0,0,...),.... Then g(x) € I[g(Rf(x)). Thus there exists h(x) € [g(Rf(x))
such that g(x) = g(x)h(x). Suppose that h(x) = ho + hyx + hyx> 4+ ---. Now from
h(x)f(x) =0 and from [1, p. 2269] it follows that /;f; = 0 for all i and j and, so
there exists n; € N such that 4; has the form (b},0,05,0,..., bén,-+1 ,0,0,0,...), where
b,eF,i=0,1,2,.... From g(x)(1 —(x)) =0 it follows that g;(1 — hp) =0 and
gih; =0 for all i and j > 1 and, so there exists m; € N such that /; has the form
(0,05,0,04,0,...,b5,.,0,0,0,...), where b € F,i=1,2,.... Thushy =hy=--- =

2m;°

0 and so A(x) = hy. This contradicts with g; = g;h9, i = 0, 1, .... Thus R is not APP.

The following is an example of commutative APP-rings which are neither PP nor
p-q.-Baer. Recall that a ring R is called a left Bezout ring if every finitely generated left
ideal of R is principal. We denote by w.g.dim(R) the weak global dimension of a ring
R, which is defined as sup{fd(A4)|A4 is a left R-module}. Note that w.g.dim(R) < 1 if
and only if every left ideal of R is flat.

EXAMPLE 2.5. (see, [8, p. 64]) Let Z be the ring of integers and let

S = (ﬁzuz)/(@zmz).

Then S is clearly a Boolean ring and, by [8, p. 64], the weak global dimension of S[[x]]
is one and S[[x]] is not semihereditary. Let R = S[[x]]. Then every principal ideal of R
is flat, and so R//g(Ra) = R/Ir(a) = Ra is flat. Thus /g(Ra) is pure as a left ideal of
R for every a € R. Hence R is an APP-ring. In [8, Theorem 43], it was shown that the
power series ring A[[x]] over a von Neumann regular ring A4 is semihereditary if and
only if A[[x]] is a Bezout ring in which all principal ideals are projective. On the other
hand, by [8, Theorem 42], S[[x]] is a Bezout ring since the weak global dimension of
S[[x]] is one. Thus R is not PP, and so is not p.q.-Baer.

PROPOSITION 2.6. The following conditions are equivalent for a ring R.
(1) Ris a left APP-ring.
(2) If I is a finitely generated left ideal of R then for all a € Ix(I), a € alg(I).

Proof. Clearly (2) implies (1). Now suppose that R is a left APP-ring and 7 =
Raj + - -+ + Ra, is a finitely generated left ideal of R. Then /r({) = N_,/r(Ra;). Let
a € Ir(I). Then a € Iz(Ra;) for each i. Hence there exists x; € /g(Ra;) such that ax; = a
for each i. Then ax = a, where x = x1x5 - - - x,, € [r(]). ]

PROPOSITION 2.7. Suppose that R satisfies the ascending chain condition on principal
left ideals. Then the following conditions are equivalent.

(1) Ris a left APP-ring.

(2) R is a left p.q.-Baer ring.

Proof. Clearly (2) implies (1). Suppose that R is a left APP-ring. For every a € R,
denote L = Ig(Ra). Take a maximal principal ideal Rb contained in L. Since b = b/
for some / € L, Rb C R/, so maximality of Rb implies that Rb = RI. Hence [ = xb for
some x € Rand b = bxb and Rb = Re, where ¢ = xb = €. Clearly L = Le + L(1 — e).
Note thatif € L(1 — e), then Re C R(e + t — et) C L. Hence Re = R(e + t — et) and,
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since Re N R(t — et) = 0, we get that t — et = 0. However (et)*> = 0, so > = 0. On the
other hand, for every u € L(1 — ¢), u = ul for some / € L. Consequently u = ul(1 — e).
Now w=1I(1—-e)e L(1 —e¢), so w>=0. Consequently u = uw = uw? =0. Thus
L(1 —e) =0,s0 L = Re and we are done. O

Note that this reasoning shows in fact that in rings satisfying ascending chain
condition on principal left ideals, right s-unital ideals are generated by idempotents (as
left ideals).

PROPOSITION 2.8. Let R be a commutative Bezout ring. Then the following conditions
are equivalent.

(1) R is an APP-ring.

2) w.gdim(R) < 1.

Proof. If R is a commutative Bezout ring, then w.g.dim(R) < 1 if and only if every
ideal of R is flat if and only if every finitely generated ideal of R is flat if and only if
every principal ideal of R is flat if and only if R//r(Ra) is flat for every a € R if and
only if R is an APP-ring. O

Note that Baer rings have no nonzero central nilpotent elements, and so
commutative Baer rings are reduced. Huh, Kim and Lee in [12, Proposition 4] extended
this property onto right PP-rings by showing that right PP-rings have no nonzero
central nilpotent elements. For left APP-rings we have the following more general
result.

PROPOSITION 2.9. Let R be a left APP-ring. If 0 # a € R is such that [r(Ra) C rgr(a),
then aRa # 0.

Proof. Suppose that aRa = 0. Then a € [g(Ra). Since R is a left APP-ring, there
exists b € Igr(Ra) such that @ = ab. Thus b € rg(a) and so a = ab = 0. O

As a corollary we have that left APP-rings have no nonzero central nilpotent
elements.

COROLLARY 2.10. Let R be a left APP-ring. Then R is semiprime if and only if
[r(Ra) C rr(a) for alla € R.

Proof. Suppose that R is semiprime. Note that ((Ra)/z(Ra)R)* = 0 for all a € R.
Thus Ralgr(Ra)R = 0 and so Ir(Ra) C rgr(a) for all a € R. Conversely if Iz(Ra) C rg(a)
for all a € R, then, by Proposition 2.9, R is semiprime. O

COROLLARY 2.11. Commutative AP P-rings are reduced.

In [12, Example 3], an example was given to show that commutative reduced rings
need not be PP. In fact, there exist commutative reduced rings which need not be APP.
For example, let R be the ring as in Example 2.4. Then R is a commutative reduced
ring. But R is not an APP-ring.

3. Extensions of left APP-rings. In this section we discuss various constructions
and extensions under which the class of left APP-rings is closed. We deal with the
direct sums as rings without identity when the index sets are infinite. In this case the
definitions of right PP-rings, left p.q.-Baer rings and left APP-rings are also valid.
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Note that the direct sums of right PP-rings need not be right PP. Consider the
following example. Let Fbeafieldand R; = F,i=1,2,.... Suppose that R = @2, R;
is a right PP-ring. Then for ¢ = (1, 0,0, - - -) € R, there exists ¢ € R such that rg(a) =
eR. Write e = (e1, e2,...,¢,,0,0,...). Denote x = (x;)%, where x,,41 =1 and x; =0
fori=1,2,...,n,n+2,.... Clearly ax = 0 but x € eR. So R is not a PP-ring. This
example also shows that the direct sums of left p.q.-Baer rings need not be left p.q.-Baer.

From [12], a ring R is called a generalized right PP-ring if for any x € R the right
ideal x" R is projective for some positive integer n, depending on x, or equivalently, if for
any x € R the right annihilator of x" is generated by an idempotent for some positive
integer n, depending on x. By [12, Lemma 1(iv)], R is a generalized right PP-ring if
and only if R is a right PP-ring when R is reduced. Note that in the above example,
the ring R = @2, R; is reduced. So above example also shows that the direct sums of
generalized right PP-rings need not be generalized right PP. Hence Proposition 7(ii) of
[12] is incorrect.

But for left APP-rings we have the following result.

PROPOSITION 3.1. Let R;, i € I be rings. Then we have the following:
(1) R =11, Ri is a left APP-ring if and only if R; is a left APP-ring for eachi € I.
(2) R = D,c; Riis aleft APP-ring if and only if R; is a left APP-ring for eachi € I.

If |I| < oo, then the result is clear. If |/| = oo, then Proposition 3.1 is a direct
corollary of the following more general result. Let X be an infinite cardinal number.
Suppose that 7 is a set and {R;|i € I} is a family of rings. Let x = (X;)ies € [[,; Ri- We
define the support of x as supp(x) = {i € I|x; # 0}. For an infinite cardinal number R,
define the RX-product of the R;’s as

N
[[Ri={xe]]R sl < N}

iel iel

Clearly one may view the direct sum and the direct product of a family of rings as
two special cases of the same object, namely, the RX-product of the family of rings.
N-products of some families of modules have been studied by [17], [20] and [21].

PROPOSITION 3.2. Let R;, i € I be rings. Then R = ]_[TE, R; is a left APP-ring if and
only if R; is a left APP-ring for eachi € I.

Proof. If the ring R is a left APP-ring, then clearly so is each R;. Conversely
suppose that every R; is a left APP-ring. Let a = (a;);c; and b = (b;);c; be in R such
that aRb = 0. Then a;R;b; = 0 for every i € I. Thus, for every i € supp(b), there exists
¢; € R; such that ¢; = a;¢; and ¢;R;b; = 0. Now define x = (x;);c; via

¢;i i € supp(b)
x; =11 i€ supp(a) — supp(b)
0 i & supp(a) U supp(b).

Then x € R since |supp(x)| < X, and a = ax, xRb = 0. Thus R s a left APP-ring. [

Let 4 be a ring, B be a unitary subring of 4, {4;}32, be a countable set of copies
of A, D be the direct product of all rings 4;, and let R = R(A4, B) be the subring of D
generated by the ideal @B;°, A; and by the subring {(b, b, - - -)|b € B} (see [23]). Then
we have the following result.
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PROPOSITION 3.3. If A is a commutative ring, then the ring R(A, B) is an APP-ring
if and only if A and B are AP P-rings.

Proof. Denote R=R(A4,B). Let (x;)¥, and ()X, €R be such that
(X)X Ry, =0. We note that there exists n such that x, = x,41 =--- € B and
Vn = Yn+1 = --- € B. Clearly we have x;4y; =0 for i=1,2,...,n. Since 4 is an
APP-ring, there exists w; € 4 such that x; = x;w; and w;4y; =0,i=1,2,...,n—1.
Since B is an APP-ring and x,By, = 0, there exists w, € B such that x, = x,w,
and w,By, =0. Since A4 is commutative, we have w,A4y, =0. Thus (x), =
(X)X (Wi, wa, .oy Wyt Wyy Wy, . ..) and (wi, wa, ..., Wy, Wy, Wy, .. JRY)NZ, = 0.
Hence R is an APP-ring.

Conversely, if R is an APP-ring, then it is easy to see that 4 and B are APP-rings
by noting that 4 is commutative. O

Note thatif R(4, B)is aleft APP-ring, then A is a left APP-ring. But Example 3.9(2)
shows that B need not be a left APP-ring in general.

PROPOSITION 3.4. Let A be a left APP-ring. If Ig(Ab) = 0 for every 0 # b € B, then
the ring R(A, B) is a left APP-ring.

Proof. In the proof of Proposition 3.3, if y, =0, then take w, =1¢€ B. If
yu # 0, then [lg(A4y,) =0. Thus x, =0. If we take w, =0, then x, = x,w, and
wy Ay, = 0. Thus (x;)2, = (X)), (Wi, w2, ..., Wy—1, Wy, Wy, ...} and (wy, wa, ..., Wy_1,
Wy, Wy, .. )R(;)2, = 0. Hence R is a left APP-ring. O

Let n be a positive integer. Let M,,(R) denote the ring of n x n matrices over R.
PROPOSITION 3.5. R is a left APP-ring if and only if M,(R) is a left APP-ring.

Proof. Let R be a left APP-ring and 4 = (a;;) € M,(R). Suppose that B = (b;) €
M,(R) is such that B € [y, r(M,(R)A). Then BM,(R)A = 0. Let Ej; denote the (i, j)-
matrix unit. Then 3_, | by Ep)rEy(3_, , asEy) = 0 forany r € Rand any i and j. Thus
Zp,t byiraj E, = 0, which implies that by;ra;, = 0 for any p and ¢. Hence b,; € Ir(Ra;,)
for all i, j, p and t. So by, € lR(ZiJ Ray) for all p, g. By Proposition 2.6, there exists
¢ € Ir(}_;; Ray) such that b,y = byc for all p, g. Thus

and it is easy to see that

My(R)A = 0.

Thus M,(R) is a left APP-ring.
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Conversely suppose that M,(R) is a left APP-ring and a, b € R is such that a €
[R(RD). Set

Then AM,(R)B=0. Thus there exists C=(c;j)e M,(R) such that 4=AC,
CM,(R)B=0. Now it is easy to see that a = ac;; and c¢;;Rb = 0. Thus R is a left
APP-ring. 0

PROPOSITION 3.6. R is a left APP-ring if and only if the upper triangular matrix ring
T.(R) over R is a left APP-ring.

Proof. Let R be a left APP-ring and 4 = (a;) € T,(R). Suppose that B = (b;) €
T,(R)issuch that B € I,z (T,(R)A). Then BT,(R)A = 0. By analogy with the proof of
Proposition 3.5, we obtain that b,; € [r(Raj;) for alli, j, pand t withp <i < j < t. Thus
by € IR(Y 1 <icjen Ray), D12, b2 € IR(Y5cicjcy Ray), oo b1, b2p1y oo bui et €
lR(Zn—lsig/sn Raj), by, ba, ..., buy € Ir(Ray,). Since R is a left APP-ring, by

Proposition 2.6, there exist ¢y, ¢s, .. ., ¢, such that
€€ 1R< > Raij)v by = biicy,
I<i<jzn

0 € 1R< > Raij)v b1y = bizca, by = byes,
2<i<j<n

cn € Ir(Rayy,), bin = bincn, k=1,2,...,n.
Now it is easy to see that

€1 €1

(&) C
B=RB . , . T,(R)A = 0.

Cn Cn

Hence T,,(R) is a left APP-ring.
Conversely if T,(R) is a left APP-ring, then, by analogy with the proof of
Proposition 3.5, we can show that R is left APP. O

PROPOSITION 3.7. Let e € R be an idempotent. If R is a left APP-ring then eRe is a
left APP-ring.

Proof. Let x € eRe and a € [,g.(eRex). Then aRexe = (ae)Rexe = a(eRe)xe = 0.
Thus «a € Ig(R(exe)). Since [gr(R(exe)) is pure as a left ideal of R, there exists
b € Ir(R(exe)) such that a = ab. Thus a = ae = abe = (eae)be = (eae)(ebe) = a(ebe)
and (ebe)(eRe)x = eb(eRe)x = eb(eRe)xe = eb(eR)(exe) C ebR(exe) = 0. Hence ebe €
l.re(¢Rex). This means that /,z.(¢Rex) is pure as a left ideal of eRe and so eRe is a left
APP-ring. U

https://doi.org/10.1017/50017089506003016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089506003016

224 LIU ZHONGKUI AND ZHAO RENYU

From [6, Theorem 2.2], the concept of left p.q.-Baer rings is a Morita invariant
property. But the concept of right PP-rings is not a Morita invariant property because
Z[x] is Baer but the 2 x 2 full matrix ring over Z[x] is not a right PP-ring ([2]). From
Propositions 3.5 and 3.7, for left APP-rings we have the following result.

THEOREM 3.8. The endomorphism ring of a finitely generated projective module over
a left APP-ring is left APP. In particular, the left APP condition is a Morita invariant

property.

EXAMPLE 3.9. (1). Subrings of a left APP-ring need not be left APP. Let A = M, (F)
where F is a field. Then A4 is a left APP-ring by Proposition 3.5. Let

s={(5 D)wver]

Then B is not a left APP-ring by Proposition 2.9.

(2). Factor rings of a left APP-ring need not be left APP. The ring Z of integers is
an APP-ring whereas its homomorphic image Z /47 is not. The following is another
example of such rings. Let A, B be as in (1). Suppose that a, b, ¢, d € F are such that

¢ 9 9

but ({ ¢) # 0.If ¢ # 0, then clearly (4 ”) = 0. If ¢ = 0, then d # 0. From

R

it follows that bd = 0 and ad = 0, which imply that « = b = 0. Thus, /p(A(§ f)) =0,
and so, by Proposition 3.4, R = R(A, B) is a left APP-ring since A4 is a left APP-ring.
But the factor ring R/(®32,4;), which is isomorphic to B by [23, Example 15.7(2)], is
not left APP. This example also shows that if R(A, B) is a left APP-ring, then B need
not be a left APP-ring in general.

Note that the ring R = {(§ 2)|a, b € F}, where F is a given field, is a generalized
right PP-ring by [12, Proposition 3]. So Example 3.9(1) shows that generalized right
PP-rings need not be left APP. On the other hand, let R = M>(Z[x]). Then R is both
left and right APP by Proposition 3.5 and Corollary 3.12. But R is not a generalized
right PP-ring by [12, Example 4]. Thus left APP-rings need not be generalized right
PP.

Recall that a monoid S is called a wu.p.-monoid (unique product monoid) if for
any two nonempty finite subsets 4, B C S there exists an element g € S uniquely
presented in the form ab where a € A and b € B. The class of u.p.-monoids is quite
large and important (see [7], [16] and [18]). For example, this class includes the right or
left ordered monoids, submonoids of a free group, and torsion-free nilpotent groups.
Every u.p.-monoid S has no non-unity element of finite order.

Let R be a ring and S a u.p.-momoid. Assume that there is a monoid homo-
morphisma : S —> Aut(R). Forany s € S, we denote the image of s under « by o. Then
we can form a skew monoid ring R x S (induced by the monoid homomorphism «) by
taking its elements to be finite formal combinations ) _¢a,s, with multiplication
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induced by:

(ass)(btt) = asas(bt)(‘gt)

A monoid homomorphism « : S —> Aut(R) is said to satisfy condition (*) if for
every a € R, theleftideal ) _¢ Ra(a) is finitely generated. In [11, Theorem 3.9], it was
shown that a ring R is left APP if and only if R[x] is left APP. For skew monoid rings
we have the following result.

THEOREM 3.10. Let R be a left APP-ring and S a u.p.-monoid. If « : S —> Aut(R)
satisfies the condition (%), then the skew monoid ring R* S (induced by the monoid
homomorphism «) is a left APP-ring.

Proof. Suppose that f = ajs) + axss + -+ - + apSy, g = b1ty + boty + - + bty €
R x S are such that f € Ig,s((R * S)g). Then f(R * S)g = 0. Thus for every s € S and
every r € R, f(rs)g = 0. Suppose that ¢, ¢z, ..., ¢, € R are such that a; = «,(c;) for
i=1,2,...,n We will show that ¢; € [r(Ray(b;)) forevery se S,i=1,2,...,n,j=
1,2, ..., mbyinduction on m.

If m=1, then g=bt;. Thus 0= (ais; + axs2 + -+ + a,5,)(rs)(b1 1)) = a1
(ras(br))s1st + azag, (rag(br))sasty + - - - + apa, (rag(by))s,st; for every r € R. By [7,
Lemma 1.1], S is a cancellative monoid. Thus s;st; # s;st1 for s; #s;. Hence
ajog, (rag(br)) = 0, which implies that ¢; € Ir(Ra, (b)) since «y, is an automorphism,
i=1,2,...,n.

Now suppose that m > 2. Since S is a u.p.-monoid, there exist p, gwith 1 <p <n
and 1 < ¢ <m such that s,st, is uniquely presented by considering two subsets
{s1,82,...,8,} and {st|,st2,...,st,} of S. Thus from f(rs)g =0 it follows that
apas, (rag(by))systy = 0and so aya, (ra(by)) = 0. Thus oy, (¢,ras(b,)) = 0, which implies
that ¢,ra(b,) = O forevery r € Rsince oy, isan automorphism. Hence ¢, € [r(Ray(b,)).
Since /r(Ra(b,)) is pure as a left ideal of R, there exists an element e, € /r(Ra(b,))
such that ¢, = c,e,. Thus for every r € R, we have

0 = f(egrs)g = (ars1 + azsa + - - - + ansy)(eyrs)
bty +baty + -+ bg1lg-1 + bgyilgrr + o+ buty)
+(ars1 + axsz + - - - + ansp)((egras(by))st,y)
= (@10, (eg)s1 + @20ty (€g)52 + -+ + et (eg)s)(rs)
b1ty + baty 4+ - -+ by_1ty—1 + gty + -+ buty).

Since a;a,(ey) = ay,(ciey), by induction, it follows that cie, € Ir(Ra,(b;)) for i=
,2,...,n,j=1,2,...,g— 1,9+ 1, ..., m. Therefore

¢p = cpeq € ML Ir(Ros(b))).

Now aya, (Reg(b))) = a,(c,Rag(b;)) = 0foranyj=1,2,..., m. Thus from f(rs)g = 0
it follows that

O=(a151 +ars2+---+ ap_1Sp—1 + Apy1Spy1 + -+ - + ApSy)
S(rs)(bity 4+ baty 4 - -+ byt).

By using the previous method, there exists k € {1,2,...,p —1,p+ 1, ..., n} such that
cr € ﬂ}’;llR(RaS(bj)). Thus agerg, (Rag(b))) = o (crRas(bj)) =0foranyj=1,2,...,m.
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Hence (a1s1 + axss + - - - + ap—15p—1 + Ap1Sp1 + - - - + A—18k—1 + A 1Sk41 + - - - + AnSy)
(rs)(bity + baty + - - - + byty) = 0. Continuing this procedure yields ¢i, ¢z, ..., ¢, €
ﬂ}”zllR(RaS(bj)) foreverys e S.

Set
L=>">" Rayb).
j=1 seS
Then ¢y, ¢z, ..., ¢, € Ig(L). Since « satisfies the condition (*), it is easy to see

that L is finitely generated. From Proposition 2.6, /g(L) is pure as a left ideal
of R. Thus there exists d € Ig(L) such that ¢;=c¢d, i=1,2,...,n Denote by
n the identity of the monoid S. Then f(dn) = Y " aw(d)si = Y i, as(cid)s; =
Yoy as(c)si=> i aisi =f. For every r € R and every s € S, ra,(b;) € L and, so
(dn)(rs)g = Y/, drag(b;)(st;) = 0. Thus dn € Ig.s((R * S)g). This shows that R+ S is
a left APP-ring. O

REMARK 3.11. It is natural to ask for examples of monoid homomorphisms « :
S —> Aut(R) which satisfy the condition (*).

1. If a(s) = 1 for every s € S, then « satisfies the condition (*).

2.Let Tbearingand R=T @& T. Let y : R—> R be an automorphism defined
by y((a, b)) = (b, a). Let S = Z (or S = N U {0}). Define « : S —> Aut(R) via g = 1
and a, = y" forevery 0 # n € Z. Then ), _, Ray((a, b)) = R(a, b) + R(b, a) for every
(a, b) € R. Thus « is a monoid homomorphism satisfying the condition (*).

3. Let T bearing and R = M»(T). Let y : R—> R be an automorphism defined

by
a b\\ _( a —b
Y\\e d)) = \=c d)
Let S =Z (or S =NU{0}). Define @ : S —> Aut(R) via g = 1 and o, = y" for every

0#mneZ. Then
a b a b a —b
S (¢ 0))=r(E 8)+r(E 7a)

neZ

Thus « satisfies the condition (*).

4. Let
_ (e 4
R_{<0 a)lan,qe@}.

(6 2)=6 &)

Then it is easy to see that Y 2o Ry"(({ 9)) =R(; 9). Thus «:S=NU{0} —

a

Aut(R), defined by ap = 1 and «,, = y" for every n € N, satisfies the condition (*).

Define y : R — Rvia

Armendariz showed that polynomial rings over right PP-rings need not be right
PP in the example in [2]. From [5, Theorem 2.1], a ring R is a left p.q.-Baer ring if
and only if R[x]is a left p.q.-Baer ring. It was shown in [7, Corollary 1.4] that R is left
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p.q.-Baer if and only if R[x, x~']is left p.q.-Baer. For monoid rings, it was shown that
the monoid ring R[S] of a u.p.-monoid S over a ring R is left p.q.-Baer if and only if R
is left p.q.-Baer (see [7, Theorem 1.2]) and R[S] is a reduced PP-ring if and only if R
is a reduced PP-ring (see [7, Corollary 1.3]). For left APP-rings we have the following
result.

COROLLARY 3.12. Let S be a u.p.-monoid and X a nonempty set of not necessarily
commuting indeterminates. Then the following conditions are equivalent.

(1) Ris left APP.

(2) R[X] is left APP.

(3) R[x, x" '] is left APP,

(4) R[S] is left APP.

Proof. The implication (1) = (4) follows from Theorem 3.10. (4) = (1). Leta, b € R
be such that a € [gr(Rb). Then a € Igs)(R[S]b). Thus there exists > ;_, a;s; € Irsy(R[S1H)
with 5o = 5, the identity of S, such that a = a(}__, a:s;). Now it is easy to see that
a = aayg and agRb = 0. Thus R is a left APP-ring.

(1) (2) & (3) follow from (1) < (4), noting that the monoid generated by X
is a u.p.-monoid and R[x, x~!]= R[Z], the monoid ring of the u.p.-monoid Z
over R. 0

COROLLARY 3.13. Let R be a left APP-ring and o a ring automorphism of R such
that Y2, Ra'(b) is finitely generated for every b € R. Then the skew polynomial ring
R[x;a] is a left APP-ring.

There exists a commutative von Neumann regular ring R (hence left APP), but
the ring R[[x]] is not APP. For example, let R be the ring S defined in Example 2.4.
Then R is a commutative von Neumann regular ring. By Example 2.4, R[[x]] is not an
APP-ring.

Some additional conditions were given in [10], [14] and [15] for right PP-rings (or
left p.q.-Baer rings) under which the formal power series ring R[[x]] over R is a right
PP-ring (or left p.q.-Baer ring, respectively). For left APP-rings we have the following
results.

PROPOSITION 3.14. Let R be a ring satisfying descending chain condition on left and
right annihilators. If R is a left APP-ring, then so is R[[x]].

Proof. Suppose that f(x)=ay+aix+ax>*+--- and g(x)=by+bx+
byx* + - - € R[[x]]are such that f(x) € [rpy(RI[x]lg(x)). Thenf(x) R[[x]lg(x) = 0. Thus
f(x)Rg(x) = 0. It follows that

> airb;=0,  k=0,12,...,

i+j=k

where r is an arbitrary element of R. Thus, since agrby = 0, one has ay € Ig(Rby).
So there exists wgy € [gr(Rby) such that ay = agwy. Let ' € R and take r = wor’ in
arrbg + agrb; = 0. Then aywor’by + agwor’b; = 0. But aywer’by = 0. So aqwor’'b; = 0.
Since ag = agwy, we have aygr’b; = 0, which implies that ay € [r(Rb;). Also ajrby =0
for any r € R. This means that a; € I[r(Rby).

Now assume that

aielR(ij), l+]=0,1,2,,k—1
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Then, since R is a left APP-ring, there exists wy € [r(Rby) such that a; = a;w,, i =
0,1,...,k—1.Letr € Randtaker = wor'in ) _ ajrb; = 0. Then, since aywor'by =
0, we have

i+j=k

aowor’ by + aywor'bi_1 + - - - + ar_ywor'by = aor' by + a1’ b1 + - - - + ar_1¥'b; = 0.

From ay, ay, ..., ax_» € Ir(Rby) it follows that there exists w; € [g(Rb;) such that ¢; =
awy,i=0,1,...,k—2.Let y € R and take ' = w,y. Then, since a;_w,yb; = 0, we
have

aow1ybi + aywiybr_1 + - - - + ar_ow1yby = agybi + a1ybr—1 + - - - + ax_2yby = 0.

Continuing in this manner, we have aycb; = 0, where ¢ is an arbitrary element of R.
This implies that ajchi_; =0, ..., ax_1cby = 0, apcby = 0. Thus

ap € lR(Rbk), ay € lR(Rbk_l), Lo, ai € IR(Rbo)

Therefore, by the induction principle, we have shown that a; € [r(RD;),i,j =
0,1,....
Consider the descending chain as following:

[r(Rbg) 2 Ir(Rby + Rby) 2 Ir(Rby + Rby + Rby) 2 - - -.

Then there exists m such that Igr(Rby + Rby + - -+ + Rb,,) = [g(Rbg + Rby + - - - +
Rb,,, + Rb,, 1) = ---. On the other hand, by considering the descending chain as
following:

rr(ao) 2 rr(ag, a1) 2 rr(ag, ar, az) 2 - - -,

there exists n such that rg(ag, ai, ..., a,) = rr(ag, a1, ..., ay, @yr1) = -+ -. Since ag,
ap, ..., a, € [R(Rby + Rb; + - - - + Rb,,), by Proposition 2.6, there exists ¢ € [g(Rby +
Rby + --- 4+ Rb,,)suchthata; = a;cfori=0,1,...,n. Thus 1 — ¢ € rg(ag, a, ..., a,).

Sol —cerglay,ai,...,an,...,a)foranyk > n, which implies that a; = ayc for any
k > n. Now it is easy to see that f(xx) = f(x)c and ¢ € Igyg(R[[x]]g(x)). This shows that
R[[x]] is a left APP-ring. [l

A ring R is said to be R¢-self-injective if each R-homomorphism from a countably
generated left ideal L of R into R is induced by multiplication by an element of R. R is
said to be left duo if every left ideal of R is two-sided.

PROPOSITION 3.15. Let R be a reduced left duo ring which is Rg-self-injective. If R is
a left APP-ring, then so is R[[x]].

Proof. Suppose that f(x)=ay+ax+ax*>+--- and g(x)=by+bix+
byx* + - - - € R[[x]]are such that f(x) € / R (RI[x]]g(x)). Then f(x)R[[x]]g(x) = 0. Thus
J(x)Rg(x) = 0. By analogy with the proof of Proposition 3.14, we have a;Rb; = 0 for
alliandj. Let I = Y 2y Ra;, J = Y ;= Rb;. Then IJ = 0. Hence I () J = 0 since R is
reduced. Therefore, the projectionmap o : I J — Rviaa(a+b)=a,acl,be J,
is well-defined and by hypothesis, « is given by multiplication by an element ¢ € R.
Now forevery a € I, a = a(a + b) = (a + b)c = ac + bc. Since R is a left duo ring, we
have a = ac for every a € I and bc = 0 for every b € J. Since R is reduced, it follows
that cRb; =0,i=0,1,2,.... Thus f(x) = f(x)c and ¢ € Igqq(R[[x]]g(x)). This shows
that R[[x]] is a left APP-ring. Il
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