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Short Kloosterman Sums
for Polynomials over Finite Fields

William D. Banks, Asma Harcharras and Igor E. Shparlinski

Abstract. 'We extend to the setting of polynomials over a finite field certain estimates for short Kloost-
erman sums originally due to Karatsuba. Our estimates are then used to establish some uniformity of
distribution results in the ring IF¢[x]/M(x) for collections of polynomials either of the form f~1g~!
or of the form f~!g~! + afg, where f and g are polynomials coprime to M and of very small degree
relative to M, and a is an arbitrary polynomial. We also give estimates for short Kloosterman sums
where the summation runs over products of two irreducible polynomials of small degree. It is likely
that this result can be used to give an improvement of the Brun-Titchmarsh theorem for polynomials
over finite fields.

1 Introduction

Let g be a prime power, IF, the finite field with g elements, and R the polynomial ring
IF,[x]. Fix an irreducible polynomial M € R of degree deg(M) = m > 0, and let Ry
denote the field R/(M). Put

R ={f € R|deg(f) <m}, R, ={feRnlf#0}

and observe the natural bijections
Ry Rpp,  RE Ry

In particular, for every f € R, there exists a unique element f* € R} such that
ff* =1 (mod M). Then f* is the inverse of f if both polynomials are viewed as
elements of Ry;.

For any subset £ C {0,1,...,m — 1} and any two polynomials f, g € R,,, with

m—1 m—1
flx) = Zajxj, g(x) = Z bjxj,
j=0 j=0

write f ~g¢ g whenever a; = b; forall j € £. Then ~¢ defines an equivalence
relation on R,,, and we will denote by R,,/~¢ the corresponding set of equivalence
classes.

In this paper, we study the distribution in R,,/~¢ of polynomials of the form
(fg)*, where f and g are nonzero polynomials of small degree relative to m. We
show that the polynomials (fg)* are uniformly distributed in R,,/~¢ provided that
the cardinality of € satisfies a certain upper bound. Our main result in this direction
is Theorem 6 of Section 5. As an application, our Theorem 6 implies the following
result:
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Theorem 1  Let € be a real number such that 0 < e < 1/3, and suppose that m >, 1
and q >, 1. Then for any polynomial F € R, and any set € C {0,1,...,m — 1} of
cardinality

|&] < m*(logm)?,

there exist polynomials f, g € R, with

deg(f), deg(g) < m***“logm,

such that

(fg)" ~¢ F.
Moreover, if € is at least 1/12, and m >, 1, the result holds for any choice of the prime
power q.

We remark that the conditions of Theorem 1 are independent of the choice of M;
the conclusion therefore holds for every irreducible polynomial M of degree m.

Now for any f € R, let { f} be the unique polynomial in R,, such that f = {f}
(mod M). In this paper, we also study the distribution in R,,/~¢ of polynomials of
the form {(fg)*+afg}, wherea € R, and f and g are nonzero polynomials of small
degree relative to m. We show that the polynomials {(fg)* + afg} are uniformly
distributed in R,,/~¢, assuming again that the cardinality of € satisfies a certain
bound. Our main result in this direction is Theorem 7 of Section 5, which implies
the following:

Theorem 2 Let € be a real number such that 0 < e < 1/3, and suppose that m >>. 1
and q >, 1. Then for any two polynomials F,a € R, and any set € C {0,1,...,
m — 1} of cardinality
3e 3
€| < m>“(log m) ’
8

there exist polynomials f,g € R, with

deg(f), deg(g) < m***logm,

such that
{(fe)" +afg} ~e F.

Moreover, if € is at least 1/12, and m >>. 1, the result holds for any choice of the prime
power q.

The main results of this paper (Theorems 6 and 7) rely primarily on bounds for
character sums of the form

> x((f9)" +afg),
1,870

deg(f)<d

deg(g)<e

where x is a nontrivial additive character of Rj;. Such bounds are provided by The-
orem 3 for the case a € R}, and by Theorem 4 for the case a = 0 (see Section 4).
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Theorems 3 and 4 are proved without the assumption that M is irreducible, and we
remark that Theorems 6 and 7 can be extended (with only minor modifications) to
arbitrary polynomials as well. For this reason, we do not make explicit use of the
isomorphism Ry; ~ Fyn, and we do not formulate Theorems 6 and 7 in terms of
finite fields.

We also consider the interesting special case of sums of the form

> x((f)7),

.8€P4

where P; denotes the set of monic irreducible polynomials of degree d that are rela-
tively prime to M. For these sums, our techniques provide a much stronger estimate;
see Theorem 5. We remark that the analogous estimate for integers has been used to
improve the Brun-Titchmarsh theorem. Accordingly, we hope that our estimate can
be used to improve the function field analogue of the Brun-Titchmarsh theorem as
given in [3].

Our methods are essentially those of Karatsuba [5] (see also [2, 4]), which we have
extended to work over the polynomial ring I, [x]. However, several of the underlying
results have been unknown for polynomials, and we have had to establish them in
the current paper (in fact, our results for polynomials exhibit some new effects that
do not occur in the case of integers). Some of these fundamental results may be of
independent interest and are likely to find several other applications; for example, see
Lemma 2.

Finally, we remark that several uniformity of distribution results on the inverses of
polynomials from small sets have recently been obtained in [1] by a different method.

The first author would like to thank Macquarie University for its hospitality. Work
supported in part by NSF grant DMS-0070628 (W. Banks) and by ARC grant
A69700294 (1. Shparlinski).

2 Notation

Throughout the paper, k and ¢ denote positive integers, while d and e are nonnegative
real numbers.
Let g be a fixed prime power, and let IF; be the finite field with q elements. Put

R=TF,lx], R*=F,x]—{0}.

Given f,g € R*, we write f ~ g whenever f = ag for some a € F;. Then
the set of equivalence classes in R*/~ can be naturally identified with the set M

of monic polynomials in R. We denote the greatest common divisor of fi, ..., fr € R*
by ged(fi,. .., fi); by definition, it is the element i € M of greatest degree such
that h divides f;, j = 1,..., k. Similarly, the least common multiple will be denoted
by lem([fi,..., fi]; it is the element h € M of least degree such that f; divides #,
i=1,... .,k

For every d > 0, let M(d) be the set of monic polynomials f € M of degree
deg(f) < d.

https://doi.org/10.4153/CJM-2003-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-010-0

228 Banks, Harcharras and Shparlinski

3 Preliminary Results

Forevery f € R* and k > 1, let 7x( f) be the number of ordered k-tuples (fi, ..., fi) €
MF such that f ~ f; - - - fr. Observe that 7,(f) = 74(g) whenever f ~ g.

Lemmal Forall f,g € R* andk > 1, we have 7 (fg) < e(f)T(g). If ged(f,g) =
1, then 7i(fg) = Te(f)T(g).

Proof Forany f € R*,let Tx(f) C M be the collection of ordered k-tuples defined
by
Te(f) ={(fi,-- ) €ME| f e fiooo i

By definition, 7(f) is the cardinality of TJx(f). Consider the natural map Ti(f) X
Tie(g) — Tr(fg) given by

((flu"'7ﬁ()7(glu"'7gk)) = (flgb‘-‘uﬁcgk)'

It can easily be verified that this map is a bijection if ged(f, g) = 1, hence we obtain
the second statement of the lemma.
If p € Mis irreducible and o > 0 is any integer, one clearly has

T(p®) = (a Zf; 1).

From this it follows that 74(p®*?) < 7 (p®)1i(p?) for all v, 3 > 0. Now for arbitrary
f,g € R*, let p1,...,p, € M be the complete set of irreducible polynomials that
occur in the factorization of the product fg. Then

1 Qy oA 3,
frpitop, gpy e pl

for some uniquely determined integers o, 3; > 0, j = 1,...,r, so by our previous
results, it follows that

n(fg) = [ n?*") < [[npi)mp)) = n HHmcg).
j=1 j=1

This completes the proof. u

Lemma 2 Forallk, > 1andd > 0, we have

Kl
(1) > nf)q e < (LdJkJr k> :

feM)

If¢ = 1, then (1) holds with equality.

https://doi.org/10.4153/CJM-2003-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-010-0

Short Kloosterman Sums for Polynomials over Finite Fields 229

Proof Let ¢ = 1 be fixed for the moment. Since 71(f) = 1 for all f € R*, and
Ld] Ld]

Z g~ e = Z Z quZI_

feM() j=0 feM
deg(f)=j

we see that (1) holds with equality for all d > 0 when k = 1. Proceeding inductively,
we now suppose that (1) holds with equality up to k — 1, where k > 2. Since

)= Y mah),

fi,heM
f~hh

we therefore have

Z Tk(f)qfdeg(f): Z Z 7_k_l(fz)qfdeg(flfz)

feM(d) fEM() fi.LEM
f~hf
2 a3 mal
fHeM(d) f€M(d—deg(f1))
- Z deg(fl)<|_dJ—deg(fl)+k—1>
n 1 k—1
HeM(d)

_%(Ld —]+k—1> _ <Ldjk+k).

Hence the lemma is proved when £ = 1.
Now suppose that the inequality (1) holdsup to ¢ — 1, ¢ > 2, for all k > 1 and
d > 0. Using Lemma 1, it follows that

SoonNiqg s = > N afiee )Tl s

feM(d) fEM@) fi,.... rEM
ffiefi

k
< > IInp) g s

fiyn KEM j=1
deg(fi-+- fi)<d

< ¥ Hw g
(¥ Tk<f>f—lq—deg<f>)

feM(d)

§ ((Ldj +k)k”>k _ (Ldj +k>k”
= k k
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This completes the proof. ]
Using Lemma 2, we obtain the estimate
ki‘—]
@) Z T(f)l gD dee) < gald (LdJ + k) ’
femM(d) k

which is valid for all k, £ > 1, d > 0, and any real number o« > 0. This will be used
to prove the following:

Lemma3 Forallk > 1andd > 0, let J(k,d) be the number of ordered k-tuples
(fis- -5 fr) € M* such that
deg(fi--- fi) < d,

and

fir- fi=0 (mod lem[f7,..., f2])

Then the following estimate holds:

Jk,d) < qd/z(td/ZkJ + k)k<|'d/3lj +k)k2

Proof Forany f € M, let \t(f) be the number of ordered k-tuples (fy, .. ., fy) € M*
suchthat f = f;--- fy and

fir fi=0 (mod lem[fZ,..., f2])

Clearly, we have

(3) Ih,d) = > M),

femM(d)
If fj,g; € Mand ged(f;,gj) = 1 for j =1,...,k, then
lem[ff,..., f] lemgl, ... &) =lem[(fige)’, ..., (fige)'];
from this it follows that Ay is multiplicative, i.e., that \i(fg) = Ax(f) Ak(g) whenever

ged(f,g) = 1. Thus, if f € Mand f = p{" - p2 is a factorization into positive
powers of pairwise-distinct monic irreducibles, then

Me(f) = AP - Ae(p).

Since it is also clear that A¢(p) = 0 for any irreducible p € M, every nonzero term in
(3) arises from a polynomial f of the form

f pm' 'P?'a Q.0 2 2,
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which implies that f = g2k’ for some g, h € M. Since A\¢(f) < 7i(f), we have

Ied< > e Y m@h).
gheM gheM
deg(g*h*)<d deg(g’h’)<d

By Lemma 1, it follows that

Ikd) < > g} > T(h)’.

gEM(d/2) heM((d—2 deg(g))/3)

Applying the estimate (2) with £ = 3 and o = 1, we see that

kZ
3 e(h)? < gli—2dest0)/3) ([ (d—2deg(9) /3] + k)

k
heM((d—2 deg(g))/3)

2
_ a3 +k\"
< 2deg(g)/3 ,d/3 L )
q q k
Applying (2) again with ¢ = 2 and o = 1/3, we have

/2] +k\*
) Tk(g)zq—“es@vangzm<t / zﬁ )

gEM(d/2)

< 40 (Wz,f + k)f

The lemma follows. |

4 Estimation of Character Sums

Throughout this section, we assume that M € R is a fixed polynomial of degree
deg(M) = m > 0. Let Ry be the quotient ring R/(M), let R}; be the multiplicative
group of Ry, and let

Ry ={f € R* | deg(f) < m and ged(f, M) = 1}.

We note that the canonical surjection R — Ry, gives rise to a bijection Rf; < RJ;.
For any f € R such that ged(f, M) = 1, we denote by f* the unique polynomial in
Ry such that ff* = 1 (mod M). In particular, f* is the inverse of f if we regard
both polynomials as elements of Ry;.

For a real number d such that 0 < d < m, let R(d) [resp. R};(d)] denote the set
of polynomials f € R [resp. f € R},] of degree deg(f) < d.
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Lemma4  Suppose thatk > 1,d > 0, and (2k — 1)|d] < m. Let I(k,d) be the
number of ordered 2k-tuples (fi, . .., fu) € R (d)** such that

(4) '+t =+ + L (mod M).
Then
I(k,d) < (q — 1)*3(2k, 2kd),
where J is defined as in Lemma 3.
Proof Suppose that fi,. .., fx are elements of R},(d) that satisfy (4). Multiplying

both sides of (4) by the product f; - - - fox and using the fact that fjf]* =1 (mod M),
we obtain

St & =gt + g (mod M),

where each g; is defined by the relation f;jg; = fi--- fix. Now since we have
deg(gj) < (2k — 1)|d] < mfor each j = 1,...,2k, this congruence becomes an
equality

Gt G =gt ke

By definition, f; divides gy whenever £ # j, so this equality implies that f; divides g;
as well. Consequently

fh-fx=figi=0 (modsz),

and therefore
fi-- fr=0 (mod lem[fZ, ..., fi]).

Since deg(f1 - - - fox) < 2kd, the result follows. ]

An additive character of Ry is a homomorphism
x: Ry — C*.

For the sake of convenience in what follows, we will also denote by x the correspond-
ing homomorphism R — C* which is trivial on the principal ideal (M), obtained by
composing x: Ry — C* with the canonical surjection R — Ry,.

For any additive character x of Ry, let

Q={aeR|x(af) =1forall g € R}.
Then €, is an ideal in R; since R is a principal ideal domain, it follows that €2, is
the ideal generated by a (unique) monic polynomial f, € M. Since M € Q,, f, isa

divisor of M. If x is the trivial character, then f, = 1. On the other hand, if f, ~ M,
then  is said to be primitive.
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Theorem 3  Suppose thatk, > 1,d,e > 0, and
2k—1)|d] <m, (20—1)le] <m.

Let J and G be arbitrary subsets of Ry (d) and R3,(e), respectively. Then for any prim-
itive character x of Ry and any element a € R, the character sum

$ = x((fg)* +afg)

fesF
g€9

satisfies the bound |S| < |F| |G| A, where

A = (|f}f|—2k|9‘—2€qm+min(d,e)+l(q _ 1)21c+2€3(2k7 2kd)3(2€, 266)) 1/2k€’

and { is defined as in Lemma 3.

Proof By Holder’s inequality and the fact that (fg)* = f*¢* (mod M), we have

4
S <1913 S xrg +afg)

feEF g€§

= |F]~ IZ\ SN o)X B+ afd)|,

fEF BERM FER(e)
where o4(3, §) denotes the number of ordered /-tuples (g1, . . ., g) in G such that

g +--+g =0 (mod M),
g +---+g =6 (mod M).

Now for each f € F, let arg f denote the argument of the double summation inside
the absolute value in the preceding inequality. Then

SIS 1T DD D wBa| > e (B +afo).

BERM FER(e) fegF

Raising both sides of this inequality to the power k and applying Holder’s inequality
once more, we obtain

s <SS )

BERNM dER(e)
X33 B0 Y e B+afo)|
BERM FER(e) fegF
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Applying Cauchy’s inequality to the last part of this expression, we therefore see that
(5) SIF < |14 (L) V2 (8e) 2,

where

Li= 3 Y B,

BERM FER(e)

=Y > By,

BERM IER(e)

L= 3 Y Y B+ afo) *

BERM SER(e) fETF

The first sum £, is equal to the total number of ordered ¢-tuples (g, . .., g,) € G
(6) Li=9/".

The second sum L, is equal to the number of ordered 2/-tuples (g, ..., gy) € G**
such that

gt tg =gt tgy (mod M),
Sit ot g =gttt g (mod M).

Since (2¢ — 1)|e] < m by hypothesis, we can use Lemma 4 to bound £,, and we
obtain

(7) Ly < (q—1)*3(2L, 2Le).

For the third sum L3, we have

L3 _ Z Z Z —i(arg fit:--+arg fy—arg fio1 — - —arg for)

BERM IER(e) fiye.., fk €F

X X((fF 4+ = LB +alfi +--- — fu)d)
< S S S e B a4 f06) |

fir k€T BERM ER(e)

Z Z O'k(()é,’}/)’ Z Z aﬁ-ﬂryd‘

aERy YER(A) BERM dER(e)
ST S aten] X e 3
aERy yER(A) BERM dER(e)
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where 7 (av, ) is the number of ordered 2k-tuples (fi, . .., fox) € F?* that satisfy
(8) i+ +fi=a+fi+ -+ fr (mod M),

and
fitF fi=v+ fir1 + -+ fox (mod M).

Now since  is a primitive character, the sum

q" ifa=0,

9 ap) =
®) Z x(@f) {0 otherwise;

BERM
thus

Li<q" Y a0 3 @] g™t ST au0,)
YER(d) deR(e) yER()

since |R(e)| = g°*'. As the sum

> 610,7)

YER()

counts the total number of solutions to (8) with & = 0, and (2k — 1)|d| < m by
hypothesis, we have by Lemma 4:

(10) L3 < g™ (q — 1)*3(2k, 2kd).

Substituting the estimates (6), (7) and (10) into in (5), we obtain the b_ound stated
in the theorem except that we now have g"***! instead of the term ¢"*™™@<*1_ The
correct bound follows by symmetry. ]

When M divides a, we can improve the bound stated in Theorem 3.

Theorem 4  Using the notation of Theorem 3, the character sum

$=> x((f))

feF
g€$

satisfies the bound |S| < |F| |G| A, where

A = (|F]725]72q" (g — 1)*** I (2k, 2kd)3(2¢, 2¢e)) ke

Proof By Holder’s inequality, we have

8 <7 | S| =19 | S e

feF ge€§ feF BERM

)

https://doi.org/10.4153/CJM-2003-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-010-0

236 Banks, Harcharras and Shparlinski
where o¢(3) denotes the number of ordered ¢-tuples (g1, . . ., g¢) in G such that
g +-+g =0 (mod M).

For each f € F, let arg f denote the argument of the summation inside the absolute
value in the preceding inequality. Then

SIS U] Yo e x|

BERM fGEF

Raising both sides of this inequality to the power k and applying Holder’s inequality
once more, we obtain

, k—1 . k
S <IN ) D w ]|
BERM BERM fex
Applying Cauchy’s inequality, we see that
‘S‘M S |3_~|(ﬂ71)k(/&1)](71('&2)1/2('&3)1/27

where

Li= > o),

BERM

Ly= Y oy,

BERM

L= Y S|

BERM fETF

The sums £, and £, can be estimated as in Theorem 3. For the third sum, we have

Ly = Z Z e—i(argf1+--~—argfzk)x((fl* 4 — fﬂ)ﬁ)

BERM f1 ...,fszff

< Y 8|

firn f€F  BERM

< > )| Y xad)],

aERy BERM

where 64 (a) is the number of ordered 2k-tuples (f1, ..., fr) € F2k that satisfy

ﬁ*+...+fk*5a+ﬁ(’:1+...+f;;( (mod M).
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Using (9) and Lemma 4, we have
L3 < q"5x(0) < q™(q — 1)*3(2k, 2kd).
The result follows. |

Theorem 5  Suppose that (2k — 1) d < m. Then for any primitive character x of Ry,

the character sum
$= " x((f2))
f.8€Pa

satisfies the bound
|8| < (k!)l/kz ‘g)d|2—1/kqm/2k2'

Proof From the Holder inequality, we obtain

k

S <120 | x((f)”)

fePs gePy

=P 0 Y (e g),

fePy 81,8k EP

where 9 is such that |[f| = 1. Denoting by T(¢) the number of solutions of the
congruence

gi“++g;:zw(m0dM), gl,-~-7gk€9)dv

we derive that

81F < [Pa*" D Tew) Y px(wf).

YERM fePq

Applying the Holder inequality again, we have

|8|2"2 < |?d|2k272k( Z Tk(dJ)) e Z Ti()? Z ‘Z Prx (W f*)

PERM YERM PeERM fE€Py

2k

Let W(k, d) denote the number of solutions of the congruence
(11) i+ + =+ -+ 6 mod M), fi,..., fux € Py.
Now, we have

> @) =[Paff and > T(@)’ = Wik,d).

YERM YERM
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Consequently

|8|2k2 < ‘?d|4k274kW(k, d)

k 2k
Y xS+ === 60 [T T 9%

YERM fi,o, ik €P4 v=k+1

< |Pal =Wk, d)

SIS X e fo == )]

fiss ik €Pa YERY
Applying (9), we see that
|S|2k2 S |?d|4k2_4kqnW(k7 d)2

To estimate W(k, d), we remark that (11) is equivalent to the congruence

k 2k 2k 2k

ZHﬁE Z Hﬁ (mod M).
v=1 i=1 v=k+1 i=1
i#v i#v

Since the degrees of the polynomials on the both sides of this congruence are at most
(2k — 1)d < n, this congruence yields an equality over IF,[X]:

ko2 2% 2k
> I15=> 11+
v=l i=1 v=k+1 i=1
i#V i#v
Hence,
frbe o = fa b
Recalling that the polynomials fi, ..., fu are irreducible and comparing the denom-
inators of the expressions on both sides of this equation, we see that equality is pos-
sible if and only if
{flvvﬁ(} = {fk+1a'~'7f2k}'
Therefore
Wik, d) <K [Pyl,
and the result follows. ]

5 Results on Uniform Distribution

Throughout this section, let M € R be a fixed irreducible polynomial of degree
deg(M) = m > 0. Put

R, = {f € R| deg(f) <m}, R, ={f€R,|f+0},
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and for any real number d with 0 < d < m, let

R*(d) = {f € R" | deg(f) < d}.
Note that R, = X3 and R*(d) = Rj}/(d) in our previous notation, since
ged(f,M) = 1forall f € R}. As in the previous section, for each f € R}, let
f* be the unique polynomial in R}, such that ff* = 1 (mod M). Then f* is an
inverse for f in the multiplicative group R ;.

Since M is irreducible, Ry = R /(M) is a field; consequently, an additive character
x of Ry is primitive if and only if it is nontrivial.

Lemma5 Let k and d be positive integers such that

=55

where 0 < 0 < 1. Then for every nontrivial character x of Ry, the character sum

s= > x((f9)")

f.g€ER*(d)
satisfies the bound |8| < |R*(d)|? exp(A), where

omloggq logg

A= T2R(2k—0)  k

+ 12klogm.

Proof Sete =d,{ =k,and F = G = R*(d). Since

(2k—1)

— <
2k—-1)d < (2k—6)m<m’

we see that all of the conditions of Theorem 4 hold; thus
8| < |R*(d)]P A7,

where ,
(AYK = |R*(d)|"*q" (g — 1)*J(2k, 2kd)>.

Since |R*(d)| = ¢**' — 1, we have by Lemma 3:

(A/)Zkzzqm( q_l

4k )
W) 4(2k, 2kd)
< qm—4kd3(2k’ de)Z

k K
< gk kd + 2k\* [ |2kd /3] + 2K\ ® '
2k 2k
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First, we estimate

om
2k—6°

m

2%k—6

m—2kd<m—2k( 1):2k—

Next, since k > 1, we have kd < (2k — 1)d < m, hence kd + 1 < m. Consequently,

KA 2R a1k < it
2k
Similarly,
|2kd/3| + 2k <
2k -
and the result follows. |

Recall that for a set € of nonnegative integers and two polynomials

flx) = Za]-xj, glx) = Z bjxj,

j>0 >0

we write f ~¢ g to indicate that a; = b; forall j € €. Then ~¢ defines an equiva-
lence relation on R.

Theorem 6  Let k and d be positive integers such that

=lms)

where 0 < 0 < 1. Fix an arbitrary subset € C {0,1,...,m — 1} of cardinality |E| = n
and a polynomial F € R, and let N be the number of ordered pairs (f,g) in R*(d)?
such that (fg)* ~¢ F. Then

qn

N —

< |fR*(d)|2 exp(A),

where A is defined as in Lemma 5. In particular, if

om 1 12klogm
n< - ,
~2k2(2k—6)  k logg

then

* 2
0<N<2M.
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Proof Without loss of generality, we can assume that deg(F) < m. Let X¢ be the set
of polynomials in R,, whose coefficients vanish on ; that is,

e = {feazm ‘ flx) = Zajxf}.
e

Note that X¢ is an additive subgroup of R: X¢ + X¢ = X¢. Let Q be the number of
representations of the form

F=(fg"+¢—1,

where f,g € R*(d) and ¢, € X¢. Since (fg)* ~¢ Fifand onlyif F — (fg)* liesin
Xe,and |Xg| = g™ ", we have

Q= g" "N,

Now

= > > Zx (f9)* —F—o+1),

fgER*(d) ppeXe
- —mZW Soxw—o) > x((f)7)
4 X PWpEX e f.gER*(d)
- Zx(F)] S| X ()
9peXe f.gER*(d)
= R@E B | S o] Y ().
X#1 peXe f.geR*(d)
By Lemma 5, we have
o- @k < S w@)] | 2 ()
X#l ¢€Xe f.8€R*(d)
* 2
< R exp(2) (d)'q,f"p(m > S @l

X#l ¢€Xe

Using the estimate

S| )| =Y Y xw o) =g g,

Xx#l ¢€Xe X opeXe

we have
|Q — [R*(d)Pg" "] < |R*(d)|*q" " exp(A).
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The result follows. u

Using Theorem 6, we can now give a proof of Theorem 1 as stated in the intro-
duction.

Proof Put A = (1/2)'/7 < 1, and consider the collection D of integers d in the
interval
Am?**logm < d < m*/** logm.

For every d € D, we have

On the other hand, if d and d + 1 both lie in D, then

d d+1 4> = XN2ml/3*2¢(log m)?
provided that m >, 1. Consequently, for some d € D, there exists an integer k such
that m/d lies in the open interval (Zk —1,2k—1+(1 — /\)) . Let k and d be fixed

with these properties, and set § = 2k — m/d. Then we have A < 6 < 1, and

k—ﬂ+é>0
2d 277

hence all of the conditions of Theorem 6 are satisfied. Applying the theorem, we see
that N > 0 provided that

om 1 12klogm

< 7
(12) €= 2k2(2k —0) Kk logg

Now for all m >, 1, we have

L m 1 - m1/37€ 1 ml/Sfe
REYRE 2\ logm as 2X\2logm’
thus
om - Amo M - Nm?3¢ log m ‘
2k2(2k — 0) © 2k*(m/d) 2k z(ml/a—e/(z/\z log m)) 2
that is, 5
m
2 6 351 3.
72k2(2k—6) > 2A°m”*(log m)
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Since —1/k > —1, and
12klogm 6m'/3=¢
— > — s
logg Alogg

it follows that the right side of (12) is bounded below by

6m1/3—e
2)\6 3e 1 3 _
m(logm) Alogq

and this is bounded below by
2)\7m3‘(10g m)® = m35(log m)?
provided that
6m1/3—5
(A = N)m*(logm)® — N2
The theorem follows. u

logg >

For the rest of this section, we study the distribution in Ry of polynomials of the
form (fg)* + afg, where a is a fixed element of R, and f and g run through the sets
R*(d) and R*(e), respectively.

Lemma 6 Letk, {, d and e be positive integers such that

=zl = la)

where 0 < 6,y < 1. Suppose that d < e. Then for every nontrivial character x of Ry
and any polynomial a € R, the character sum

S= > x((fo +afg)
feR*(d)
gER (e)

satisfies the bound |8| < |R*(d)| |R*(e)| exp(A), where

B om ym logqg (6k* +6°)logm
A‘(_4k—25_4£—27+k+“d“) 2kl ] '
Proof Set F = R*(d) and G = R*(e). Since
2k —1) (20-1)
2k —1)d < 20 —1)e <
GR=Dds Grgym=m @l=Desgrym=m

all of the conditions of Theorem 3 hold; thus

8] < |R* (D] |R*(e)] A,
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where
(Al)Zkﬂ _ |R* (d)|72k‘:R*(e)|72qu+d+l(q _ 1)2k+2({3(2k7 zkd)g(2€7 ZKE)

The lemma now follows as in the proof of Lemma 5. [ ]

For any f € R, we denote by {f} the unique element of R,, such that f = {f}
(mod M).

Theorem 7  Let k, ¢, d and e be positive integers such that

=zl = las)

where 0 < §,~v < 1. Suppose that d < e. Fix a subset € C {0,1,...,m — 1} of
cardinality |€| = n and two polynomials F,a € R, and let N be the number of ordered
pairs (f,g), with f € R*(d) and g € R*(e), such that {(fg)* + afg} ~¢ F. Then

’N _ IR*(d)qlnlﬂ%*(EN ’

< |R*(d)| |R*(e)| exp(A),

where A is defined as in Lemma 6. In particular, if

< Sm N ym _k+€+d+1_(6k3+6€3)logm
"= Gk —6) T aki2i—7) 2kl kllogq
then
0<N<2. B@OIRE@]

n

Proof Using Lemma 6, the proof is very similar to the proof of Theorem 6; details
are left to the reader. ]

Using Theorem 7, we can now give a proof of Theorem 2.

Proof Put A = (1/ 2)1/? < 1, and consider the collection D of pairs of integers (d, e)
such that

2d
A2/ logm < 5y < e < mP/3e log m.
For all such pairs, we have

2m1/375

Alogm
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If m>.1, the closed intervals [2m'/>~¢/(\logm),2m"/>~¢/(\*logm)] and
[m'/3=¢/logm, m'/*=</(X\logm)] have lengths greater than 2 + (1 — ). On the
other hand, if (d,e) and (d + 1, e+ 1) lie in D, then

ﬂ_L<E<;<(1_)\)
d d+1 d ~ \m!/3*2¢(logm)? ’
m m m 1

m_om M (1-)),
e e+l e = Nml/3*2(logm)? ( )

provided that m >, 1. Consequently, for some (d, e) € D, there exist integers k and
£ such that m/d lies in the open interval (Zk —1,2k—1+(1 — )\)) , and m/e lies
in the open interval (2@ —1,20—-1+(1 — )\)) . Let k, ¢, d and e be fixed with these
properties, and set § = 2k — m/d, v = 2{ — m/e. Then A < 4,y < 1, and

m

_m o
kizd

0 m
+->0, £>—+—->0,
2 2e 2
thus all of the conditions of Theorem 7 are satisfied. Applying the theorem, we see

that N > 0 if |€] is less than or equal to

om . ym _k+€+d+1_(6k3+6€3)10gm
4kl(2k — &)  4k0(20 — ) 2kl kllogq
Since m
=ve > e > 2d,
- 7F
it follows that N > 0 provided that
3 3
(13) €| < om _k+€+l_(6k + 60°) logm
4k0(2k — 6) 2k klloggq
Now for m >, 1, we have
L m 1 ml/.’)—e 1 m1/3—5
2L« Z
<2d+2_)\210gm 2 Nlogm
and
E m 1 m1/37€ 1 ml/37€
Tyl < Z
) +2_2)\logm+2 222 logm
Consequently,
ém  &d - (Nm?3logm)/2
4kl(2k — 6) T 4ke 4(m1/3*f/()\3 log m)) (m1/3*‘/(2/\2 log m)) ,
that is,
Sm - Am(log m)*
2k*(2k — 0) 4 '

https://doi.org/10.4153/CJM-2003-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-010-0

246 Banks, Harcharras and Shparlinski
We also have
k+0+1 - 3
2k( 2
Finally, since
m m " /32
ki > —.— > = ,
2d 2e — (A\m2/3*clogm)(2m?/3*+clogm)  2\(logm)?
it follows that
6k> + 60%)1 3 3 1/3—€ 8m!/3—¢
_ﬂ>_(_+_)m 5 _8m 7T
kllogq A0 87/ logq logg
Thus the right side of (13) is bounded below by
N (logm)®  8m'/3—¢ 3
4 logq 2’
and this is bounded below by
Nm*(logm)®  m*(logm)?
4 N 8
provided that
| 32m1/3—5
> .
8T 8 XY m(logm)® — 6
The theorem follows. [ |
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