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EIGENVALUES OF FINITE BAND-WIDTH
HILBERT SPACE OPERATORS AND
THEIR APPLICATION TO
ORTHOGONAL POLYNOMIALS

ATTILA MATE AND PAUL NEVAI

1. Introduction. Main results. The main result of this paper concerns the
eigenvalues of an operator in the Hilbert space /? that is represented by a matrix
having zeros everywhere except in a neighborhood of the main diagonal. Write
(c)* for the positive part of a real number c, i.e., put (¢)* = ¢ if ¢ 2 0 and
(¢)* = 0 otherwise. Then this result can be formulated as follows.

THEOREM 1.1. Let k = 1 be an integer, and consider the operator S on I
such that

- 1
(1.1) S(”n)y,:() = (5 + Cn—k,n) on—k,nan—k

1 k—1 *©
+ ('2' + Cn+k.n> 0n+k,n0n+k + Z Cn+j,n0'n+j>
n=0

j=—k+1

(here one has to take o, = 0 for n < 0), where ¢, and 0,,, are complex
numbers such that ¢p—yn,Coskn = —1/2 are real and |0,,,| = 1. Assume that
the numbers cp, satisfy

o k—1
k
(1.2) Z ((L‘[—k,1)+ + (C1+k,l)+ + Z |Cl+j,l|) < m

I=n j=—k+1

for all n 2 0. Then S has no eigenvalues of absolute value 21.

As we will point out at the end of Section 3, if the operator S satisfying the
assumptions of this theorem is self adjoint, then it is easy to see by a theorem
of H. Weyl (see e.g. [15, the first theorem in §134, p. 367]) that the spectrum
of S has no limit points outside the interval [—1, 1]. Thus it follows that in this
case the spectrum of S is entirely included in the interval [—1,1]. If S is not
self adjoint then the above result does not imply that its spectrum is included in
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the disc |z| = 1, even though this seems to be the case. The connection between
resuts such as Theorem 1.1 (or Theorem 1.2 below) and Bargmann’s result in
[2] about the number of bound states in a central field of force is discussed in
[8, 9].

The constant 1/36 on the right-hand side of (1.2) is not the best possible, but
our methods seem only to be able to give a slight improvement. By doing the
calculations in (2.6) in the proof of Lemma 2.1 somewhat more precisely, we
can show that the conclusion of the above theorem remains valid if the constant
1/36 in (1.2) is replaced by 1/(24\/5 + ¢€) for an arbitrary € > 0; this value is
approximately 1/(33.942 + ).

In the rest of the paper we will discuss the consequences of this result for
orthogonal polynomials on the real line. To set the framework for our discussion,
let a be a positive measure on the real line whose moments are finite and
whose support is an infinite set. Then, as is known, there is a unique system of
polynomials p, = p,(da,x) that are orthonormal on the real line with respect
to the measure «, i.e., are such that

00

(1.3) / Pm@pp(x)dox) = 6 (m,n 2 0),

where 6,,, = 1 if m = n, otherwise §,,, = 0. These polynomials satisfy a
recurrence equation

(1.4)  xpa(x) = Gns 1Pn+1(X) + bypp(x) + aypp—1(x) (n 2 0),

where p_j(x) = 0 and py(x) = Yo > 0. Here a,(da) = a, = Yp—1/Vp, with
Yu(da) = ¥, >0 (for n 2 0;7Y-; = 0) being the leading coefficient of p, (cf.
e.g. [7, Formula (1.2.4), p. 17] or [17, Formula (3.2.1), p. 42]).

Fix a measure « as described, and let p, be a system of orthogonal polynomi-
als associated with the measure o on the real line, i.e., put p, = p,(da,x). Let
t, denote the system of orthonormal Chebyshev polynomials, associated with
the measure «;; that is,

da,(x) = (1 — x¥)~ax

for —1 < x < 1 and do,(x) = O otherwise. In an earlier paper with V. Totik
[12], we discussed the properties of the measure in the interval [—1, 1] under
the assumption that the quantity

(1.5) €kmn = 77/2 </ tipmpndo — / tktmtndat)

is small. In particular, we proved that if, for a fixed integer k > 0 we have

1.6) Y D nlewm| <,

m=0 n=0
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then « is absolutely continuous in the interval [—1, 1] (cf. Theorem 6.2 of the
quoted paper). Equation (1.6) appears to contain a doubly infinite sum. We may,
however, observe that

(L.7)  €xmn =0 for |m—n|>k.

Indeed, if e.g. n > m + k, then #p,, is a polynomial of degree <n, hence it is
expressible as a linear combination of the p;’s for I < n. Therefore, the first
integral on the right-hand side of (1.5) is zero in view of the orthogonality
(cf. (1.3)) of the p;’s; the second integral is also zero, for similar reasons. In
the present paper we will use Theorem 1.1 to study the measure o outside the
interval [—1, 1]. Our main result about orthogonal polynomials is the following.

THEOREM 1.2. Let k 2 1. Assume we have

o k-1
k
(1.8) Z ((ék,t,l—k)+ + (i) + Z lfk,l,l+j|) < 36(n + 26)

I=n j=—k+1

for every large enough integer n. Then the support of o contains only finitely
many points outside the interval [—1,1].

For k = 1, a similar result was established by Nikishin [14, Theorem 1, §2,
p. 24]; we will comment about his result in more detail at the end of Section 5.
Previously, the conclusion was derived under the stronger condition (1.6) (with
k = 1) by Geronimo and Case [10, Theorem 1(c), (d), p. 473]. Chihara-Nevai
[4] gives a simplified proof of this weaker result, and Guseinov [11, Theorem
1, p. 596] states it without proof. Under the assumption of (1.6), bounds are
derived for the number of eigenvalues outside the interval [—1, 1] in terms of
the size of the sum on the left-hand side of (1.6) in [8, Theorem 1, p. 917] and
[9, Theorem (III.1)]; Geronimo also obtained estimates, as yet unpublished, for
the moments of these eigenvalues.

Our present result is nearly the best possible. More precisely, according to [3]
(cf. Theorem 2 on p. 359, and the example given by Formula (2.8) on pp. 360—
361) or [13, Theorem 3, pp. 133—134], the result in Theorem 1.2 becomes false
if the constant 1/36 on the right-hand side of (1.8) is replaced by a certain larger
constant, e.g. by 1/8 according to the latter paper. It would be of some interest to
know the best constant on the right-hand side of (1.8); by a modification of our
arguments we can improve the constant given there to 1/(24 + ¢) for any € > 0.
This improvement is somewhat greater than the improvement described after
Theorem 1.1 in the constant in (1.2). The reason is that while the conclusion
of Theorem 1.1 states the nonexistence of eigenvalues of absolute value =1,
Theorem 1.2 allows finitely many such eigenvalues, and to show this we may
strengthen the assumptions in Lemma 2.1 below by requiring that x, = O for
“small” n.

It is a consequence of the classical theorem of H. Weyl mentioned above that
a condition weaker than (1.6) guarantees that the part of the support of o outside
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the interval [—1, 1] consists only of countably many points. More precisely, we
have

THEOREM 1.3. Let k 2 1. Assume that
(1.9)  lim e = O.

Then the part of the support of a outside the interval [—1,1] is a bounded
countable set that has no limit points other than possibly —1 or 1.

In the proofs of these theorems, we will need the following lemma on the
recurrence coefficients a, and b, of the polynomials p, (cf. Equation (1.4)).

LemMMa 1.4. Let k 2 1, and assume that the numbers €y, are bounded. Then
the recurrence coefficients a, and b, are also bounded.

Under an assumption seemingly weaker (but not in fact; cf. the remark after
the theorem below) than (1.9) we can derive a stronger conclusion. To make
sense of (1.10)(ii), note that e, is clearly real according to its definition (1.5).

THEOREM 1.5. Let k 2 2, and assume
(1.10) (i) lim €xpnsk =0 and (ii) lim supeg k-2 = 0.

Then we have
(1.11) () lima, =1/2 and (i) limb, =0

for the recurrence coefficients a,, b, in (1.4) of the polynomials p,,.

For k = 1 this is not true (in fact, if £ = 1 then (1.10)(i) implies (1.10)(i)),
but, as we will point out at the beginning of Section 5, the conclusion in (1.11)
is still valid in this case if we assume (1.9) instead of (1.10). It easily follows
from this theorem that (1.10) actually implies (1.9) for £ 2 2, as one can see by
noting that the numbers ¢, are expressible as polynomials of the recurrence
coefficients ay, b, a;(da;), and b;(da,) according to (5.6) below.

2. Difference inequalities. Proof of the main theorem. The key role in
the proof of Theorem 1.1 is played by a lemma on difference inequalities. In
order to formulate this lemma let (x,)5__. be a sequence of reals. We define
the forward shift operator A by putting

A%, =x, and A"lx, = Al — A, (20).

The following simple lemma plays a key role in our considerations below.

https://doi.org/10.4153/CJM-1989-005-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-005-5

110 A. MATE AND P. NEVAI

LemMA 2.1. Let (x,);—, be a sequence of reals, and consider the difference
inequality
n+2

QD AxzZ-) 6y (nZD),

where b; 2 0. Assume that

= 1
22 ) §< o
j=n

holds for every n 2 2. Then the only solution of (2.1) satisfying
23) x3=0 and x,20 for n21

and

(24) ’}I_I'Iolc X, =0

is the trivial solution, i.e., the one for which x, = 0 for all n 2 1.

Proof. Assume (x,),_, is a nontrivial solution of (2.1) satisfying (2.3) and
(2.4), and let N > 0 be the least integer for which Axy < 0. Put

= Vit 1Ax;
n 1'2,1’/‘\/( J ),

and let m (1 = m < N) be an integer for which this maximum is attained. Clearly
1> 0. Writing

= Z‘Sf’
j=n

by (2.1) we have

Q25)  Dxy — ——— = Axy — Dy
m+ 1
N—-1n+2
¥ sz -5 5
nm_/n
N+1 N+1

v
|

(98]
=
™~
3

>N

S

=

=

= -3 E (S,, _Sn+l)xn
n=m
N+1
E S,,(X,, - -xnfl) + SmXm — SN+2XN+1
n=m+1

(ZSH—IAX + SpXm — sN+sz+1)
N
-3 (Z Spr10x, + s,,,x,,,) .

Il
|
w

I|V

https://doi.org/10.4153/CJM-1989-005-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-005-5

ORTHOGONAL POLYNOMIALS 111

Now we have

A

Ax, Sn/vn+1 for 1=nsN,

hence we also have

m—1
X = ZAx,,

n=1

I\

m—1 m—1
n dt
< < 2+4/mn.
;\/n+ 1 71/0 t+1 \/_71

By using these and (2.2) (if m = 1 then we need this latter also for n = 1,
whereas it was only assumed for n 2 2; note, however, that in (2.1) we can take
61 = 0 because x; = 0 by (2.3), and this choice makes (2.2) valid for n = 1 as
well), we can estimate the right-hand side of (2.5). We obtain that

N

= 1 2
26) Ay — —1 —+
26 Yo Vmtd 6(;(114—1)\/)14—1 ﬁ)

([ 2y e
6\J, B2 m 3ym~ m+ 1
Thus Axy > 0, a contradiction, completing the proof.

Next we turn to the

Proof of Theorem 1.1. Assume, on the contrary, that A is an eigenvalue of S

with [A| 2 1, and let (0,);_, be the corresponding eigenvector. Then

2)\0n = (1 + 2Cn—k,n)0n—k,nan‘k + (1 + 2(:n+k,n)0rl+k,n‘7n+k
k—1
+ Z 2p4juOn+j (0, =0 for n<O0).
j=—k+1

Using the assumptions that |0,,,| = 1 and ¢,—gu, Catikn = —1/2, we obtain that

2|0’,,‘ § (1 + 2(Cnhlc,n)‘k)Ia'nfkl + (1 + 2(0n+k,n)+)lan+k|
k
+ > 2lcntjnllons|
j=—k
for all n 2 0. Adding this inequality for [ = nk,nk+1,...,(n+ 1)k— 1 replacing
n, and writing

(n+ Dk—1

Q7 xm= Yy, ol

I=nk
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we obtain
n+1
2)(,, < Xn—1 + Xn+1 + Z (5ij (l’l 2 0),
j=n—1
where

bm = 2max{(c17k7,)+,(c1+k7,)+, |c,,,|:mk Sl<(m+ 1k, Il - l/| <k- 1}
(n=0;6-; = 0).

That is,

n+2

Azx,, 2 —Z(ijj‘ (l’l 2 -])
j=n

Now x—; = 0 in view of (2.7), as 0, = 0 for n < 0. Moreover, (2.2) holds (with
0j—2 replacing 6;) for the ,’s just defined. Therefore lim,_.» x, = 0 cannot hold
according to Lemma 2.1. This is a contradiction, since (0,);—, € 2 ie.,

)

Z o] < .

n=0

The proof is complete.

3. Self adjoint operators and orthogonal polynomials. In this section we
present the proofs of Lemma 1.4 of Theorem 1.3 and present some observations
helpful for the proof of Theorem 1.2. We start out with describing the connection
between the support of the measure a and the spectrum of a certain self adjoint
operator in a Hilbert space. To this end, let o be a positive measure on the
real line whose moments are finite and whose support is an infinite set, and
Pn = pa(da) be the corresponding system of orthonormal polynomials, and
let a, = a,(dx) and b, = b,(da) be the associated recurrence coefficients
(cf. Equation (1.4)). Consider the operator A = A(da) on the Hilbert space I°
defined as

(31) A(”n)?:() = <an+10n+l + b,,O',, + an0n41>r:07

where o, = 0 is to be taken for n = —1.

The connection between this operator and the support of the measure « is
worked out in detail in [16, §X.4, pp. 530—614]. This connection is particularly
simple when the operator A is bounded, i.e., when the coefficients a,, b, form
bounded sequences. In this case A is self adjoint, and its spectrum equals the
support of the measure a.
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This is actually not hard to see. Namely, there is a canonical isomorphism
¢ between the Hilbert spaces /? and L2(—%,%). Under this isomorphism the
sequence (0,)7_ in [ corresponds to the function

f = Zgnpn GL%.(—OO7OO)
n=0

in L2(—o,), where the convergence on the right is meant in the sense of
Lf,t(—oo7 o). It is easy to see from the recurrence equation (1.4) that, under this
isomorphism, the operator A on [*> corresponds to the operator

M=M{da): f+xf

on L2(—, ), and it is easy to relate the spectrum of M to the support of a.

The connection is more complicated if A is unbounded. In this case one can
extend A to a self adjoint operator, but this extension may not be unique (see
e.g. [16, Theorem 10.27, pp. 545-547], or, for a very brief summary, see [6,
§XI1.10, pp. 1275-77]). We will not need to know more about the details for
our purposes, since by Lemma 1.4, whose proof we are about to present, we
can exclude this case.

Proof of Lemma 1.4. The nth Chebyshev polynomial 7,(x) can be written as
cos nfl, where 8 = arccosx(n 2 0), and we have

1o(x) = V1/nTo(x) and t,(x) = V2/nT,(x) forn=1.
Thus it is easy to see that
(3.2) totk —2T4ty + thy =0 (n>k)

holds. Now, writing p, = p,(da), we have

k
(B3)  Park() = 2Tk (O)Pa(X) + ik (X) = = D 20nptjPat(x) (1 Z0)
j=—k

in view of the recurrence equation (1.4), where one has to take p,(x) = 0 for
n < 0. Here

1 00
(34) Con+j = —E/ (pn+k - 2Tkpn + pn—k)pn+jda

1 00
= —E/ (tn+x — 2Tt, + tn—k)tn-%-jdal + €k,nn+j (n>k);

= €k,nntj
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the second equality in the latter formula follows from (1.5) and orthogonality
relations (1.3), and the third equality follows from (3.2). Let A = A(da) be as
in (3.1), and define the operator B on /? by the equation

k o
. 1 1
(3.5)  B(on)p— = <50’n—k + 5 Ontk + Z Cn+j,n0n+j> ;
n=0

j=—k

here one has to take o, = O for n < 0. (Of course, Cpy = Cpm for all myn 2 0
by (1.3) and the first equality in (3.4); this equality is valid for all n 2 0 if one
takes p; = 0 for / < 0). As the numbers ¢, are bounded by our assumptions, so
are the numbers ¢y, according to (3.4); hence B is a bounded operator defined
everywhere on /2. By (3.3) we have

(36 Tu(AXon)z=0 = Blon)s=o

if, say, all but finitely many of the o,’s are zero. Now let A’ be a self adjoint
extension of A; such an extension exists, as pointed out just before this proof.
The spectrum of A’ lies on the real line; therefore, its resolvent set is not empty.
Hence the polynomial T;(A’) is a closed operator (cf. [5, §VIL9, Theorem 7,
p. 602]). So, by (3.5) and (3.6), Ti(A’) = B, and so the spectrum of T;(A’)
is bounded. Therefore, by the Spectral Mapping Theorem for polynomials of
unbounded operators (see [S, §VII.9, Theorem 10, p. 604]), the spectrum of
A’ is bounded. A’ being self adjoint, this means that A’ is bounded (instead of
the last two quoted sources, we can use the spectral theory of unbounded self
adjoint operators; cf. e.g. [6, §XII.2.9, Corollary 8 and Theorem 9, p. 1200]
or [15, §§127-128]). Therefore A is also a bounded operator, showing that
the recurrence coefficients a, and b, are bounded. The proof of Lemma 1.4 is
complete.

We are now able to present the

Proof of Theorem 1.3. Let A be as before. Then A is bounded according to
the lemma just proved, and T,(A) = B, where B is the operator defined by (3.5).
The self adjoint operator Q defined as

- 1 1 “
Q<U")n=0 = <§o'n—k + _2'Un+k>n0

has norm 1, and so its spectrum is included in the interval [—1, 1]. Since the
operator B — Q is compact according to (1.9), (3.4), and (3.5), by H. Weyl’s
theorem (see e.g. [15, the first theorem in §134, p. 367]) the spectra of B and
Q have the same limit points. Thus the spectrum of T,(A) = B has no limit
points outside the interval [—1, 1]. By the Spectral Mapping Theorem (see e.g.
[15, §150]), the same is true about the spectrum of A. Hence the assertion of
Theorem 1.3 is verified.
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It is now easy to justify the remark made after Theorem 1.1. Write (¢)~ for
the negative part of ¢, i.e., put ()~ = c if ¢ = 0 and put (c) = 0 otherwise.
Assume that § is self adjoint, and define the operator Q' on /2 by putting

o 1 -
Q,<Un>n=0 = < <§ + (Cn—k,n) )Hn—k,norr—k
1 _ feel
+ 5 + (Cn+k,n) 0n+k,n0n+k (0, = 0 for n<0).
n=0

Then Q' is also self adjoint and ||Q’|| < 1; thus the spectrum of Q' is included
in the interval [—1, 1]. As the operator S — Q' is compact in virtue of (1.2), it
follows from Weyl’s theorem quoted in the preceding proof that the spectrum
of S has no limit points outside the interval [—1, 1]. This is what we wanted to
show.

4. Proof of theorem 1.2. The proof of Theorem 1.2 relies on Theorem 1.1
and the idea that the addition of a self adjoint operator of finite rank to another
self adjoint operator has only a “small” effect on the spectrum of the latter. This
idea was exploited in [1, §2.1, pp. 39-42] and [10, pp. 484—486]. The precise
statement we need of this idea can be formulated as follows.

LemMma 4.1. Let B, S, and T be bounded self adjoint operators on the Hilbert
space H with B = S + T. Assume that the range of T has dimension m < o,
and that the spectrum of S is included in the interval (—>,b). Then B has at
most m eigenvalues (counted with multiplicities) that are greater than b.

Of course, by Weyl’s theorem quoted above, the part of the spectrum of B in
the interval (b, ) consists purely of isolated eigenvalues of finite multiplicities.
By applying this lemma to the operator —A, an analogous assertion can be
concluded when we assume that the spectrum of S is included in the interval
[a?w)'

Proof. Assume, on the contrary, that Ao, Aj,..., A, are (not necessarily dis-
tinct) eigenvalues greater than b of B, and let f¢, fy,..., fn be the corre-
sponding (pairwise orthogonal) eigenvectors. Let f = Z;"zo a; f j be a nonzero
linear combination of these eigenvectors that is orthogonal to the range of T.
Then

Tf,f)=0,

and

Bf, f)=Y Nl filP>bllf I

j=0

On the other hand,

Sf, f)sb|fI?
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follows from the Spectral Representation Theorem for self adjoint operators (see
e.g. [15, §107]). These relations contradict the equation B = S + T, completing
the proof.

We are now in a position to present the

Proof of Theorem 1.2. Writing A = A(dw) as in (3.1), we know by Lemma
1.4 that A is a bounded operator. Thus, according to the comments following
(3.1), the support of the measure o equals the spectrum of A. Thus, by the
Spectral Mapping Theorem (see e.g. [15, §150]), it is sufficient to show that
the operator B = T;(A) has only finitely many eigenvalues outside the interval
[—1,1]. To this end, it is sufficient to represent B as a sum described in Lemma
4.1. Now B can be written as in (3.5), where we have

w k=1
k
LNt . + .
4.1 ;:" ((Ll—k,l) + (Crexg)” + ,-=§k+| |61+,,1|) < 3601+ 20

for every large enough n according to (3.4) and (1.8) (note that ¢, = Cym, as
remarked immediately after (3.5)). Observe that here

42) () Crkn>—1/2 and G Curxn> —1/2

hold for n > 2k, say. To see e.g. (i), observe that, writing 7¥,, and 7V,,(dc,) for
the leading coefficients of p,, and ¢,, respectively, we have

I

(4.3) / tePnPn-kdx / Vi (da)x* )P )Y p—px"*)d ax(x)

Il

/ p,,(x)’yk(da,)(’y,,_k/Vn)(v,,x”)da(x)

= Y4 (dat) Vot [Vn) / pa(x)da(x)
= ’Yk(da[)('y,,_k/')’,,) > 0.

The first equality here holds since the lower order terms of # and p,—; can
be ignored in view of the orthogonality relations (1.3), and the last inequality
holds since the leading coefficients of orthogonal polynomials are chosen to be
positive, as mentioned right after (1.4). On the other hand, we have

4.4) / titptp—rdoy = v 2/77/2

according to e.g. (3.2), the equation T} = Mtk, and the orthogonality relations
(the analogue of (1.3) for «,). Hence (4.2)(i) follows from (1.5) and (3.4).
(4.2)(ii) follows similarly (or, in fact, it is the same statement with n+ k replacing
n, since Cp, = Cum, as remarked right after (3.5)).
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Choose a nonnegative integer N > 2k such that (4.1) holds for n 2 N, and
put ¢, = Cmn if myn 2 N and ¢}, = 0 otherwise. Then the operator S, defined
as

k o
« 1 1
S(0n)n=0 = <§Un—k + 50n+k + Z C:,+j,,,0n+j>
j=—k n=0

(0, =0 for n<0)
has no eigenvalues outside the interval [—1, 1], according to Theorem 1.1. Thus,

putting T = B—S, the assertion follows from Lemma 4.1. The proof is complete.

5. Proof of theorem 1.5 and remarks on Nikishin’s theorem. Before we
turn to the proof of Theorem 1.5, we will point out that in case kK = 1 the conclu-
sion in (1.11) follows from (1.9). In fact, noting that #;(x) = \/577&, it follows
from (1.5), the recurrence formula (1.4) (for o and «;) and the orthogonality
relations (1.3) that

€lnn = (bn - bn(dat)) and €lnn+l = (an+1 - an+l(dat))7
hold for n 2 0, where a, = a,(de) and b, = b,(da). Now it is easy to see that
(5.1) () ayda)=1/2 for n=22 and (i) by(da,) =0 forn=0

(ap(da;) = 0 and a,(da;) = 1 / /2, the former by convention, since it never
occurs in the recurrence formula with a nonzero coefficient), and so (1.11)
follows from (1.9) in case k = 1.

Next we turn to the

Proof of Theorem 1.5. In order to see what (1.10) means in terms of the
recurrence coefficients a, and b,, consider formulas (4.3) and (4.4). According
to these, with n + k replacing n, we have

(52) €knntk = V W/27k(dat)(7n/7n+k) - 1/2
Writing 8 = arccos x, we have
(5.3)  V7m/24(x) = Ti(x) = coskf = 2871k — k2F 302 4+

that is, Vx(da,) = v/2/72*~1. Moreover,

Yo/ Ynsk = Onf Yt D Vns 1/ Vns2) oo Ontk—1/Vn4k) = @ni1Gns2 ... Aniis

for the last equality, see the text immediately following (1.4). Thus, by (5.2) and
(1.10)(1),

: — Ak
5.4) lim ap41ap42 ... Qnek = 27"
n—oe
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In order to discern the meaning of (1.10)(ii), we will show how to calculate

00

/ X pm()pa)dax) (I Z 0)

by using the recurrence formula (1.4). Write (1.4) as
xpn(x) = Z anjpj(x),
j=0

where, of course,
(55) aNH = (lj+1J = aj+|, ajj = bj, and
amj =0 for |m—j|>1 (jm=Z0).
Then, writing j, = n, we have
© 0 -1
=3 Y (H) PO
Ji=0 Jia2senfi-1=0 \i=0
Writing jo = n and j; = m, this implies
00 © -1
(5.6) / pppmday = > [lau., @z
- Jisd2senfi-1=0 =0

Using this for m = n + [, we obtain
5.7 / X' Pu(OPn+1(X)AOUX) = @ps1Gni2 ... Ansi,

since all the other terms on the right-hand side of (5.6) vanish in view of (5.5);
we could have obtained this formula by using (4.3) (with [ replacing k) instead.
It is not much harder to see that

0

(5.8) /x’p,.<x)pn+l~z<x>da<x)

-1
:an+1an+z...an+,z( DY bn+,-bn+,~/) (122

j=0 0Sj<j/s1-2

Indeed, using (5.6) with m = n + [ — 2, and writing jo = n and j; = m as in
(5.6), we can see by (5.5) that every nonvanishing term on the right-hand side
of (5.6) can be characterized in one of the following two ways. Either there is
anr withO =r =/~ 1suchthatj; =j, —landji+ =j;+ 1fori #r
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or there are r and s with 0 = r <s < [ — 1 such that j,+| = j,,js+1 = Js, and
jis1=ji+1fori#r,sOQ<i<1—1).
Hence, using (5.3), (5.7), and (5.8), and noting that

-2 -2 2
220 baubusr =D bt ( b"”) ’
=0 0

0<j</<I-2 j=

we obtain
(59) / Tkpnpn+k72da

- / @1k = K232, (0ps 2(0)dex(x)

k-1 k=2
— k—1 2 k—2 2
= Gn+1Gn+2 ... Anik—2| 2 E Anyj +2 E bn+j
j:(] j:()

k-2 2
4262 (Z b,,+,) - k2*‘3).
j=0

An identical argument for the system ¢, = p,(da;) replacing p, = p,(da) gives
a similar formula for f io Titntyn+x—2da;. Substituting (5.1) into that formula, we
obtain that

(5.10) / Titatnri—2doy =0 (n 2 2);

this formula could also have been obtained from (3.2), at least for n > k. Note
that the numbers a, and b, are real, so the squares on right-hand side of (5.9)
are positive; moreover, we have a, > 0 for v > 0 (see the text immediately
following (1.4)). Hence by (5.9), (5.10), (1.10)(ii), and (1.5) we obtain

k—1 k=2
(5.11)  1im SUP @pt 1dn+2 - Anik—2 (zZﬁ,H I k/Z) <o.
j=0 j=0

Next we are going to use (5.4) and (5.11) to show that the numbers a, are
bounded. By dropping the second sum from (5.11), we can see that there is a
number M such that

k—1
2
(512) 4av+lav+2 e Ayt k-2 Z a,,+j § kav+ 1Ay+2 .- AQy+k-2 +M
Jj=0

holds for v 2 1, say. Now in case £k = 2 the boundedness of the a,’s is obvious
from here, since in that case the product a, +a,+3 ...a,+x—2 is empty, and so it
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equals 1. The difficulty in case k 2 3 lies in the fact that it is not immediately
obvious that the lim inf of this product is not zero.
Assume now that £ = 3, and let n = 1. Write

A, = min a .
" osisk—1 "k

Since the numbers a, are positive for v 2 1 (cf. the text right after (1.4)), it
follows from (5.12) with v = n + i(k — 2) that

k=1
2
440+ ith—2)+ 1An+i(k=2)+2 - - - Ant+ i+ 1)(k—2) ZA,,+j
=0
= Kan+ik-2)+ 18n+ik-2)+2 - - - Ani+k-2) T M O =i =k —1).

Adding this for 0 < i < k — 1 and dividing by the coefficient of 4 /") A2,
we obtain

k—1
M
4N AL Skt =
=0 Z,»:o An+itk—2)+18n+itk—2)+2 « - - An+(i+ 1)(k—2)

Sk+ (M/k)(an+lan+2'--an+k(k—2))_l/k7

where the last inequality follows by an application of the inequality for arithmetic
and geometric means. Since the limit of the product @,+1an+2...an+rE—-2) 1S
27kk=2) a5 n — o0 according to (5.4), it follows from here that the numbers A,
are bounded. Now, since

(5 13) lim An+k _ lim An+14n+2 - - - An+k =1
’ N @, % Aplpy ... Apik—1

according to (5.4), it also follows that the numbers a, are bounded.

We are now within easy reach of establishing (1.11). For this we will again
consider the case k = 2 as well. That is, henceforth we again assume k = 2
only. As the product a,+1a,+2...a,+x—2 is bounded away from O in view of
(5.4) and the boundedness of the a,’s, and since the a,’s are positive, by (5.11)
we have

k—1 k=2
(5.14)  lim sup (2 at,+ Y bl j) < k/2.
j=0 j=0

Let S be an arbitrary set of integers such that the limits

o = limES Aj+kn (1 §J < k)

n—x,n
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exist. For (1.11)(i) it is sufficient to show that each a; must equal 1/2. By (5.4)
and (5.14) we have

1/4 = (ajeg...op* 2 (o + o3 + ...+ o) /k,

- which, according to the case of equality in the inequality for arithmetic and

geometric means is possible only if ) = ay = ... = o = 1/2. Thus (1.11)(@1)
follows. Now (1.11)(ii) follows from (5.14). The proof of Theorem 1.5 is com-
plete.

We conclude with relating the case k = 2 of our Theorem 1.2 with Nikishin’s
Theorem 1 in [14, §2, p. 24]. This says the following:
Suppose the recurrence coefficients a;, b; satisfy

(5.15) > la} = 1/4] = o(1/n)
I=n
and

(5.16) > (lby + bs1| + |bibis i) = o(1/n).

I=n

Then the support of « contains only finitely many points outside the interval
[—1,1].
Now we have

€2nn = 2(03, + a3+l + bi) -1
€2.nn—1 = 2(1,,71(bn7| + bn)7 €2 nn+l = 2an+l(bn + bn+l)7

€202 = 2an-1a, — 1/2, and  €2np+2 = 2ap+1Gn+2 — 1/2.
Thus (1.8) with & = 2 can be rewritten as
(GA7) Y (2a + 2aly, + 262 — 1| + aylba-1 + by

I=n

+ arH—lIbn + bn+l| + (2anflan - 1/2)+

1
+ — 1/ < .
(zan+1an+2 /2) )< 36(n+4)

It is easy to see that this can be deduced from (5.15) and (5.16), i.e., that this
is a condition weaker than (5.15)—(5.16), since

b2 < (by + bus1)? + 2|byuBoi].

Actually, Nikishin needs only a weakened form of (5.15)—(5.16) in that he needs
to require that the left-hand sides in these equations be smaller than C/(n + 4)
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and C,/(n + 5) with appropriate positive constants C; and C, similarly to our
inequality (5.17) (the constants in Nikishin’s paper are of the same order of
magnitude as the constant in (5.17), but an exact comparison is not possible).
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