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Abstract. A crucial ingredient in the theory of theta liftings of Kudla and Millson is the construction
of a g-form ¢k um on an orthogonal symmetric space, using Howe’s differential operators. This form
can be seen as a Thom form of a real oriented vector bundle. We show that the Kudla-Millson form
can be recovered from a canonical construction of Mathai and Quillen. A similar result was obtaind
by Garcia for signature (2, q) in case the symmetric space is hermitian and we extend it to arbitrary
signature.

1 Introduction

Let (V, Q) be a quadratic space over Q of signature (p, q), and let G be its orthogonal
group. Let D be the space of oriented negative g-planes in V(R) and D* one of its
connected components. It is a Riemannian manifold of dimension pq and an open
subset of the Grassmannian. The Lie group G(R)* is the connected component of the
identity and acts transitively on D*. Hence, we can identify D* with G(R)* /K, where
K is a compact subgroup of G(R)™ and is isomorphic to SO(p) x SO(q). Moreover,
let L be alattice in V(Q), and let T be a torsion-free subgroup of G(R)* preserving L.

For every vector v in V(R) such that Q(v,v) > 0, there is a totally geodesic
submanifold D} of codimension g consisting of all the negative g-planes that are
orthogonal to v. Let T, denote the stabilizer of v in I'. We can view I,\D" as a rank ¢
vector bundle over I},\D7, so that the natural embedding I,\D} in I,\D* is the zero
section. In [6], Kudla and Millson constructed a closed G(R)*-invariant differential
form

(1) g € [Q1(D7) © 7 (V(R)))
where G(R)™ acts on the Schwartz space .(V(R)) from the left by (gf)(v) =
f(g'v)andon Q1(D*) ® .7(V(R)) from the right by g - (0 ® f) = g*w ® (g7'f).

In particular, g (v) is a [, -invariant form on D*. The main property of the Kudla-
Millson form is its Thom form property: if w in Q2971(T,\D*) is a compactly
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The Kudla-Millson form via the Mathai-Quillen formalism 1639
supported form, then
1
12 Aw=2"2e ™M) .
( ) fFV\JD)’f <P1<M(V) w e TAD w

Another way to state it is to say that in cohomology, we have
(1.3) [oxm(v)] =272 ) PD(T,\DF) € HY (T,\D*),
where PD(T,\D} ) denotes the Poincaré dual class to T,,\D}.

1.1 Kudla-Millson theta lift

In order to motivate the interest in the Kudla-Millson form, let us briefly recall how
it is used to construct a theta correspondence between certain cohomology classes
and modular forms. For simplicity,' assume that p + g is even, and let w be the
WEeil representation of the dual pair SL,(R) x G(R) in #(V(R)). We extend it to
a representation in Q4(D*) ® .7 (V(R)) by acting in the second factor of the tensor
product. Building on the work of [11], Kudla and Millson [7, 9] used their differential
form to construct the theta series

14) Oxu(r) =y % X w(gnDgxa) () € Q1(D"),

vel

-1
where 7= x + iy is in H and g, is the matrix (\{? x\/y)_/_l in SL,(R) that sends i

to 7 by Mobius transformation. This form is I'-invariant, closed and holomorphic in
cohomology in the sense that %@ xm(7) is an exact form. Kudla and Millson showed
that if we integrate this closed form on a compact q-cycle C in Z,(I'\D"), then

(15) f O (1) = co(C) + S(C, Cp )2
C n=1
is a modular form of weight £24, where
(1.6) Co= >, G
vel'\L
Q(v,v)=n

and the special cycles C, are the images of the composition
1.7) [,\D; = I,\D* — TI'\D*.

Thus, the Kudla-Millson theta series realizes a lift between the (co)-homology of T\ID*
and the space of weight % modular forms.

1.2 The result

Let E be a G(R)*-equivariant vector bundle of rank g over D*, and let Ey be the
image of the zero section. By the equivariance, we also have a vector bundle I,\E

n that way, we do not need to use the metaplectic group and we get modular forms of integral
weight.
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1640 R. Branchereau

over I,\D*. The Thom class of the vector bundle is a characteristic class Th(T},\E) in
HI(T,\E,T,\(E — Ey)) defined by the Thom isomorphism (see Section 3.6). A Thom
form is a form representing the Thom class. It can be shown that the Thom class is also
the Poincaré dual class to I\ Eg. Let s,: T, \D* — T\ E be a section whose zero locus
is I,,\D}, then

(L.8) sy Th(T,\E) € H1 (T,\D*, [, \(D* - D})).

Viewing it as a class in H4(T,\D") it is the Poincaré dual class of I,\D;. Since the
Poincaré dual class is unique, property (1.3) implies that

(1.9) [oxm(v)] =272 ™M) ¢* Th(T,\E) € H (T,\D*),

on the level of cohomology.

For arbitrary real oriented metric vector bundles, Mathai and Quillen used the
Chern-Weil theory to construct in [10] a canonical Thom form on E. We denote by
Umq the canonical Thom form in Q4(E) of Mathai and Quillen. Since Upq is I'-
invariant, it is also a Thom form for the bundle T,\E for every vector v. The main
result is the following.

Theorem (Theorem 4.5)  For a natural choice of a bundle E and of a section s, we have
o (v) = 272U Uy in QI(T,\DY).

The bundle E is the tautological bundle of the Grassmannian D* (see Section 3.6),
and the section s, is defined in Section 4.1.

For signature (2, q), the spaces are Hermitian and the result was obtained by a
similar method in [3] using the work of Bismut-Gillet-Soulé.

1.3 Generalizations

More generally, for a positive nondegenerate r-subspace U c V spanned by vectors
V1, ...,V Kudla and Millson also construct an rq form ¢xp(vs,...,v,). This form
can also be recovered by the Mathai-Quillen formalism (see (3) of Section 5). Fur-
thermore, in [7, 9], they not only construct forms for the symmetric space associated
with SO(p, q), but also for the Hermitian space associated with U(p, g). In this case,
one should be able to recover their forms using the formalism of superconnections
as in [10, Theorem 8.5]. We expect the computations to be closer to the computations
done in [3].

2 The Kudla—Millson form

2.1 The symmetric space D

Let (V, Q) be a rational quadratic space, and let (p, q) be the signature of V(R). Let
er, .. .»epsq be an orthogonal basis of V(R) such that

Q(eq,e4)=1 for 1<a<p,
(2.1) Qeysey)=-1 for p+l<u<p+q.
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Note that we will always use letters & and 8 for indices between 1 and p, and letters y
and v for indices between p + 1and p + q. A plane z in V(R) is a negative plane if Q‘ z
is negative definite. Let

(2.2) D :={zc V(R)]| z is an oriented negative plane of dimension g}

be the set of negative-oriented g-planes in V(R). For each negative plane, there are
two possible orientations, yielding two connected components D* and D~ of . Let
zo in D* be the negative plane spanned by the vectors €p+ls - -+ > Eprq together with a
fixed orientation. The group G(R)™ acts transitively on D* by sending z, to gzo. Let
K be the stabilizer of zo, which is isomorphic to SO(p) x SO(q). Thus, we have an
identification

G(R)*/K — D*
(2.3) gK — gz,.

For z in D*, we denote by g, any element of G(R)* sending z, to z.
For a positive vector v in V(RR), we define

(2.4) D, ={zeD|zcv'}.

It is a totally geodesic submanifold of D of codimension g. Let D} be the intersection
of D, with D*.

Let z in D* be a negative plane. With respect to the orthogonal splitting of V(R)
as z* @ z, the quadratic form splits as

(2.5) Q(v,v) =Q| . (v,v) + Q| (v, v).
We define the Siegel majorant at z to be the positive-definite quadratic form
(2.6) Q7 (v,v) = Q| (v,v) = Q|2 (v,v).

2.2 The Lie algebras g and ¢

Let

(2.7) g:= {( f; ; )‘Aeﬁo(zé), Beso(z), erom(zo,zé)},

(2.8) E::{( 13 ](; )‘Aeso(zé), Beso(zo)}

be the Lie algebras of G(R)* and K, where s0(z¢) is equal to so(qg). The latter is the
space of skew-symmetric g by g matrices. Similarly, we have so0(z5) equals so(p).
Hence, we have a decomposition of € as so(z5) ® 50(2¢) that is orthogonal with
respect to the Killing form. Let ¢ be the Lie algebra involution of g mapping X to
—X. The +1-eigenspace of ¢ is £ and the —1-eigenspace is

(2.9) pz:{( tox ’g)

xe€ Hom(zo,zé)}.
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We have a decomposition of g as £ @ p and it is orthogonal with respect to the Killing
form. We can identify p with g/£. Since ¢ is a Lie algebra automorphism, we have that

(2.10) [p,p] ct [&p] cp.

We identify the tangent space of D™ at eK with p and the tangent bundle TD* with
G(R)* xg p, where K acts on p by the Ad-representation. We have an isomorphism

T:A*V(R) — g
(2.11) einej—> T(e;nej)ex = Q(ei,ex)ej — Q(ej, ex)e;.
A basis of g is given by the set of matrices
(2.12) {Xij=T(eine))egll<i<j<p+q},

and we denote by w;;, its dual basis in the dual space g*. Let E;; be the elementary
matrix sending e; to e; and the other e;’s to 0. Then p is spanned by the matrices

(2.13) Xoay = Eay + Eya,
and ¢ is spanned by the matrices
Xap = Eap — Egas
(2.14) Xyy=—Eyu+Epy.
2.3 Poincaré duals

Let M be an arbitrary m-dimensional real orientable manifold without boundary. The
integration map yields a nondegenerate pairing [2, Theorem 5.11]

HI(M)®g H 1(M) — R
@15 [wlen]— [ wnn,

where H.(M) denotes the cohomology of compactly supported forms on
M. This yields an isomorphism between HY(M) and the dual H; 1(M)* =
Hom(H{" ?(M),R). If C is an immersed submanifold of codimension g in M, then
C defines a linear functional on H;' (M) by

(2.16) ©—> fc w.

Since we have an isomorphism between H;' ?(M)* and H%(M), there is a unique
cohomology class PD(C) in H1(M) representing this functional, i.e.,

(2.17) [Mw/\PD(C):wa

for every class [w] in H,' ?(M). We call PD(C) the Poincaré dual class to C, and any
differential form representing the cohomology class PD(C) a Poincaré dual form to C.
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2.4 The Kudla-Millson form

The tangent plane at the identity T,xID* can be identified with p and the cotangent
bundle (TD*)* with G(R)* xx p*, where K acts on p* by the dual of the Ad-
representation. The basis ey, ..., e,.4 identifies V/(R) with RP*4, With respect to this
basis, the Siegel majorant at z, is given by

p*q

(2.18) Ql(viv) =3 xi.
i=1

Recall that G(R)™" acts on . (RP*) from the left by (g- f)(v) = f(g"'v) and on
Q1(D*) ® . (RP*1) from the right by g- (w® f) = g*w ® (g7'f). We have an
isomorphism

[Q1(D*) . #(R2*)]® [ A" ©.7(RF)]

(2.19) P Pe

by evaluating ¢ at the basepoint eK in G(R)*/K, corresponding to the point zy in D*.
We define the Howe operator

(2.20) D: \*p* ® S (RFH) — A\"Mp* @ 7 (RPH)
by

1 p+q P 1 o
(2.21) D= — A, ®(xa—— )

24 HIIIHM; “ 27 0xg

where A, denotes left multiplication by w,,. The Kudla-Millson form is defined by
applying D to the Gaussian:

(2.22) pxm(v)e =Dexp (-nQ} (v,v)) e ATp* ® 7 (RP*).
Kudla and Millson showed that this form is K-invariant. Hence, by the isomorphism
(2.19), we get a form

(2.23) g € [Q1(D7) @ .7 (RP)] T

In particular, since g*@xn(v) = pxm(g™'v) for any ge G(R)", the form is T,-
invariant and defines a form on I,\D*. It is also closed and Kudla-Millson prove
in [8, Proposition 5.2] that it satisfies the Thom form property: for every compactly
supported form w in QF71(T,\D*), we have

(2.24) [ wAexm(v) = 271 w.
I, \D+ LDy

3 The Mathai-Quillen formalism

We begin by recalling a few facts about principal bundles, connections, and associated
vector bundles. For more details, we refer to [1, 5]. The Mathai—Quillen form is defined
in Section 3.7 following [1] (see also [4]).
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3.1 K-principal bundles and principal connections

Let K be SO(p) x SO(q) as before, and let P be a smooth principal K-bundle. Let
R:KxP—P
(3.1) (k. p) — Ri(p)
be the smooth right action of K on P and
(3.2) mP— P/K
the projection map. For a fixed p in P, consider the map
Ry K — P
(3.3) k— Ri(p)-
Let V,,P be the image of the derivative at the identity
(3.4) d.Ry:t —> T,P,

which is injective. It coincides with the kernel of the differential d, 7. A vector in V,,P
is called a vertical vector. Using this map, we can view a vector X in £ as a vertical vector
field on P. The space P can a priori be arbitrary, but in our case, we will consider either:

(1) Pis G(R)* and Ry the natural right action sending g to gk. Then P/K can be
identified with D*.

(2) Pis G(R)" x zq and the action Ry maps (g, w) to (gk, k~'w). In this case, P/K
can be identified with G(R)™* x zo. It is the vector bundle associated with the
principal bundle G(R)* as defined below.

A principal K-connection on P is a 1-form 6p in Q'(P, €) such that:

e 1x0p=X foranyXiné,

« Rj0p=Ad(k™")0p foranykinKk,

where 1y is the interior product

1x:QF(P) — QF(P)

(35) w —> (tXw)(Xl, ce aprl) = (U(X, X], e ’XP*I)’

and we view X as a vector field on P. Geometrically, these conditions imply that

the kernel of 0p defines a horizontal subspace of TP that we denote by HP. It is a

complement to the vertical subspace, i.e., we get a splitting of T, P as V,P @ H,P.

Let g be the Lie algebra of G(R)*, and let P be the orthogonal projection from g
on £. After identifying g* with the space Q'(G(R)*)¢®)" of G(R)*-invariant forms,
we define a natural 1-form

(3.6) Y wij®X;cQ(GR))eg

I<i<j<p+q

called the Maurer-Cartan form, where X;; is the basis of g defined earlier and w;; its
dual in g*. After projection onto £, we get a form

(3.7) 9:::})( Z wij®Xij)€QI(G(R)+)®F,

1<i<j<p+q
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where we identify Q'(G(R)*, £) with Q'(G(R)*) ® £&. A direct computation shows
that it is a principal K-connection on P, when P is G(R)™.
If Pis G(R)* x z, then the projection

(3.8) mG(R)" xzg — G(R)*
induces a pullback map

(3.9) 7 : QNG(R)") — ONG(R)* x zo).
The form

(3.10) =m0 QY(G(R) xz)) @t

is a principal connection on G(R)* x zj.
3.2 The associated vector bundles

Since zy is preserved by K, we have an orthogonal K-representation
p: K— SO(Z())
(3.11) k— p(k)w = k| 2o Ws

where we will usually simply write kw instead of k| 20W. We can consider the associated
vector bundle P x zo which is the quotient of P x zy by K, where K acts by sending
(p,w) to (Re(p), p(k)'w). Hence, an element [p, w] of P xx z, is an equivalence
class where the equivalence relation identifies (p,w) with (Rx(p), p(k)"'w). This
is a vector bundle over P/K with projection map sending [p,w] to 7(p). Let
Q' (P/K, P xk zy) be the space of i-forms valued in P x zq, when i is zero it is the
space of smooth sections of the associated bundle.
In the two cases of interest to us, we define

E:=G(R)" xx zo,
(3.12) E:=(G(R)" x z9) xk 2o.
Note that in both cases, P admits a left action of G(R)* and that the associated vector

bundles are G(R)*-equivariant. Moreover, it is a Euclidean bundle, equipped with the
inner product

(3.13) (v,w) = -Ql (v, w)

on the fiber. Let Q'(P,z,) be the space of zy-valued differential i-forms on P. A
differential form a in Q' (P, z) is said to be horizontal if 1xa vanishes for all vertical
vector fields X. There is a left action of K on a differential form « in Q' (P, z,) defined
by

(3.14) k-a:=p(k)(Ria),

and « is K-invariant if it satisfies k - & = « for any k in K, i.e., we have R} & = p(k™")a.
We write Q7 (P, z9 )X for the space of K-invariant zy-valued forms on P. Finally, a form
that is horizontal and K-invariant is called a basic form and the space of such forms is
denoted by Q' (P, 2o )bas-
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Let Xy, ..., X be tangent vectors of P/K at 7(p), and let X be tangent vectors of
P at p that satisfy d,7(X;) = X;. There is a map

Q'(P, 20)bas —> Q' (P/K, P xx 2)

(3.15) d—> Wy
defined by
(316) wa|n(p)(X1/\ /\XN):(X|P(X1/\ /\XN).

Proposition 3.1 The map is well-defined and yields an isomorphism between
Q' (P/K,P xg zo) and Q'(P,zo)vas. In particular, if zy is one-dimensional, then
Qi (P/K) is isomorphic to Q' (P)pas.

Proof In the case where i is zero, the horizontally condition is vacuous and the
isomorphism simply identifies Q°(P/K, P xx zp) with Q°(P,zo)X. We have a map

Q°(P,z)* — Q°(P/K, P xg zy)

(3.17) [ s5(n(p)) = [p. f(P)],

which is well defined since

(318) f(Ri(p)) = p(k)™ £(p).

Conversely, every smooth section s in Q°(P/K, P xi z,) is given by

(3.19) s(n(p)) = [p: £s(p)]

for some smooth function f; in Q°(P, z9)X. The map sending s to f; is inverse to the
previous one. The proof is similar for positive i. [ ]

3.3 Covariant derivatives

A covariant derivative on the vector bundle P x g z, is a differential operator
(3.20) Vp: QY (P/K, P xg zg) — Q'(P/K, P xx z0),

such that for every smooth function f in C*(P/K), we have

(3.21) Vp(fs)=df ®s+ fVp(s).

The inner product on P xg z defines a pairing

Q' (P/K, P xx z9) x QI (P/K, P xg z0) — Q"/(P/K)

(3.22) (w1 ® 51,03 ®53) —> (W1 ® 51, W2 ®S2) = W1 A Wr(s1,52),
and we say that the derivative is compatible with the metric if
(3.23) d(s1,52) = (Vps1,82) + (51, Vps2)

for any two sections s; and s, in Q°(P/K, P x z¢). There is a covariant derivative that
is induced by a principal connection 6p in Q'(P) ® £ as follows. The derivative of the
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representation gives a map

(3.24) dp:t — s0(z9) c End(zp),
which we also denote by p by abuse of notation. Note that for the representation (3.11),
this is simply the map
p:t — s0(z)
(3.25) X — X|
since £ splits as 50(z5) @ s0(zo). Composing the principal connection with p defines
an element
(3.26) p(0p) € Q'(P,50(z)).

In particular, if s is a section of P xk zo, then we can identify it with a K-invariant
smooth map f; in Q°(P, zy)X. Since p(6p) is a 50(zo)-valued form and s0(zp) is a
subspace of End(zg ), we can define

(3.27) dfs+p(0p) - fi € Q'(P, ).

Lemma 3.2 'The form df; + p(0p) - f is basic, hence gives a P x zy-valued form
on P/K. Thus, d + p(0p) defines a covariant derivative on P xg zo. Moreover, it is
compatible with the metric.

Proof See [1, p. 24]. For the compatibility with the metric, it follows from the fact
that the connection p(0p) is valued in s0(z¢) that

(3.28) (P(ep)fsl’f&)+<f51’P(0P)f52):O'
Hence, if we denote by Vp is the covariant derivative defined by d + p(6p), then
(329)  (Vpsi,52) + {51, Vos2) = (dfsis for) + {forr dfsy) = d{fers fir) = d{s1,52).

]

Let us denote by V p the covariant derivative d + p(6p). It can be extended to a map

(3.30) Vp: Q (P/K, P xg z9) — Q(P/K, P xg z0)

by setting

(3.31) Ve(w®s)=dw®s+(-1)'wAVp(s),

where

(3.32) w®seQ (P/K)® Q°(P/K,P xx z9) =~ Q'(P/K, P xx 2o).
We define the curvature Rp in Q*(P, £) by

(3.33) Rp(X,Y) = [0p(X), 0p(Y)] - 0p([X,Y])

for two vector fields X and Y on P. It is basic by [1, Proposition 1.13] and composing
with p gives an element

(3.34) p(Rp) € Q*(P,50(20) )bas>
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so that we can view it as an element in Q?(P/K, P xg 50(z)), where K acts on s0(z)
by the Ad-representation. For a section s in Q°(P/K, P xk z ), we have [1, Proposition
1.15]

(3.35) Vs =p(Rp)s € Q*(P/K, P xk z¢).

From now on, we denote by V and ¥ the covariant derivatives on E and E associated
with 6 and 6 defined in (3.7) and (3.10). Let R and R be their respective curvatures.

3.4 Pullback of bundles
The pullback of E by the projection map gives a canonical bundle
(3.36) n'E:={(e,e’) e ExE|n(e) =n(e)}
over E. We have the following diagram:

n*E —— E

(3.37) i l,,

E —— D*".
The projection induces a pullback of the sections
(3.38) 7*:Q'(D,E) — Q'(E,E).
We can also pullback the covariant derivative V to a covariant derivative
(3.39) m*v:Q°(E, n*E) — Q'(E, n*E)
on " E. It is characterized by the property
(3.40) (m*V)(7*s) = 7" (Vs).

Proposition 3.3 The bundles E and n*E are isomorphic, and this isomorphism iden-
tifies V and n* V.

Proof By definition, ([gi, 1], [g2, w2]) are elements of 7*E if and only if g'g; is
in K. We have a G(R)*-equivariant morphism

mE—E
(3.41) ([g1- w11, [g2:w2]) — [(g1> &1 ' g2w2), wi].

This map is well defined and has as inverse

E—n'E
(3.42) [(gw1), w2] — ([g>w2], [g&m])-
The second statement follows from the fact that  is 77* 6. ]
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3.5 A few operations on the vector bundles

We extend the K-representation zg to N zo by

(3.43) k(win - Awj) = (kw) Ao A (kwj).

We cqnsider the bundles P xx AJzg and P xx Azy over P/K, where A zq is defined as
@; A’ zo. Denote the space of differential forms valued in P xx A/zq by

(3.44) Qy' = QL(P/K, P xx Alzg) = QL(P/K) ® Q°(P/K, P xx A'zq).
The total space of differential forms

(3.45) Q(P/K, P xg Azg) = D Q)
ivj

is an (associative) bigraded C*°(P/K)-algebra, where the product is defined by

A Q;;j X Qf;l — ng’j”
(3.46) (0®s5,70t) — (0@s)A(n®t) = (1) (wArn)® (srt).
This algebra structure allows us to define an exponential map by

exp: Q(P/K, P xg Azg) — Q(P/K, P xg Azy)

wk

(3.47) w— exp(w) = g% R

where w* is the k-fold wedge product w A --- A w.
Remark 3.1 Suppose that w and 1 commute. Then the binomial formula
k (k
(3.48) (w+n)k = Z(Z)wlnk’l
1=0

holds and one can show that exp(w + 77) = exp(w) + exp(#) in the same way as for the
real exponential map. In particular, the diagonal subalgebra @ Q%' 7 isa commutative,
since for two forms w and # in Qp, we have

(3.49) w A7 = (—1)des(@rdeg(n)y A g
and similarly for two sections s and ¢ in Q°(P/K, P xx zo).

The inner product (-, —) on z; can be extended to an inner product on A zo by

0, if k+l1,
(3.50) (ViAo AV, win - Awp) "{ det(vi, wj)ij, if k=1
Ifej,..., eq is an orthonormal basis of zy, then the set
(351) {ei1A~-'Aeik|lsk§q, i1<i2<"'<ik}
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is an orthonormal basis of A\ zo. We define the Berezin integral [ " to be the orthogonal
projection onto the top dimensional component, that is the map

B
/ :N\zo — R
(3.52) wr— (W, e;A -+ Aeg).
The Berezin integral can then be extended to

fB: Q(P/K, P xx Azy) —> Q(P/K)

B
(3.53) w®s»—>w/ S,
where [ Psinc> (P/K) is the composition of the section with the Berezinian in every
fiber. Let sy, ..., 54 be a local orthonormal frame of P xg zo. Then s; A --+ A sy is in
Q°(P/K, A1P x z,) and defines a global section. Hence, for & in Q(P/K, P xx Azy),
we have 5
(3.54) / = (s A Asg).

Finally, for every section s in Q%!, we can define the contraction
i(s):0p — /!
j -
(3.55) W®si A Asj— > (1)U, st )0 ®si A - ATEA - As),
k=1

and extended by linearity, where the symbol =~ means that we remove it from the
product. Note that when j is zero, then i(s) is defined to be zero. The contraction
i(s) defines a derivation on ®Q"/ that satisfies

(3.56) i(s)(ana’)=(i(s)a) nd + (1) Haa (i(s)a)
for a in Q* and o’ in Q1.
3.6 Thom forms

We denote by E the bundle G(R)* xx 2. On the fibers of the bundle, we have the

inner product given by (w,w’) := —Q(w, w"). Let v be arbitrary vector in L and T, its
stabilizer. Since the bundle is G(IR)*-equivariant, we have a bundle
(3.57) IL\E — [\D",

and let D(T,\E) be the closed disk bundle. If we have a closed (q + i)-form on
I, \E whose support is contained in D(T,\E), then it has compact support in the
fiber and represents a class in H4*!(T,\E, T, \E - D(I},\E)). The cohomology group
H*(T,\E,T,\E - D(I,\E)) is equal to the cohomology group H* (I, \E, T, \(E - Ey))
that we used in the introduction, where E, is the zero section. Fiber integration
induces an isomorphism on the level of cohomology

Th: H**(T,\E, T,\E - D(TI,\E)) — H'(T,\D")
(3.58) [w] — fﬁber w
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known as the Thom isomorphism [2, Theorem 6.17]). When i is zero, then H(T,\D")
is R and we call the preimage of 1

(3.59) Th(T,\E) = Th™'(1) € HY(T,\E, I, \E - D(T,\E))

the Thom class. Any differential form representating this class is called a Thom form,
in particular, every closed g-form onT, \ E that has compact support in every fiber and
whose integral along every fiber is 1is a Thom form. One can also view the Thom class
as the Poincaré dual class of the zero section E in E, in the same sense as for (2.24).
Let w in Q/(E) be a form on the bundle, and let w, be its restriction to a fiber
E, = n7!(z) for some z in D*. After identifying z, with R, we see w, as an element
of C*(R1) ® AJ(RY)*. We say that w is rapidly decreasing in the fiber, if w, lies in
S (R1) ® AJ(R)* for every z in D*. We write O/ (E) for the space of such forms.
Let Qf(T,\E) be the complex of rapidly decreasing forms in the fiber. It is
isomorphic to the complex Q% (E)" of rapidly decreasing T, -invariant forms on E.
Let H;q(T,\E) the cohomology of this complex. The map
h:T,\E —> T,\E
(3.60) W
1= [w]?

is a diffeomorphism from the open disk bundle D(T,\E)° onto I},\E. It induces an
isomorphism by pullback
(3.61) h*: Hea(T,\E) — H(L,\E,T,\E - D(T,\E)),

which commutes with the fiber integration. Hence, we have the following version of
the Thom isomorphism:

(3.62) HE(D\E) — H(L,\D").
The construction of Mathai and Quillen produces a Thom form
(3.63) Umq € QL (E),

which is G(R)*-invariant (hence, T,-invariant) and closed. We will recall their
construction in the next section.

3.7 The Mathai-Quillen construction

As earlier, let E be the bundle (G(R)* x zg) xk zo. Let AE be the bundle (G(R)* x
20) xx Nzo and

Q™ = Q/(D*, VE),
(3.64) QO™ = Q' (E, NE).
First, consider the tautological section s of E defined by
(3.65) s[g,w]=[(gw),w] € E.

This gives a canonical element s of Q%" Composing with the norm induced from the
inner product, we get an element ||s|* in Q%°.
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The representation p on z, induces a representation on A’z that we also denote by
p. The derivative at the identity gives a map

(3.66) pit —>s0(A'zp).
The connection form p(8) in Q'(G(R)* x zo, Alz) defines a covariant derivative
(3.67) 7:0% — Qb

on AJE. We can extend it to a map

(3.68) V:QY — Q1
by setting
(3.69) V(wes)=doos+(-1)'waT(s),

as in (3.30). The connection on Q" is compatible with the metric. Finally, the
covariant derivative ¥V defines a derivation on @ Q%7 that satisfies

(3.70) Viena)=(Va)ra + (1) an(Va')

for any & in Q"7 and &’ in QFF,
Taking the derivative of the tautological section gives an element

(3.71) Vs=ds+p(0)se Q.

Leiso(f) denote the bundle (G(R)" x zg) xk 50(29) and consider the curvature
p(R) in Q*(E,s0(E)). We have an isomorphism

T y:80(20) — A’2g
(372) A’—>Z<A€i,€j)€i/\€j.

i<j

The inverse sends v Aw to the endomorphism u — (v, u)w — (w,u)v, and is the
isomorphism from (2.11) restricted to z,. Note that we have

(3.73) T(vAaw)u=1(u)v Aw.

Using this isomorphism, we can also identify so (E) and A2E so that we can view the
curvature as an element

(3.74) p(R) e O*2.

Lemma 3.4 The form w :=27n|s|® + 2,/7Vs - p(R) lying in Q% & QM & O>? is
annihilated by ¥V + 2\/7i(s). Moreover

(3.75) dea:fB%,

for every form a in Q. Hence, fB exp(—w) is a closed form.

https://doi.org/10.4153/50008414X23000573 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000573

The Kudla-Millson form via the Mathai-Quillen formalism 1653

Proof We have
(3.76)

(V +2v/mi(s)) (27]s|* + 2v/7Vs - p(R))

=27V [s|? + 4n7i(s)|s|? + 2v/7V %s + 47i (x) Vs — Vp(R) - 2v/7i(s)p(R).
It vanishes, because we have the following:
- i(s)[s* = 0 since [s is in Qo
- Vp(R) = 0 by Bianchi’s identity,
. iHst = 2~(§s,s) = —Z’z'v(s)ﬁs,
- Vs = p(R)s = i(s)p(R).
For the last point, we used (3.73), where we view p(R) as an element of Q*(E, so(E)),
respectively of Q*(E, A’E). _

Let s; A -++ Asq in Q°(E, AYE) be a global section, where si,...,s, is a local

orthonormal frame for E. Then, for any « in ./, we have

(3.77) fBoc = (0,51 A -+ Asg).

This vanishes if j is different from g, hence we can assume « is in Q"4. If we write a as
BsiA -+ Asg for some fin Q' (E), then

(3.78) / “a=p.

On the other hand, since the connection on (%4 is compatible with the metric, we
have

(3.79) O=d(siA - AsgsiA - Asq)=2(V(s1 A+ - Asg),s1A -+ Asg).

Then we have

B
f Va = (Va,s1 A -+ Asg)

=(dB@siA - Asqg+ (1) BAT(SIA - Asg)siA -+ Asy)

= dﬁ
B
(3.80) -d f a
Since V + 2\/mi(s) is a derivation that annihilates w, we have
(3.81) (V +2v/7i(s)) w* =0

for positive k. Hence, it follows that

deexp(—w) = fBﬁexp(—w)
[ @ +2vmie) esp(-)

0. |

(3.82)
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In [10], Mathai and Quillen define the following form:

4(q+1)

(3.83) UMQ = (—1) 2

B ~

(2n)4 f exp (=27]s|> - 2v/7%s + p(R) ) € Q1 (E).
We call it the Mathai-Quillen form.

Proposition 3.5 The Mathai-Quillen form is a Thom form.

Proof From the previouslemma, it follows that the form is closed. It remains to show
that its integral along the fibers is 1. The restriction of the form Uy along the fiber
n!(eK) is given by

q(gq+1 q 2 B
Uniq = (-1) 5™ (2m) 1 o270l f exp(~2+/7ids)

(g+1) B
_ (_l)q a1 zge_ml\sl\z(_l)q [ (da®e)n - A(dxy®ey)
(3.84) =2t I gx A o A dixy,
and its integral over the fiber 77! (eK) is equal to L. ]

4 Computation of the Mathai—Quillen form
4.1 The section s,

Let pr denote the orthogonal projection of V (R) on the plane z,. Consider the section

sy:DY — E
(4.1) z — [gopr(g;'v)],

where g, is any element of G(R)* sending z, to z. Let us denote by L, the left action
of an element g in G(R)* on D*. We also denote by L, the action on E given by
Lg[gz,v] = [gg2»v]. The bundle is G(R)*-equivariant with respect to these actions.

Proposition 4.1 The section s, is well-defined and T,-equivariant. Moreover, its zero
locus is precisely D7 .

Proof The section is well-defined, since replacing g, by g,k gives

(4.2)  s,(2) = [g-k, pr(k™'g;'v)] = [g-k, k7' pr(g;'v)] = [g, pr(g;'v)] = sy (2).

Suppose that z is in the zero locus of s,, that is to say pr(g;'v) vanishes. Then g;'v is
in zg. It is equivalent to the fact that z = g,z is a subspace of v*, which means that z
is in D}. Hence, the zero locus of s, is exactly D} . For the equivariance, note that we
have

(4.3) svoLg(2) = (882 pr(g:'g V)] = Lg o s, (2).
Hence, if y is an element of T',, we have

(4.4) syoL,=L,os,.
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We define the pullback ¢°(v) :=s}Upyq of the Mathai-Quillen form by s,. It
defines a form

(4.5) 9" € C*(RP*) @ Q1(D)".

It is only rapidly decreasing on R, and in order to make it rapidly decreasing
everywhere we set

(4.6) p(v) = e TR 0 (y),
It defines a form ¢ € .7 (RF*1) @ Q1(D)*.
Proposition 4.2 (1) For fixed vin V(R), the form ¢°(v) in Q4(D") is given by
(4.7)
@°(v) = (-1) 2 (27) "% exp (271Q) 4, (v, 7)) [B exp (-2¢/7Vs, + p(R)).

(2) It satisfies L;9°(v) = ¢°(g™'v), hence

a(q+
2

(4.8) ¢° € [Q1(D*) ® ¢ (RP*1)] 9

(3) It is a Poincaré dual of T,\D} in [, \D*.
Proof (1) Recall thatV = 7*V and R = n*R. We pullback by s,

D* ———
Since 7 o s, is the identity, we have
(4.9) iV =sim'vV =V.
Hence, the pullback connection s} V satisfies
(4.10) si(Vs) = (siV)(sks) = Vs,,
since s¥s = 5,. We also have s*R = R and
(4.11) sulsl® = lIsv[* = (sv50) = =Q| 2 (v, v).

The expression for ¢° then follows from the fact that exp and s} commute.
(2) The bundle E is G(R)* equivariant. By construction, the Mathai-Quillen form is
G(R)"-invariant, so Lz Umq = Unmq- On the other hand, we also have

(4.12) sy o Lg(2z) = Lgosgi1,(2),
and thus,
(4.13) L;goo(v) =Lgs,Umq = o’ (g'v).
(3) Since s, is I';-equivariant, we view it as a section
(4.14) sy:T,\DT — T,\E,
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whose zero locus is precisely I,\D;. Let S¢ (resp. S,) be the image in I,\E of
the section s, (resp. the zero section). By [2, Proposition 6.24(b)], the Thom form
Unq is a Poincaré dual of the zero section Sy of E. For a form w in Q7" %(T,\D"),

we have
0 * *
= U
/rV\D+ QKT jl:v\]D+ s (Umg A @)

= Upmg A7 w

= f mw
SynSo
(4.15) = f w
L,\Dy

The last step follows from the fact that 771(S, n Sy) equals I, \D?.

As in (2.19), we have an isomorphism

W [0 ecm @] ATy e cm (@]
by evaluating at the basepoint eK of G(R)*/K that corresponds to zq in D*. We will
now compute ¢°| ..

4.2 The Mathai-Quillen form at the identity

From now on, we identify R?*9 with V(R) by the orthonormal basis of (2.1), and let
2o be the negative spanned by the vectors ep.i, .. ., €,.4. Hence, we identify z, with
R and the quadratic form is

ptq )
(4.17) Q|ZO(v,v) = Z Xy
p=p+
where xp41, ..., Xp14 are the coordinates of the vector v.

Let f, in Q°(G(R)™, z9)X be the map associated with the section s,, as in Propo-
sition 3.1. It is defined by

(4.18) fo(g) =pr(g™'v).

Then df, + p(0)f, is the horizontal lift of Vs,, as discussed in Section 3.1. Let X be a
vector in g, and let X, and X be its components with respect to the splitting of g as

p ® £. We have
(4.19) (dfy +p(0)1)e(X) = defo (Xp).
In particular, we can evaluate on the basis X, and get:
d
defy(Xay) = dt fv(exp tXay)
t=0
= —pr(Xauv)
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= —pr(xueq + Xqey)

(4.20) = —Xgey.
So as an element of p* ® z,, we can write
ptq P P
(4.21) defy=- (Zx,xa)w)tgey :_thx’?ow
u=p+1 \a=1 a=1
with
ptq
(4.22) Hai= Y. Wau®e, Qb
u=p+l

Proposition 4.3 Let p(R,) in A*p* ® 50(z¢) be the curvature at the identity. Then
after identifying s0(zo) with A*zo, we have

12
(4.23) p(R,) = - > € A'pt @ A'zg,
a=1

where 1% = 14 A Y.

Proof Using the relation E;;Ey; = §;; Ex, one can show that
(4.24) (Xap> Xpv] = 0uvXap + Sap Xy
for two vectors X, and Xp, in p. Hence, we have

Re(Xav A Xpu) = [0(Xav), 0(Xpy) ] = 0([Xaw Xpu])
= —9([Xav’XﬁyD
= —p (8apXou + 8vuXap)
(4.25) = —GapXyy-

On the other hand, since #;(Xj,) = §;je,, we also have

p p
Z W%(Xav A X[iy) = Z ’li(XM) A ’71'(Xﬁ,u) - ”li(X/Sﬂ) A ’li(thV)
i=1 i=1

(4.26) =204p6€y A€y

The lemma follows since p(X,,) = T (e, A e,) in s0(zp ), because

(4.27) Q(p(Xyu)evseu)ey ney=-Qeu,eu)ey Ney =ey Aey. [

Using the fact that the exponential satisfies exp(w + 1) = exp(w) exp(#) on the
subalgebra @ Q"' —see Remark 3.1—we can write

(4.28)

qa(q+1 1 B P
<P0| (V)= (-1) L )(271)‘5 exp (271Q| Zo(v,v)) f Hexp (Zﬁxar/a - %qi) .
a=1

We define the nth Hermite polynomial by

(4.29) H,(x) = (2x - %) ‘1eR[x].
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The first three Hermite polynomials are Hy(x) =1, Hy(x) = 2x,and H,(x) = 4x* - 2.
Lemma 4.4 Let n be a form in @ Q"'. Then

(4.30) exp(2xn—1*) = Z —H,(x)n",
n>0

where H,, is the nth Hermite polynomial.

Proof Since 7 and #? are in @ Q"’, they commute and we can use the binomial

formula:
exp(2xn - %) = Zk, (27— 7?)"
k>0
1 &k !
2 (e
k=0 X 120
1k
_ 72( )(zx)k TEN
iso k! I
(4.31) =) P,(x)n",
n>0
where

1)’ -
(4.32) P = Y D = (2x)
0<I<k<n ( - l)
k+l=n
The conditions on k and ! imply that # is less than or equal to 2k. First, suppose that n

is even. Then we have that k is between % and #, so that the sum above can be written

n

n _1\n—k 2 _1)2—m
(433) > S o) (2x)% = D (2x)*" = %H,,(x),

P’ (n—k)!1(2k —n)! mzo (5 —m)l(2m)!
where in the second step, we let mbe k — 2 If n is odd, then k is between 2! and n,
so that the sum can be written
(4.34)
o l)n_k 2k—n 71 1)%_1_7” 2m+1 1
S S = = —H,(x).
Z k)'(zk—n)'( %) mZ (&1 - i) 1t (%)

Applying the lemma to (4.28), we get

B P 1 5
f Hexp(Zﬁxana—fnu)

f HexP(Z\/Ex(x\/— (:7;2))
- LS S (V)

a=1n>0
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m+° " +np

2D B n
> S (Vamm) o Ha, (V) [ Ay,

(4.35)
ml..onp!

Ifny + - - + n, is different from g, then the Berezinian of 5 A - -+ A 71;" vanishes and

we get
2_n1+" f+np B
2
> g Hm (V2nxy)...Hy, (V27x,) f A A
Mlrerns np 1....T’lp.
(436) =271 » Ha, (v anl)...H,,y (V2mx,) /B HUA e Ay
_ nl...n,! ! 4
ny+etnp=q 1 P
Note that
p+q e
M= 2 wau®ey
p=p+1
= Z (0o, ® e ) A+ A(wWay,, ®ey, )
Bl fing
(4.37) =1yl Y (Wap ®€u) A A(Wap,, ®eu, ),
<< ping

where the sums are over all y;’s between p + 1and p + g.If n; + - -+ + 1, isequal to g,

we have
B n
n P
f ;111/\.../\;7p

B P [ p+a e
:f [I| X wau®es
a=1

p=p+1

B P
- ,/ [Ina! Y (@am ®ep)n - A(@ay, ®ey,)
a=1 U1<--<Ungy
B
=ml...nply, f (Wa(pr1) ® 1) A -+ A (Wa(prq) © €q)

a(q+1)

(4.38) =(-1) 77 mlonpl Y @ (pey A A W, (p+q)>

where the sums in the last two lines go over all tuples & = (ay, ..., &4) with & between
1 and p, and the value « appears exactly n,-times in a. Hence

(4.39) (P0| e(v) = 2_‘171‘% Zwal(pﬂ) A N W (prg) ® H,, (\/Exl)
..HnP (\/EXP)CXP (an|Zo(V’V))-

After multiplying by exp (-nQ(v,v)), we get

(4.40) (p| e(v) = 27772 Z Way(pi1) A 70 A Wgy(prg) ® Hp,y (mxl)
.. H,, (V2nx,) exp (-7Q} (v, v)).
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The form is now rapidly decreasing in v, since the Siegel majorant is positive definite.
We have

(4.41) ol. e [ATp* © 7 (RFT)]".
Theorem 4.5 We have 2% ¢(v) = o (v).

Proof It is a straightforward computation to show that

(4.42) (2m)™"/*H,, (V2mx,) exp(-nxl) = (xa L )"w exp(~mx2).

27 0x4

Hence, applying this, we find that the Kudla-Millson form, defined by the Howe
operators in (2.22), is

(4.43) q)KM| (V) = 2_‘7(271)‘g Z“’al(pﬂ) At AWg(piq) ® Hp, (\/ﬁxl)
. Hy, (mxp)exp (—nQ|zo(v,v))

-1 - v,V
=272 7 )<P0|e(V)- -

5 Examples and remarks

(1) Let us compute the Kudla-Millson as above in the simplest setting of signature
L,1). Let V e the quadratic space with the quadratic form Q(v,w) =

R) be the quad pace R? with the quad fa Q
x'y + xy', where x and x’ (resp. y and ') are the components of v (respectively of

w). Let e, = %(1, 1) and e, = %(1, -1). The one-dimensional negative plane z,

is Re,. If r denotes the variable on zy, then the quadratic form is Q| (1) =12
The projection map is given by
pr: V(R) — z
x—x'

7

(5.1) v=(x,x")—

The orthogonal group of V(R) is

(5.2) GR)" = {(é tol) > 0},

and D* can be identified with R.. The associated bundle E is R, x R and the
connection V is simply d since the bundle is trivial. Hence, the Mathai-Quillen
form is

(53) Unmo = V2e ™ dr e Q'(E),

as in the proof of Proposition 3.5. The section s,: R, — E is given by

(5.4) s(1) = (t, tl’“f;”‘)
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where x and x’ are the components of v. We obtain

X 2 X dt
(5.5) ssUmq = e (i-tx") (? + tx') -

Hence, after multiplication by 272 ¢™"Q(") we get

(5.6) (PKM(X,XI) - 2_%67”[(%)2+(”")2] (% + tx') ?

(2) The second example illustrates the functorial properties of the Mathai-Quillen

form. Suppose that we have an orthogonal splitting of V(R) as @] V;(R). Let
(pi» qi) be the signature of V;(R). We have

(5.7) ]D)lx-~-><]D),:{ze]D)|z:@zﬁVi(R)}.
i=1

Suppose, we fixz = zy @ - -+ ® z inDf x -+ x D} c D, where z} is a negative
qi-plane in V;(R). Let G;(R) be the subgroup preserving V;(R), let K; be the
stabilizer of z, and D; be the symmetric space associated with V;(R).

Over Dy x --- x D} the bundle E splits as an orthogonal sum E; & --- @ E,,
where E; is the bundle G;(IR)* xg, z). Moreover, the restriction of the Mathai-
Quillen form to this subbundle is

(5.8) UMQ|Elx~-~xE, = Uzlva ARRRIA Ulr\dQ’

where Uzile is the Mathai-Quillen form on E;. The section s, also splits as a
direct sum &s,,, where v; is the projection of v onto v;. In summary, the following
diagram commutes

E,® - ®E — > E

(5.9) os] T ,

]D)i"x XD:’ c—>D+

and we can conclude that

(5.10) Prm (V)| pp - xmp = Prar (V) A - A @ (v0),
where @&, is the Kudla-Millson form on D}.
(2) Let U c V be a nondegenerate r-subspace spanned by vectors vy,...,v,. Let

(p', q") be the signature of U. Let Dy be the subspace

(5.11) Dy={zeD|z=znU@®znU"}.
When U is positive, i.e., when g’ = 0, then Dy is in fact

(5.12) Dy:={zeD|zcU"'}.

In particular, when U is spanned by a single positive vector v, then Dy = D,),
where D, is as in (2.4). Kudla and Millson construct an rq-form ¢xp (v1, ..., v,)
that is a Poincaré dual to I'y\Dy in I'y\D, where Ty is the stabilizer of U in T. One
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of its properties [8][Lemma. 4.1] is that

(513) ¢KM(V11- . .,V,) = (PKM(VI) VASRERIAY (PKM(Vr)-

Let us explain how this form can also be recovered by the Mathai-Quillen for-
malism. Consider the bundle E" = E® - - - @ E of rank rq over D. One can check
that all the “ingredients” of the Mathai-Quillen form Upq(E") are compatible
with respect to the splitting as a direct sum, so that we have

(514) UMQ(Er) = UMQ(E) JANRERIAN UMQ(E)

On the other hand, the zero locus of the section s,,,..,, =5, ® -+ ®s,, of E
is precisely Dy. Hence, the pullback

(5.15) @’V vy) =5, Ung(E")

is a Poincaré dual of Dy. Moreover, by (5.14), we have

(5.16) PV vr) = @ () A - A @0 (1,).
Finally, after setting

(5.17) O(Vi ..y vy) = e T ER QU 0y ),

we get

277 e(viy. . vp) = 277 e‘"ZLIQ(""””')(pO(vl) A ng?(vy)

=2 () A Ag(vy)
=oxm(Vi) A - Aprm(vy)
(5.18) = ¢KM(V1a . ,Vr).

The last two equalities use Theorem 4.5 and (5.13).
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