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Abstract. So far, the effect of relativistic electrons has not been in­
cluded in the Mihalas-Dappen-Hummer (Hummer & Mihalas 1988; 
Mihalas, Dappen, & Hummer 1988; Dappen et al. 1988; hereinafter 
MHD) equation of state, although degeneracy was taken into account. 
Following the findings about the detectability of the relativistic effect 
in helioseismological data of the solar center (Elliot & Kosovichev 1998; 
hereinafter EK98), we have upgraded the MHD equation of state to in­
clude relativistic degenerate electrons. Our numerical calculation con­
firms the result of EK98. 

1. Introduction 

The relativistic effect is significant when temperature is high enough that the 
kinetic energy of particles is non-negligible compared with their rest-mass energy. 
In the center of the sun, the temperature is less than 2 X 107 K. Even at such 
temperatures, the relativistic effect for electrons is of course weak, with the 
kinetic energy being less than 0.3% of the rest-mass energy. For heavier particles, 
the effect is completely negligible. 

However, helioseismological observations are now so precise that even such 
a tiny difference can be detected (EK98). Hence we have included the relativistic 
effect into the MHD equation of state. We compare our relativistic treatment 
with the approximate relativistic treatment of EK98 in a solar model. 

2. Relativistic Equations of State 

The general expressions of density, pressure and internal energy for partially 
degenerated electrons are given by Cox & Giuli (1968) 

ne = ^m3c
3(3l[F>_(v,p) + 0FI(T,,I3)] 

ue = ^ m V / ? l [ F | ( ? ? , / ? ) + ^ | ^ , / 3 ) ] 
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where Fk(r],fi) = J™ xk^l + (f3x/2)/(ex~7' + l )di is the generalized 
Fermi-Dirac integral. From this we can get the free energy and use it in the 
free-energy-minimization procedure of the MHD equation of state. 

The generalized Fermi-Dirac integrals are very complicated and analyti­
cal expressions are only available for certain limiting cases. For our calcula­
tion, a broader range of physical conditions have to be considered. We have 
adopted the numerical method developed by Aparicio (1998), in which the gen­
eralized Fermi-Dirac integrals are divided into four parts, and Gauss-Legendre 
and Gauss-Laguerre quadrature are used to evaluate the integral in each piece. 
By doing this, the approximation of the generalized Fermi-Dirac integral can 
become essentially as good as machine precision. 

3. Results 

From our results it is shown that the relativistic correction in the Sun is very 
small. Its influence on the thermodynamic functions is slightly larger. EK98 
quite convincingly demonstrated that this correction is the source of the dif­
ference between the adiabatic exponent (71 = dlnp/d\np)s (s being specific 
entropy) of a solar model and that obtained from inversion of helioseismic data. 

We compare the change of adiabatic exponent 71 between relativistic and 
nonrelativistic treatment in our calculation and the approximation given in EK98 
[their equation (22)]. Our numerical result shows a somewhat bigger difference 
between the relativistic calculation and the nonrelativistic approximation, al­
though our result is similar to Fig. 2 of EK98. Detailed results will be published 
elsewhere. 

With the relativistic effect included, the MHD equation of state can now be 
extended to very high-temperature plasmas, such as found in massive stars. The 
same relativistic upgrade becomes immediately applicable to Q-MHD, which is 
the recent improvement of the MHD equation of state (Nayfonov et al. 1999). 
Appropriate equation of state tables (described in Dappen & Guzik 1999) will 
be made available. 
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