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ON THE SELMER GROUP OF TWISTS OF ELLIPTIC
CURVES WITH Q-RATIONAL TORSION POINTS

G. FREY

1. Notations and results. (1) The symbols p and ¢ stand for prime
numbers and throughout the paper we assume that p is fixed and
contained in {3, 5, 7}. Let L be an algebraic number field (i.e., L is a finite
extension of Q). Then prime divisors of L dividing p (resp. ¢) are denoted
by b, (resp. q;). The completion of L with respect to q; is denoted by L
Let S be a finite set of prime numbers, and let M/ L be a Galois extension
with abelian Galois group of exponent p.

Definition. M/ L is said to be little ramified outside S if for primes ¢ & S
and all q; |g one has

M- L) = L&)V ... V)

with k¥ € N and v, () = 0. Here{ is a pth root of unity, u,, ..., u, are
elements in L({), ) and V,, is the normed valuation belonging to q;. In par-
ticular M/L is unrarmfled at all divisors of primes g &€ S U {p}.

We denote by Lg the maximal abelian extension of exponent p of L
which is little ramified outside S, and by Lg, the maximal subfield of
Lg which is unramified outside S.

Hg(L) (resp. Hg (L) ) denotes the Galois group of Lg/L (resp. Lg,/L)
and cl s(L), (resp. clg, WL)y) denotes the order of these Galois groups. If

= @ we see that cl¢ u(L) is equal to the order of the subgroup of the
lelSOl‘ class group of L con31st1ng of elements of order p which we denote
by cl(L )p-

Now assume that L/Q is normal with cyclic Galois group generated by
an element y of order p — 1. Take an extension ¥ to L({,). Let x,, be the
cyclotomic character induced by the action of G(L({ )/ Q) on ( ¢ ) Then
X, (¥) is determined by

7, = 5.
Let M be normal over Q containing L such that G(M/L) is abelian of

exponent p. Then ¥ operates by conjugation on
G(M(,)/LE,)) = G(M/L),
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and this operation does not depend on the choice of ¥. Hence the
subgroup

H(x,) := {a € GM/L); Yoy~ ' = oD} ¢ G(M/L)

is well defined.
In the special case that M = Lg we denote by clg(L),(x,) the order of

Hg(L)(x,)-

(2) Now we shall consider an elliptic curve E/Q given by a Weierstrass
equation F(x, y) = 0 with coefficients in Z and minimal discriminant A.
For any extension field L of Q we denote the L-rational points of E
(including oo) by E(L).

Let ji be the absolute invariant of E, and denote by Ny the conductor
of E. Let Sg be the set of odd primes ¢|N; with ¢ = —1 mod p and
v,(Ag) # 0 mod p and Sy C S the subset of primes with v, (jz) < 0. Let
d be a square free integer and let E, be the twist of E with 4, i.e., if E is
given by

F=x - gx - g
then E, is given by
V=2 = gd’x — gy’

E, is isomorphic to E over Q(1/d) but not over Q. Let B(E,, Q), be the

set of elements of order p in the kernel of

pFM@WQQPn%ﬁ%@NﬁMQH

Then the group of elements of order p in the Selmer group of E,, denoted
by S(E,; Q),, is given as pre-image of (E, Q), of the map

«H'(G(Q/Q), E«Q),) — H'GQ/Q), E,Q)).

The aim of this paper is to get some information about S(E, Q), if
E(Q) contains an element of order p. It is obvious that to get this one has
to look at the behaviour of E over the local fields Q, and their algebraic
closures Q

Case 1. Assume that v,(Jg) = 0. Then there is a finite extension N of Q
such that E has good reduction modulo all gylg, i.e., we find an elliptic
curve E over N such that E modulo qy is an elliptic curve over the residue
field of qy. E(N, ) contains a subgroup E_ (N ) consisting of points (X, 7)
with v, (x) < 0. E_ is the kernel of the reductton modulo qy, and v, (x/ V)
is the level of (%, 7). We will have to use some facts about E_ ‘Which
are essentially due to E. Lutz and which can be found in [2]. To have a
simple notation we say: A point (x, y) € E (]qu) is in the kernel of the re-
duction modulo q if its image (X, y) is in E_(N,).
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Case 2. vq( Jg) < 0. Then after an extension K of Q, of degree =2
E becomes a Tate curve (cf. [5]); in particular, one has a parametriza-
tion

$:K*/{(Q) = E(K)
where Q is the g-adic period of E. One has
1 ~ ;
— + X aQ' withg, € Z,
Q0 =0
and points of order p of E(K) are of the form ¢(§:(Q” PyBy.

If L is as number field and q; |g we say: A point (x, y) € E(L,) is in the
connected component of the unity modulo q; if it is of the form ¢(u) with
u a q;-adic unit, and (x, y) is in the kernel of the reduction modulo q; if
u — 1 € q;. One should notice that if E is not a Tate curve over Qq but
over an extension of degree 2 of Qq, then for all points P in E (Qq), 2P is
in the connected component of the unity modulo g.

JE =

(3) We want to prove the following:

THEOREM. Let E be an elliptic curve defined over Q with a point P of
order p > 2 rational over Q. Assume that either E is given by the equation
y2 =x+1 (hence p = 3) or that P is not contained in the kernel of the
reduction modulo p, in particular this means that E is not supersingular
modulo p if v,(Jg) = 0.

Let d be a square free integer prime to p - Ng such that:

(1) If 2|Ng then d = 3 mod 4.

(i) If g & {2, p, Sg} but q|Ng then (d/q) = — 1 if E is a Tate curve over
Qq or vq(jE) = 0 (hence p = 3), and (d/q) = 1 otherwise.

(iii) Zf'v,(jg) < O then (d/p) = —1.

Then one has

() g, (VD)) |#S(Es Q) lels, (QVA)), - el (K), (x,)

where K is the subfield of Q(\/d, §,) of index 2 containing neither §, nor \/d.
(If d < 0 then K is the maximal real subfield of Q(\/d, {,).)

For p = 7 the condition vp(jE) = 0 is no restriction at all. For p > 3
and v, (Jg) < 0 again this is no restriction. One could work with a weaker
condition but then the technical problems would increase considerably.

We remark that
g, (Q(VA)), - elg (K),(x,)
divides
(Q(VA)), - clg(K)(x,) - Sk

where s is a number depending only on Sg, with sp = 1 if §p = 0.
Now we use
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LemMA 1. cly(K),(x,) Icl(Q(\/d) ), if d is negative.

So we get

CoROLLARY. cl(Q(\/d), |#S(E,, Q),Icl(Q(\/d)ys if d < 0.

In many interesting cases one has S; = @ and hence p|#S(E, Q), if
and only if p divides the class number of Q(1/d). In particular the rank of
E, is equal to O if

P 1c(Q(VA),).
Examples of such curves are E:y2 =x +1 for p = 3 (cf. [1]), and X(11)
(for p = 5) (cf. [3]).

We end this section by proving Lemma 1. Let M/Q be a Galois
extension containing K with {(a) = G(M/K),

of =id and Yoy ! = o™ where (¥) = G(K/Q).

We assume that M is unramified outside p and little ramified at p;
hence

p .
M(,) = K(\/d)(Ve) withc € M(\/d)
and the principal divisor of ¢ is a pth power. Let ¥ be an extension of ¥

to G(M(~\/d)/Q) with 77! = id; le({ ) generates G(Q(§‘ )/Q) and
¥1Q(1/d) = id. Since M(1/d)/Q is normal we have

i

V() =c e
with1 =i = p — 1 and e € K(1/d). Hence
Y/e) = ey - e &

with {% = 1. Let @ be an extension of a to M(\/d) of order p again.
Then

Fa(Ve) = e P¥(e)
and

@ OF(Ve) = @O(Ve) - €) = T - F(Ve)
and hence i = 1. That gives

€= Ngye) ="' -e?
with ¢ € K(3/d) and hence

M(\/d) = Q(\/d, Ve, ).

The divisor of Zis a pth power, but since == is not a pth power in Q(\/d),
it is an element of order p in the divisor class group of Q(1/d), and this
proves the lemma.
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Remark. For p = 3 one recovers the well known fact that the class
number of Q(y/—3d) is divisible by 3 only if the class number of Q(+/d)
is divisible by 3.

2. Proof of the theorem. In this section we always assume that E/Q is
an elliptic curve satisfying the conditions imposed in the theorem, and
that d is a square free integer satisfying (i)-(iii) as stated in the theorem.
Let P be a point of order p of E rational over Q.

(1) Firstly we want to prove the divisibility of S(E,, Q), by

g, (Q(VA)),
LemMMA 2. Let M/Q be a non abelian Galois extension of degree 2p

containing Q(\/d) and unramified over this field outside Sy. Let o be a
generator of G(M/Q(\/d)) and ¢ the element in

H'(G(M/Q), Ey(M),)
determined by ¢(a) = P. Then ¢ is an element of S(E,, Q),.
Proof. One sees at once that there is one element
$ € H'(G(M/Q), E4M),)

whose restriction ¢ to G(M/Q(1/d)) = (a) is given by ¢(a) = P: We
identify E, (M), with E(M), = (P). Since

E/Q(\/d)), = (P) and 8P = —P with (8) = G(Q(\/d)/Q),

we get invariance of ¢ under 8 from the fact that §ad = o™ I and since

H\(G(M/Q), E,(M),) = H(GM/Q(\/d)), E4M),)’,

our assertion follows.
Hence it remains to show that ¢ is locally trivial regarded as an element
of

H\(G(M/Q(+/d)), E(M)).

We can restrict ourselves to primes q,|p - Ng. By condition (i) divisors of 2
are split in M/Q(+/d) if 2|N, and hence we may assume that q,, { 2.

Assume that (d/q) = —1. In this case q,, is either fully ramified or
decomposed (since M/Q is not abelian). So assume that q,, is ramified and
divides g. Then ¢ € Sy and in particular ¢ # p and v,(Ag) # 0 mod p. It
follows that E,/ Q, (/d) is a Tate curve and that P is contained in the
connected component of the unity over Q, (1/d) corresponding to a pth
root of unity {1, ¢ is locally trivial if { = ax/x with some x € M, and
since M,/Q, (/d) is cyclic of degree p such an x certainly exists.

Next assume that (d/q) = 1 and ¢ # p. Then v ,(Ue) <0 and Eisnota
Tate curve over Q,, and so again P corresponds to some pth root of unity
{ under the Tate parametrlzatlon of E = E, over Q (g‘ ) and hence ¢ is
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split by Q,({,) as seen above. But since the degree of Q, (§,) over Q,
is prime to D, ¢ is split over Q already.

So there is only one remaining case: ¢ = p and v,(ji) = = 0. Let py,|p. By
assumption M/Q is unramified at p,,. We find a normal extension N/Q of
degree prime to p such that E has good reduction modulo all primes py/|p.
For p = 3 we can take

N = Q(V=1, ¥/=3)

by hypothesis; for p > 3 take
N = Q1 Vp).

Now
H\(G(M, - N/Q, - N), E4M, - N)) = 0

since the reduction of E,; modulo p is good and MDN/ QpN is unramified,
and hence it follows that

H\(G(M,/Q,), EAM)) = 0
also, and so Lemma 2 is proven.

Next we look at the action of

(8) = G(Q(Vd)/Q)

on Hg, (Q( \/d) ), the Galois group of the maximal abelian extension of
Q( \/E') of exponent p unramified outside S, and we assert that & acts as
—id on this group. This assertion together with Lemma 2 gives the desired
divisibility of #S(E, Q),.

Proof of the assertion.

_ +
Hg, (Q/d) =H™ ®H
where H™ is the part where 8 acts as —id, and H " the part with § = id.
Take
M= Mgp )

and assume that M, is a subfield of M cyclic over Q(/d). Hence M,/Q is
cyclic of degree 2 - [M,:Q(+/d)]. Let M, be the cyclic extension Q of
degree [M,:Q(1/d) ] contained in M,. Then M, is unramified outside Sy,
but since for ¢ € Sy one has ¢ = —1 mod p and since [M,:Q] |p,
it follows that M, is unramified in all primes and hence M, = Q and
M = Q(7\/d). So our assertion is proven.

(2) Galois structure of splitting fields of p-covers of E. Next we determine
the Galois group structure of splitting fields of elements in

H'(G(Q/Q), EWQ),)
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for elliptic curves having a Q-rational point P of order p. Denote by Q(Ep)
the field obtained by adjunction of the coordinates of all points of order
p of E to Q. Then Q(Ep) is a Galois extension of Q containing Q({I,).
It is cyclic over Q(¢ ») of degree dividing p. Hence its Galois group is gen-
erated by two elements ¥, € with ¥* 1= id, e = id, 71Q¢ ») generating
G(Q(,)/Q) and
m—l - EXP(V)H.

To see this we choose a base of the form {P, O} of E((_))p = E, such

that for 0 € G(Q(E,)/Q) the action of E, induces a matrix

1 b
Py = (O a) € Gl1(2,Z/p)
with
a = det(p,) = X, (0) modulo p.

Now choose ¥ such that

(1 0
Py= 10 w
with w a generator of (Z/p)*, and take € = id if Q(E,) = Q(fp), and €
such that

_(1 1)
Pe=10 1

otherwise. Then ¥ and € generate G(Q(E,)/ Q) and since

o oo o =6 )6

we get the relation

1

-1
7?.?—1 = &M

We should keep in mind that the choice of € and ¥ is closely related to
the choice of the base {P, Q}. In particular we have

€Q) =P+ Qife#1d and ¥Q) = x,(¥) - ©-
In the rest of this paper P and Q and € and y always satisfy these

relations.
Now take a square free integer 4 prime to p - Np.
Ld L= Q(Edvp)

is a quadratic extension of Q(Ep). It is equal to Q(\/d) - Q(Ep ). Its Galois
group over Q is generated by three elements 6, v, € with
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¥ =id, 8(Vd) =—Vd ¥ ' =id, YIQE,) =7, € =id,
dQE,) =€ Ye/IQ(Vd) = id,

8 commuting with € and y and
yey ! = &M

In particular we get that § operates as —id on E,; ,, the points of order p of
E,. The fixed field of e is Q(\/d, {,) and the fixed field of (e, 8v'7~"?)
is K.

We describe the elements in H l(G((—)/ Q), E; P). We have the exact

inf-res-sequence

OHFMUQE)@FM@QE)
d > Hdp > Fdp

Ires — —
— H'(G(Q/Ly). E;)°"Y = Homg; ,0(G(Q/L,), E, ).
AssERTION. H'(G(L,/Q), E;,) = 0.

Proof. If € = id the degree of L,/Q is prime to p, and the assertion
follows. Now let € be of order p. Using again the inflation-restriction-
sequence one gets

H'G(Ly/Q), Eyp) = H'\((e), E; ).

Let F;, Q, be the points of order p of E,, corresponding to P, Q € E,.
Then

P, =€0, — Q4

and hence H 1( €), E d.p) is generated by the class of the cocycle ¢ which
sends € to Q,. But 8¢6 = € and 8Q; = —Q, and hence

¥ & H'({e), E; ),
and we have proved the assertion.
Hence we have an embedding of
H'(GQ/Q). E,))
into
HomG(Ld,Q)(G((_)/Q), E, ).
Take an element ® in H'(G(Q/Q), E, ) with
res EIS = (i) (S HomG(Ld/Q)(G(Q/Ld)’ Ed,p)

and denote by M the fixed field of the kernel of ¢. M/Q is normal, and
G(M/L_,) is generated by two elements «,, a, with o/ = id, which we
may choose in such a way that
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D(a)) = wP, play) = Q0.

We may also assume that u, = 1 if a; # id. B
We extend 8, v, ¢ € G(L_,/Q) to elements §, ¥, € € G(M/Q)
and compute the actions of these elements on «;. We assume that 82 =

y7~! = id. Since
HBaB™") = Bie;) forall B € G(M/Q)
we get:
5%2?‘ =o; ' (since §|E;, = —id),
Ya¥y = a _ (since yP = P),
ey | = ¥ (since 7Q = x,(7)Q),
?ali'l = o (since €P = P), and
T,y ' = aqya, if € # id and «, # id (since then ed(ay) =

€Q = P + Q = ¢(aya,); necessarily a; # id
in this case).

In particular it follows that (a,) is a normal subgroup of G(M/Q) and
that {(a,) is normal if either a, = id or ¢ = id.
Now we distinguish two cases:

Case 1. € = id. In this case {(a;) and {a,) are both normal in G(M/Q)
and hence

M, := M

are normal extensions of Q. The Galois group of M,/Q(\/d) is abelian
and generated by the restriction of (¥, ;) to M,. Hence

M—Z s == M<a2’7>
is Galois over Q containing Q(1/d) and if a; # id then G(M,/Q) is non
abelian of order 2p. Since
'§,~Yv(p-l)/2a27(p—l)/25 = a,
it follows that M, is abelian over K and hence
M, = MC@d
is normal over Q. Its Galois group is generated by
(72 = a2|1\7f1 and 7 = 7IM1,
its order is equal to order (a,) - (p — 1), and one has the relation
W_l — —)2(,,(7)_

Case 2. order (¢) = p. In this case we may assume that «; # id, for
a; = id implies that a, = id, too.
Subcase (i). a, = id. We assert that G(M/Q(¢,, \/d)) is not cyclic.
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Otherwise € would be an element of order p* with € = a, (without loss of
generality). So §¢”8 = € 7 and hence

8¢5 = & with k = —1 modulo p-
But since 8ed = € we would get
8¢ — 7 - (@) = e+
which gives a contradiction. Hence we can choose € so that
€ = a) = id and 8§ = <.
(This determines € uniquely.) M, := M (&%) is normal over Q, contains
Q(+/d) and its Galois group is dihedral of order 2p.

Subcase (ii). @, # id. M| := M (@) is normal over Q and of degree p
over L, Since

8o,d = ay !
we conclude as above that € has an extension € to M, of order p with
8¢5 = .
Since 877 ~D’2 acts trivially on a, and ¥ acts trivially on a,|M,,
Fe 2
is a normal subgroup of G(M,/Q). So
My = M ey
is normal over Q containing K, and its Galois group over K is generated
by &, = a,|M; which is of order p and satisfies the relation
ya,7 ' = & with 7 = yIK.
In order to simplify notation we define:
My() := Q(+/d)

if either € # id or a, # id.
Hence for a given

¢ € H'(GQ/Q), E; )

we have a field M = M(¢) which determines (¢) completely. What infor-
mation do we get from the pair (M,(¢), My(¢))? If € = id or if @, = id
then of course we get M(¢) back from (M,(¢), M,(¢) ). In these cases we
shall say that @ is of first type. What happens if ¢ # id and a, #* id?
Assume that

¢ # ¢ € H(GWQ/Q), E, )

have the fields M(¢) and M(¢) with Galois groups {a,, a,) resp. (@, &)
as above such that
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M9 = M@

Let N be the composite of M(¢) and M(¢). Then the Galois group
G(N/L,) is generated by three elements {(a}, &5, a3) which we can choose
in such a way that

GIM(@) = oy, M) = &
withA € {1,...,p — 1} and
GIM(9) = ap, GIM@) = o).
N is a splitting field for ¢ and ¢, and
(¢ = A7I9)a) = 0 = (6 — A" '§)e)).
Hence the fixed field of the kernel of ¢ — A¢ is a cyclic extension of L,
which is normal over Q, and ¢ — A~ ! is of first type. Hence M,(¢)

determines (¢) up to elements of first type, and in order to determine all
elements in

H'(G(Q/Q), E, ).

it is enough to determine all dihedral extensions of Q of degree 2p
containing Q(/d) and all extensions M, of degree p over K which are
normal over Q such that conjugation by ¥ on G(A_l] /K) is equal to
X, (¥)-

pTo prove the theorem one has to show that for ¢ € S(E,, Q) the field
M2(¢) is unramified over Q(~/d) outside SE, and M,(¢) is unramlfled over
K outside S; U {p} and little ramified at divisors of p, and this we will do
step by step in the next section.

(3) Splitting fields of elements in S(E, Q), We continue to use the
assumptions and the notations of the theorem.

LEMMA 3. Let ¢ be an element in S(E,, Q)p Then M1(¢) =: M, is
unramzﬁed outside of S U {p} over K and My(¢) =: M, is unramtfled
outside S U {p} over Q(+/d).

Proof. We have to test prime numbers ¢ # p that divide Ng.

(i) If ¢ = 2 then d = 3 mod 4 and so Q(\/d) and K are ramified at 2
over Q. Hence the norm of g|2 in Q(/d) is equal to 2 and so Q(1/d)
has no cyclic extension of degree p in which g ramifies, and the same
argument can be applied to qx|2 over K for p = 3 and 5. Now take
p = 7. By assumption 2 has only one extension qx to K which is rami-
fied of order 2 and has norm 8. Assume that q is ramified in M,|K and
let q57 be the unique extension of qx to M,. Let M, be the subfield of
M, in which a4z, s tamely ramified. Then M, is a cychc extension of de-
gree 7 of Q(g‘7 + & ", and M, is the composite of M, with K over

Q(; + & ); hence
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G(M/QE; + &)
is abelian. But this contradicts the fact that
P = ao® — g

where (@) = G(M,/K) and (¥) = G(K/Q). So we can assume that ¢ | 2p
but ¢|Nj.

(i) If v, (Ug) = 0 it follows from Néron’s list of minimal models of
elliptic curves with potentially good reduction that p has to be equal to
3 ([4], p- 124). By assumption we have (d/q) = —1. If ¢ = 1 mod 3
then (—3d/p) = —1 too, and hence extensions of Q(\/d) resp. K =
Q(+/—3d) which are normal over Q with Galois group S; have to be
unramified in divisors of ¢ for

Q¥Qr = Q,(Vd*/(Q,(d))* = Q,(v/=3d)*/(Q,(/=3d)*).
If g = —1 mod 3 we see that ¢ € S for E has bad reduction modulo ¢ but
good reduction modulo all divisors of g over L, whence

v,(Ag) = 4 modulo 12.

Since (—3d/q) = 1 the norm of qglq is congruent to —1 mod 3 and so K|,
has no ramified extension of degree 3.
(iii) Now we assume that v (jp) < 0. If

v,(Jg) = 0 mod p

we have that ¢ & Sy and so E, is not a Tate curve over Q,. Moreover,
Q,(E,) is unramified over Q, and hence M;/K and M,/Q(\/d) are
unramified at all divisors of g if and only if M,/L; resp. M,/L,
are unramified at all divisors of q.

Now we use the triviality of ¢ over Q,. There is a = E (M,) (where
auplg) such that for all o in the decomposition group of ‘1, we have
60 — O = ¢(0). Hence

Q:=p- 0 € EuQ)
and so 2 - Q' is in the connected component of the unity modulo ¢g. Hence
0 = 0, + Q, with Q, € E,, and 20, in the component of the unity of
E mod °1,, so Q, corresponds to a “lp-adic unit u under the Tate
parametrization. Now take

a € (o, o)l
(I, the inertia group of “1;,). Then 2(aQ — Q) corresponds to au/u and
is a pth root of unity. Since ¢ # p we conclude that au/u = 1 and hence
a = id. So 1, is unramified over L.

If v,(jg) # 0 mod p it follows that either ¢ = 1 mod p and E is a Tate
curve over Q,, or that ¢ = —1 mod p and then g € Sg. Consider the first
possibility. We have (d/q) = —1 and so ¢ is not completely decomposed
in Q(1/d) and K. Since
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QY/Q = Q(VD*/Q(VA¥ = K /K
for axlg we see that for all cyclic extensions M, of Q(+/d) and M,/K of
degree p and divisors q um, of g, one has that G(M;~/Q,) is abelian of even
order. But this implies that

M, = Q(\d) and M,, =K,
and we have proven the lemma.

The next step is to describe the behaviour of M, at divisors of p.

LEMMA 4. Assume that v b, () < 0 and ¢ € S(E; Q), Then M, is
unramified at p and M,/ K IS little ramified at divisors of p.

Proof. The assumptions imposed on E imply that E/ Q, is a Tate curve
but that E,/Q, is not a Tate curve. Since

Q,(E) = Q,&)
the behaviour of M, at p is determined by the behaviour of M at p. So let
pulp and let I, , be the inertia group of p,,. Take

a € (o, ar) NI,

As in the proof of Lemma 3 we can use the fact that £,/Q, is not a Tate
curve to show that ¢(a) = a0 — O where 20 is in the connected
component of the unity of E; modulo q,,. This gives

p
M, = M{P(V/u)
where u is a p,-adic unit corresponding to 20 under Tate’s parametriza-
tion, and so in particular M,/L is little ramified. 3
Now assume moreover that @, = id or € = id. Then M,/Q(+/d) is of

degree p. We have to show that M,/Q(+/d) is unramified at p ﬁ2|P- We
recall the choice of the point Q. Since

Y0 = x,(Q and () = G(Q,(,)/Q,)

it follows that Q is in the kernel of the reduction of E modulo all divisors
of p, and hence P + AQ is not in this kernel. But for a € 1, b, WE saw that
#(@) = aQ — O is in the kernel of the reduction modulo b,, and hence

0‘1‘12 & 1, forallA € Nand pylp.

It follows that M<*/L, is unramified at p,, and hence M,/Q(~/d) is
unramified at p.

Next we look at the case that v,(jg) = 0. First let us assume p > 3.

LEMMA 5. Assume that E/Q has a point P of order p > 3 rational over Q,
that v,(jg) = = 0 and that P is not in the kernel of the reduction modulo p. (If
p1 NE this always holds.) Let ¢ be an element in S(E,;, Q), with correspond-
ing fields M, and M,. Then Ml/K is little ramified at p, and M,/Q(+\/d) is
unramified at p.
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Proof. Let N be an extension field of Q(fp) such that E has good
reduction modulo all primes py|p and such that

[N:Q(s)]113 forp =95 and

[N:QE) 112 for p = 7.

From our assumptions it follows that N, contains Q(E,) and that (Q) is
the subgroup of order p of the kernel of the reduction modulo b,. Hence
all divisors of p are decomposed in Q(E,)/Q(§,) and so again we can
prove the lemma by looking at the behaviour of p in M/L,.

So assume that p,/|p and let ], be the inertia group of p,,. Assume
that

oo € L, .
Then there is a 0 € E(M,) with
()0 — O = uP + \Q.

But we know that for p # O the point pP + AQ is not in the kernel of the
reduction modulo p,, and since

1, — i)E(N - M)

is contained in this kernel (£ is a model of E over N having good
reduction modulo p,,|p) we must have p = 0 and hence

I, N G(M/Ly) C ().

So M(w /L, is unramified at p,, and hence M,/Q(/d) is unramified at all
divisors of p.

Now assume that J, = (a,). Then Q = a,0 — O and since (a,) acts
trivially on E(N - )/E (N - M,) we may assume that

Q0 € E.(N- M)
and hence
p 0 €E_(N-Q).
E has ordinary reduction modulo p,,, and so Lutz’s parametrization of E _

shows that N - QP(Q) is little ramified at divisors of p, and the lemma
follows.

Now we come to p = 3 to end the proof of the theorem.

LEMMA 6. Assume that E has a point of order 3 rational over Q and that

vUg) = = 0. Assume moreover that either P is not contamed in the kernel of
the reduction modulo p or that E is given by the equation y=x+1.Letd
be a square free integer prime to 3, and ¢ an element in S(E, Q) with
corresponding fields M, Then M,/Q(\/—3d) is little ramified at 3 and
M,/Q(~+/d) is unramified at 3.
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Proof. Assume at first that E is not given by y2 = x> + 1. Since E is not
supersingular modulo 3 it follows that

v3(Jg) = 0 = 3 + 3v3(gy) — v(dp)

and hence v4(Ag) = 0 mod 3 and E has good reduction over Q( v —3).
Since P is not contained in the kernel of the reduction modulo 3 we
have

Qi(E;) € Qy(+/—3)
and hence 3 is decomposed in Q;(E;)/Q;5({3). Again we only have to look
at the behaviour of 3 in M/ L, and by repeating the argument of Lemma 4
we get the desired result.
Now assume that F is given by y = x> + 1. Then E has good reduction
modulo prime divisors of 3 in Q(v/—3). An equation E with good reduc-
tion is obtained by the transformation

x = £+—d y = — .
V=3 ¢vV=3)
Since L, = Q({3, \/2) we have that € # id. So M,|Q(1/d) is nontrivial
only if @y = id. Assume, therefore, to begin with, that a, = id. Then
= inf}2($)

with

$ € H'(G(My/Q), (P))
determined by ¢(a,) = P. Hence ¢ is an element of S(E,, Q); with sphttlng

field Mz, and for bz |3 there is a point Q € E (M, p) With a0 —Q0="P
if pz, is ramified. Assume that O has coordinates (x’, y’) satisfying

2= x? + &
Adding (—d, 0) if necessary, we may assume that
vpﬁz(x’ +d)y=0.
The coordinates of Q0 with respect to E are
x +d Yy
()_C’ .7 ) = ( s T4 )
V=3 (V-3
and hence Q is in the kernel of the reduction modulo by, #,3 and since
vbN_A_lz(E) = va_ﬁz(x’ + d) — vbN_ﬂz(\/ —=3)

the level of 0 with respect to the Lutz parametrization of E_, is at least
equal to the level of P given by coordinates

( d (\/21‘)3)
V=3 ¢V=3)
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We obtain a contradiction and so p i, is unramified over Q(1/d). Now let
us consider the case a, # id. We must show that

M\(&3) = Q(VA, §5)(Vu)
with u a p-adic unit for all p|3.

Definition. Let L be a number field, p; a prime divisor and #; a uni-
formizing element of p;. Let o be an element in Aut(L/Q) with op; = b;.
Then

j;,L(o) 1= w, (omp — mp).
We see that our assertion is equivalent to the inequality
Vp,(00) = 4

for all prime divisors p,, of M’ := l(z) which divide 3 and for o) =
a,|M’. We begin with a prime p, &=, of M( v —3) dividing 3 and with
a2a’,‘ generating

GM(/=3) M@ (Y=3)).
ASSERTION 1.

A < 0 if A
j;,M(\,/__”(oQal) =9if o, € IPM<</:‘3)‘

Assume that this is true. By a formula which can be found in [6, p. 71],
one gets, with

Pa/=3) = bM({‘/:_3)|Ml(\4/—3) and ag = a2|M1(<~/_—3),
1/ 2
9 =~ = A
T = 3(>\§0 j;m\‘/Ta)(aZal)) =9
Using this formula again we get, by restriction to M,,
— 1
Jorg@) = 5O + 1) = 5.

ASSERTION 2. j;,M ® = 2.

Assuming that this is true and again using the formula mentioned
above, we get, with p,, = b MIIM’,

1
Jgﬂ(ag)gg(5+2+2)§3.

This completes the proof of the lemma except for Assertions 1 and 2.

Proof of Assertion 1. The point Q + AP is in the kernel of the reduction
modulo p ME=3) = p and has a level equal to the order of the
ramification of this prime in
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M(V/=3)/LV/=3)
which divides 9.
Assuming that &?&2 is in the ramification group of p we have that
0+ AP =am0 — 0 withJ € E_(M(V/=3)p.
If
vg(my — aza?%) =: f

one sees at once that the level of aza,Q’ — Q' is at most equal to (level of
Q) + ffor all

Q' € E_(M(/=3));
hence 7 has to be =9 in our case, and this proves Assertion 1.
Proof of Assertion 2. Since L; = Q(7\/d, {3)( v/2) one has
hufo =2

and one obtains by the formula used several times already,
1 - - .
2 = —j(j;,M](e) + j;,Ml(eaz) + j;]M(ea%

Since

fo@®) = £, &) =
the only possibility is

2 = £, ® = £, G&) = f, (@)

and this proves Assertion 2.
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