THE FIRST FACTOR OF THE CLASS NUMBER OF A
CYCLIC FIELD

LEONARD CARLITZ

1. Introduction. Let p be a fixed prime > 3. The first factor of the field
R(¢), where R is the rational field and ¢ = €¥'/?, is determined by means of
(1.1) h= @p) R 2)F(Z0) .. (277,
where

f(x) =ro+rx+ra’ 4+ ...+ 7’

Z = 4=V ¢ is a primitive root (mod p), and r; is the least positive residue
of r* (mod p). Vandiver (4) has proved that if » is an arbitrary integer > 1,

then
(1.2) h=2""p[] Bypia (mod "),
wheres = 1,3, ..., p — 2, and the B,, are the Bernoulli numbers in the even

suffix notation.

Let p — 1 = ab, where b is odd and greater than 1. Consider the cyclic field
K C R(¢{) of degree a over R. The class number of K can be expressed in the
form k,-A/R, where (1, p. 332)

(1.3) m=TW%WQﬂWx

whereu = 1,3, ...,a — 1, and f(x) and Z have the same meaning as in (1.1).
The numbers %, and A/R are the first and second factors, respectively, of the
class number of K; since the second factor is not used below we omit the precise
description of this number. Beeger (2) has proved that %, is a rational integer.
In the present note we prove the formula

(1.4) he = 278 P[] Bouprss (mod p*), n > 1,

where v = 1,3, . . ., @ — 1. The proof is similar to that of (1.2). Note that
(1.3) does not include (1.1); also for & > 1, (1.4) does not reduce to (1.2).

2. Proof of (1.4). Asin (4), let

(2.1) p=(Z—rp)

denote one of the prime ideal factors of (p) in the field R(Z). Then for arbitrary
k, m we have

I

z7" =" W),
so that
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(2.2) (2 = f(Z"7) = f(r™7) ™.
Thus by (1.3) and (2.2)
(23) phe = 27T £(r™) (mod ™),
whereu =1,3,...,a — 1.
Now take m = n + %a, and (2.3) becomes
ho = 27 p T[] 107 (mod ")
Since by Fermat’s theorem
" = (mod p™*1),
it follows that
(2.4) he = 272 Pp7 [T £ (™) (mod p7).
In the next place, it follows from r* = r; (mod p) that
rikp" = rl;li" (mod pn+l),
so that
p—2 . »—2
2.5) FOE™Y = D™ = Y (mod p™*").
=0 =0
But since the numbers 7, 74, . . . , 7,2 are a permutation of the numbers 1, 2,

... Wp — 1, itis clear that (2.5) is the same as

p—1
(2.6) f(rb'up ) = k2=:1 klmp-+l (mod p’H—l)-
Nowzusing the well-known formula

pilkm = Bm+l(P) - Bm+1

k=1 m + 1 ’

where B,,;1(x) denotes the Bernoulli polynomial of degree m + 1, it follows
easily that

(2.7) ™) = pBuprr (mod p™*?).
Substituting from (2.7) in (2.4) we get
he = 278 PT] Bpuprss (mod "),

which is the same as (1.4).

3. Some special cases. If we take n = 1, (1.4) becomes

3.1) he = 27T Bupia (mod p).
But by Kummer's congruence (3, chap. 14)

Bbup+1 — Bbu+1
(3.2) bup+1 -~ bu + 1 (mod 2),

so that (3.1) reduces to
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(3.3) o = 27t ] B (mod ).

It follows at once from (3.3) that the first factor of the class number of K s
divisible by p if and only if the numerator of at least one of the numbers
Byt x=13,...,a—1)
s dwisible by p.
Let p=3 (mod 4), a =2, b = 3(p — 1). Thus K is the quadratic field
R(( — p)?). Since the class number of K is now determined by

_ 1% (%
(3.4) = Zk(p),

pkzl
where (k/p) is the Legendre symbol, comparison of (3.4) with (1.3) shows
that in this case h, = — k. Also we see at once that (1.4) reduces to
(3.5) h = — Byp-1pm1 (mod p").
In particular (3.5) includes the well-known formula
(3.6) - = — 2B+ (mod p).

(Since 1 < & < p, it is clear that Bygyr 2 0 (mod p); indeed this is a con-
sequence of the fact that 1(p — 1) is odd, as is evident from (3.7).)
Again, in place of (3.4) let us use

)

Since it follows from

o2 (1) i
that
k%(p-—l)pﬂ = (5) (mod Pn—{»l)’

it is evident that (3.7) implies

(3.8) h = {2 - (%)}_1 é(”i’ pA-D _ {2 B (1%)\(“ B (3(p +m1)) — B,

(mod p"*),

where m = 3(p — 1)p" + 1. Using the formula

we get

Bn(3(p +1)) =2""B, — B, = {<3> - 1} B, (mod ™),
so that (3.8) yields /
(3.9) h=s -~ 2= - ——2 (mod p™™).
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It can be shown, using Kummer's congruence, that (3.5) implies (3.9); also
forn = 0, (3.9) is identical with (3.6).
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