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Abstract. Let A be the path algebra of a Dynkin quiver. A recent result
of Bo Chen asserts that Hom(X,Y/X) = 0 for any Gabriel-Roiter inclusion
X C Y. The aim of the present note is to give an interpretation of this result
in terms of Hall polynomials, and to extend it in this way to representation-
directed split algebras. We further show its relevance when dealing with arbi-
trary representation-finite split algebras.

§1. Introduction

Let k be a field. We call a k-algebra A to be split provided the endomor-
phism ring of any simple A-module is just k. A finite-dimensional k-algebra
A is said to be representation-directed provided there are (up to isomor-
phism) only finitely many indecomposable A-modules, say M1, Mo, ..., M,,,
and these modules can be indexed in such a way that Hom(M;, M;) = 0
for ¢ > j. The most important examples of representation-directed split
k-algebras are the path algebras of the Dynkin quivers (of type A,,, D,,, Eg,
E;, E3).

We will recall below the notion of a Gabriel-Roiter submodule of an
indecomposable A-module Y: such a submodule X always exists in case Y
is not simple. Gabriel-Roiter submodules X of Y have many nice properties,
in particular both X and Y/X are indecomposable.

Bo CHEN THEOREM. Let A be a representation-directed split k-alge-

bra. Let Y be an indecomposable A-module and X a Gabriel-Roiter sub-
module of Y. Then Hom(X,Y/X) = 0.
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Bo Chen [C] gave a proof in case A is the path algebra of a Dynkin
quiver. His proof is combinatorial and is based on a detailed study of
the corresponding Auslander-Reiten quiver. Bo Chen conjectured that the
statement should be true for any representation-directed algebra. The aim
of the present note is to verify this conjecture using knowledge on Hall
polynomials. The relationship exhibited in this way, between the Gabriel-
Roiter measure and Hall theory, may be of further interest. In order to pass
from finite fields to Q, we use integral representations.

Let A be a representation-directed split k-algebra. Then End(X) = &
for any indecomposable A-module X. Also, for any exact sequence

(%) 0 — X —Y —27—0

of indecomposable A-modules X, Y, Z, one necessarily has Hom(Z, X) = 0.
Thus, the assertion Hom(X, Z) = 0 means that the pair X, Z is a pair
of “orthogonal bricks” with dimy Ext!(Z,X) = 1. Thus, the Bo Chen
Theorem shows that there is an inductive procedure in order to construct
all the indecomposables starting from the simple modules, namely forming
extensions of orthogonal bricks. In the case when A is hereditary, this
procedure was studied by Schofield (see [S] and [R4]), and we propose to
call the exact sequences with X, Y, Z indecomposable and Hom(X, Z) =0
Schofield sequences also for any representation-directed split k-algebra A.
In the hereditary case one knows the precise number of pairs X, Z which
yield a Schofield sequence (x), it is ny — 1, where ny is the number of
isomorphism classes of composition factors of Y (a corresponding assertion
is not known in general). Whereas it is easy to construct Y given X and Z,
there does not yet exist a convenient procedure to determine the possible
modules X (and then Z), when Y is given. But the Bo Chen Theorem
provides a method to find at least some of these modules X, namely the
Gabriel-Roiter submodules of Y.

In the last section we show the relevance of the Bo Chen Theorem
when dealing with arbitrary representation-finite split k-algebras. The cov-
ering theory of Bongartz-Gabriel [BG] allows to reduce questions concern-
ing representation-finite algebras to representation-directed algebras. Thus,
consider a representation-finite split k-algebra A and an indecomposable A-
module Y. In general, there will be no orthogonal pairs of A-modules, as
the case of A being a local algebra shows. However, if we take a Gabriel-
Roiter submodule X of Y and write Z = Y/ X, then such pairs X, Z may
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be considered as a sort of substitute, since they give rise to orthogonal pairs
for a corresponding covering algebra.

§2. Gabriel-Roiter inclusions

Let C be a length category (i.e. an abelian category, such that any object
has finite length). For any object X in C, we denote its length by | X|. The
Gabriel-Roiter measure of an object of C is an invariant which takes values
in a countable totally ordered set. It has been introduced by Gabriel [G]
(under the name of “Roiter measure”) in order to focus the attention to
the induction process used by Roiter in his proof of the first Brauer-Thrall
conjecture. Note that any countable totally ordered set may be considered
as a subset of the rational numbers Q, thus we may (and will) assume that
the Gabriel-Roiter measure p(X) of any object X in C is a rational number.
Indeed, one may reformulate Gabriel’s definition as follows (see [R6], [R7]):
Let ©(0) = 0 for the zero object 0. Given a non-zero object X, we may
assume by induction that (X’) is already defined for any proper subobject
X' of X. Let

2~ 1XI indecomposable,
w(X) = max pu(X') + in case X is
0 decomposable,

with the maximum being taken over all proper subobjects X’ of X. Note
that the maximum exists, since one observes (along the induction) that
(X)) = > ierx) 27" foraset I(X) C {1,2,...,]|X|}. The original definition
by Gabriel [G] used the set I(X) itself as the Gabriel-Roiter measure of X,
with a corresponding totally ordering on the set of finite subsets of natural
numbers.

If Y is an indecomposable object of length n which is not simple, then
there exists an indecomposable subobject X of Y such that u(Y) = pu(X)+
27", which will be called a Gabriel-Roiter subobject of Y. The Gabriel-
Roiter subobjects X may also be characterized as follows: first, X is an
indecomposable subobject of Y'; second, pu(X) < u(Y); third, for any proper
subobject Y’ of Y, we have u(Y’) < p(X). Note that Y may contain
several Gabriel-Roiter subobjects. They are not unique, not even unique
up to isomorphism, but all have the same length. It has been shown in
[R6] that for any Gabriel-Roiter subobject X of Y, the factor object Y/X
is indecomposable. Note that if X is a Gabriel-Roiter subobject of Y and
f X — Y is any monomorphism, then also f(X) is a Gabriel-Roiter
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subobject of Y, and thus the cokernel of any such f is indecomposable. On
the other hand, let us consider now the set Sing(X,Y) of maps f: X — Y
which are not monomorphisms.

PROPOSITION 1. Let Y be indecomposable and not simple, let X be a
Gabriel-Roiter subobject of Y. Then Sing(X,Y) is closed under addition.

Proof. For i = 1,2, let f; : X — Y be maps such that f; + fo is a
monomorphism. We want to show that at least one of fi, fo is a monomor-
phism. Let Y; be the image of f;, for i = 1, 2. Since |Y;| < |X| < |Y], we see
that Y; is a proper subobject of Y, thus u(Y;) < u(X). As a consequence,

max(p(Y1), p(Y2)) < p(X).
Since f1 + fo is a monomorphism, the map

2

is a monomorphism too, since its composition with the summation map:
Y1 ® Y, — Y isjust fi + fo. Using Gabriel’s main property [R6], it follows
from

M:XAY@YQ

max(u(Y1), u(¥z2)) < p(X),

fi

f2

in case at least one of the maps f; : X — Y; is a split monomorphism. In
particular this f; is a monomorphism. (Another proof will be given in [R7].)

that the mapping [ ] is a split monomorphism. But this is only possible

Here is a consequence in case A is a representation-finite k-algebra.
Assume that My,..., M, are all the indecomposable A-modules, one from
each isomorphism class. For every pair of modules M;, M; choose irre-
ducible maps f]’”Z : M; — M, say 1 < r < m;j;, such that the residue classes
modulo the square of the radical of mod A form a k-basis of the bimodule
Irr(M;, M;) of irreducible maps. Let B be the set of these maps f7; for all
the 7, j, 7. One may call B a basis of irreducible maps for mod A. Then
it is well-known (and not difficult to see) that any map M, — M, is a
linear combination of compositions of maps from 5. Proposition 1 implies
the following: If M, is a Gabriel-Roiter submodule of My, then there is a
monomorphism M, — My which is a composition of maps in B.

Proof. 1If all compositions of maps in B would belong to Sing(M,, My),
then Sing(M,, M) = Hom(M,, Mp). But by assumption, there exists an
inclusion M, — M,
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§3. Counting submodules

Now assume that k is a finite field, say with ¢ elements. Let A be
a finite-dimensional k-algebra. Let X, Y be indecomposable finite-dimen-
sional A-modules. Note that Sing(X,Y) is not only a subgroup, but a
k-subspace of Hom(X,Y").

PROPOSITION 2. Assume that X is a Gabriel-Roiter submodule of Y .
Let

e = dimy End(X), r = dimy rad End(X),
h = dim; Hom(X,Y), s = dimy, Sing(X,Y).

Then the number u§ of submodules of Y which are isomorphic to X is

= D -1
(and h>s>r,e>r).

Proof. The inequality r < e is obvious. Also, Sing(X,Y) is a proper
subset of Hom(X,Y"), since there is the inclusion map X C Y, thus s < h.
The set Hom(X,Y) \ Sing(X,Y’) is the set of monomorphisms X — Y,
thus the number of monomorphisms X — Y is ¢" — ¢°.
phisms f,f’ : X — Y have the same image if and only if there exists
an automorphism g : X — X with f’ = fg, and such an automorphism
is unique: The group Aut(X) of automorphisms of X operates freely on

Hom(X,Y) \ Sing(X,Y), thus we see that

Two monomor-

[Hom(X,Y) \ Sing(X,Y)| = |[Aut(X)| - uk.

Of course, Aut(X) = End(X) \ rad End(X), thus |[Aut(X)| = ¢° — ¢" and
therefore

¢" "= (" —q") - uk.
Since ¢" divides the right side, it devides the left side ¢" —¢° = ¢*(¢"~* — 1),
thus ¢" divides ¢° and therefore r < s.

§4. Hall polynomials for representation-directed algebras

We return now to a representation-directed split k-algebra A. First we
deal with an arbitrary field k. Let X be a Gabriel-Roiter submodule of the
A-module Y, and let Z = Y/X. We have mentioned above that Z is an
indecomposable A-module.
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Let K¢(A) be the Grothendieck group of mod A (of all finite length mod-
ules modulo exact sequences). Given a finite length module M, we denote
by dim M the corresponding element in Ky(A). If M is an indecomposable
A-module, then (see [R1]) we know that End(M) = k, Ext!(M,M) = 0
and that the isomorphism class of M is uniquely determined by dim M.
We may fix a representative in the isomorphism class of M and denote it
by M(x) or M(x,k), where x = dim M. Alternatively, we may consider
x as a vertex of the Auslander-Reiten quiver I' of A so that M(x) is an
indecomposable A-module belonging to the isomorphism class x.

Let us assume that k is a finite field. Given any embedding f : X —
Y, the cokernel of f is indecomposable, as we have noted above, and its
dimension vector is dimY — dim X = dim Z. But Z is up to isomorphism
the only indecomposable module with this dimension vector. Thus the
cokernel of f is isomorphic to Z. If we denote by FYy the number of
submodules U of Y isomorphic to X with Y/U isomorphic to Z, then this is
just the number of submodules of Y isomorphic to X. Let x =dim X, y =
dimY, z = dim Z. It has been shown in [R2] that h = dimj; Hom(X,Y)
only depends on x, y. For e = dimy, End(X) we even know that e = 1, since
A is assumed to be representation-directed and split, and consequently r =
dimg rad End(S) = 0. But we do not yet know that s = dimy Sing(X,Y)
depends only on x and y.

In order to overcome this difficulty, observe that for a field extension
k C k' and the scalar extension A¥ = A@,k/, X¥ = X@,k/, Y¥ = Y @ik,
we have an inclusion

Sing, (X,Y) ® k' C Sing u (X*¥,Y¥) C Hom (XF Yk,

Thus, if we set s(k') = dimy Sing,» (X*, Y'*¥'), then this function s is mono-
tone with respect to field extensions and bounded by dim; Hom(X,Y"), thus
it will stabilize for large finite fields; let this value be s. It follows that the
polynomial

VR(T) = (T" =T°)(T - 1) =T*(T" > -+ T+ 1),
has the evaluation v
M(y,
(A FM(z}:k),M(x,k)’
for large finite fields k with |k| = ¢. But this means that ¥ (T") coincides
with the Hall polynomial ¢3x(7T") which satisfies

_ M(y.k)
() = FM(Zk),M(x,k)’
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for all finite fields k.

In [R3], all the Hall polynomials ¢3x(T) for representation-directed al-
gebras and the dimension vectors x = dimX, y = dimY, z = dim Z of
indecomposable modules X, Y, Z have been calculated: here is the corre-
sponding list for the split algebras:

0, 1, T-2 (T-272% (T-2)3
T3 — 5T + 107 — 7, (T —2)(T3 — 4T% + 8T — 6),
T5 — 6T* 4 1573 — 2372 + 25T — 13.

It follows that we must have ¢3x = 1, and therefore s =0 and h—s—1 =0,
thus h = 1. But Hom(X,Y) = k immediately implies that Hom(X, Z) = 0.
Just look at the long exact sequence for 0 - X — Y — Z — 0, and note
that Hom(X, X) = k and Ext!(X, X) = 0. (Let us add also the following
remark: since s = 0 and s(k) < s for all finite fields k, we see that always
s(k) =0.)

This furnishes a proof for the Bo Chen Theorem in case the base field
k is finite.

Remark 1. The Hall polynomials ¢3x(g) with x, y, z dimension vectors
of indecomposable modules have been calculated in order to determine the
structure of the Hall algebras H(A). This was done in analogy to the
case of the classical Hall algebras H(R), where R is a discrete valuation
ring (say R = Z,) or R = k[[T]]), as studied by Steinitz and Philip Hall
(see [M]). Whereas in the classical case the only Hall polynomials ¢ (7T,
with x, y, z referring to indecomposable R-modules, are the polynomials
0 and 1, it was quite a surprise to see that for A representation-directed,
polynomials of degree up to 5 can occur. The numerous investigations of
Hall polynomials in the classical case are devoted to deal with decomposable
(not indecomposable) R-modules. The corresponding simple nature of the
Hall polynomials for Gabriel-Roiter inclusions for representation-directed
split algebras could be of interest for the determination of further Hall
polynomials.

Remark 2. We have mentioned in the introduction that the exact se-
quences

(%) 0 — X —Y —27—0
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with X a Gabriel-Roiter submodule of Y are special cases of Schofield se-
quences. In terms of the Hall multiplication (see [R2], [L]) we see the
following: such a Schofield sequence (x) yields that the isomorphism class
[Y] can be written in the corresponding Hall algebra as the commutator
[[Z], [ X]], since

[Z]o[X] = Y]+ [X®Zz], [X]eo[Z]=[X&Z],
where ¢ denotes the multiplication in the (untwisted) Hall algebra H(A).

85. Reduction to finite fields

In the last section, we gave a proof of the Bo Chen Theorem for k£ a
finite field. One may use this special case in order to obtain a proof in
general. If k is any field, we denote by kg its prime field.

First we note the following:

(1) If there exists a Gabriel-Roiter inclusion M (x,k) — M(y,k) for
some finite field k, then there is an embedding M (x, k') — M(y, k") for any
field k'

Proof. This is an immediate consequence of the Bo Chen Theorem,
since the existence of a Schofield sequence 0 — M (x,k) — M(y, k) —
M (z,k) — 0 is independent of k.

Since we are looking only at an indecomposable module Y and a sub-
module X, we may assume that Y is faithful. A representation-directed
split algebra A with a faithful indecomposable module is a tilted algebra
and therefore A, as well as all the indecomposable A-modules, are defined
over the prime field kg of k. (As a tilted algebra, A is the endomorphism
ring Endg (T), where H is a finite-dimensional hereditary k-algebra, and T
is a tilting H-module. With A also H is a split k-algebra [R5], thus H = kQ
is the path algebra of a finite quiver ) without oriented cycles. But then
H = (koQ)*. Also, there is a tilting ko@Q-module Ty with T = (Tp)*. If
AO = El’ldkOQ(To), then A = (Ao)k)

(2) If there exists a Gabriel-Roiter inclusion M (x,k) — M(y,k) for
some field k, then there is an embedding M (x, ko) — My, ko).
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Proof. Choose a basis B of irreducible maps for mod A. Since A is
defined over the prime field ky, we can assume that all the elements of
B are defined over the prime field. As we have mentioned at the end of
Section 2, there is a Gabriel-Roiter inclusion M (x, k) — My, k) which is a
composition of elements of B. This composition yields a map M (x, ko) —
M (y, ko) which has to be a monomorphism.

(3) If there ewists a Gabriel-Roiter inclusion M(x,Q) — M(y,Q),
then there is an embedding M (x,F,) — M (y,Fy) for almost all prime num-
bers p.

Proof. We will use integral representations as considered (for quiv-
ers) by Crawley-Boevey [CB]. Before we do this, let us recall the knit-
ting procedure for a representation-directed split k-algebra A: One may
construct the indecomposable A-modules M;,...,M,, as well as a basis
B of irreducible maps inductively as follows: Assume that My,..., M; 1
and the irreducible maps between them are already constructed. If M;
is projective, then M; = k & @;:1 N; with modules N; ~ M, ;, where
o:{1,....,r} — {1,...,i— 1} is an injective map. Thus, up to isomor-
phism, one may assume that rad M; = @;Zl M, ;) and one adds the in-
clusion maps M,(;) — M; to B. If M; is not projective, then there is an
Auslander-Reiten sequence

0 — Ny (fg @N (ga M, —0

with modules N; >~ M, ;), where this time o : {0,1,...,7} — {1,...,i—1}
is an injective map. Again, up to isomorphism, we can assume that we deal
with an exact sequence of the form

0 — My —22, @M i, o,

where the maps f; already belong to B. In this way, the cokernel M; and
the new irreducible maps g; are constructed using given modules and given
maps. Note that in this way we reconstruct also the k-algebra A itself (as the
opposite of the endomorphsim ring of the direct sum of the indecomposable
projective objects).

If we would use the same inductive procedure in order to construct inte-
gral representations, we would face the problem that starting with represen-
tations which use finitely generated free abelian groups, the corresponding
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cokernel may no longer be a free abelian group. But we can use the dual
procedure, knitting the Auslander-Reiten quiver from right to left. Thus,
assume that the A-modules M;41,..., M,, are already constructed. In case
M; is injective, we can assume

M, =ko @ Ma(j)
j=1

with an injective map o : {1,...,r} — {i +1,...,m}, whereas if M; is not
injective, then we deal with an exact sequence

(95);

0— at L @ty 2 i —0
j=1

where now the maps g; are irreducible maps in B which already are con-
structed, and o : {0,1,...,r} — {i+1,...,m} is an injective map. Again,
we reconstruct the k-algebra A itself (now as the opposite of the endo-
morphsim ring of the direct sum of the indecomposable injective objects).
Do the same with k replaced by Z. To be precise: Consider a represen-
tation-directed split Q-algebra A and let I' be its Auslander-Reiten quiver.
The knitting procedure from right to left produces “integral representa-
tions” MiZ which are finitely generated free as abelian groups as well as a
set BZ of maps between these objects, following the shape of I'. We obtain
at the same time a Z-order A% in A, and the objects MZ-Z are indeed A%-
modules, and the maps in B% are A%-homomorphisms. Note that for the
injective modules M;, the corresponding integral representation is

-
Z Z
M =Z & P My
j=1
whereas for M; not injective, we get an exact sequence

o(j a(0) —0

0 Mz‘Z (f4); éMZ : (95); M2

j=1
starting with the maps g; already constructed in BZ and forming the kernel
MZ-Z. Note that ]\4iZ considered as an abelian group is finitely generated
and free, since it is constructed as a subgroup of a finitely generated free
abelian group. In order to see that g = (g;); is surjective, we first note that
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cokernel of g will be torsion, since g ®z Q is surjective. But we also know
that g ®z [F), is surjective, for any p, thus the cokernel of g has to be zero.
The sequence splits as a sequence of abelian groups (since M Z(o) is free).
Tensoring the sequence with any field k, one obtains an Auslander-Reiten
sequences.

Altogether we see that for any x € Ky(A), there exists an integral
representation M (x,7Z) such that

M(x,Z) @z k = M(x,k)

for any field k. Also, in case there is an irreducible map M (x, k) — M(y, k),
there is a corresponding map

f:M(x,2) — M(y,Z)

in BZ and
f®Zk:M(X7k) —>M(y7k)

is irreducible, for all fields k.

Now we can present the proof of (3). Consider a Gabriel-Roiter in-
clusion M (x,Q) — M(y,Q). As we know from Section 2, there is an
embedding of M (x,Q) into M (y,Q) which is a composition of irreducible
maps. Thus we see that there is a map

u: M(x,Z) — M(y,Z)

which is a composition of maps in B% and such that u®zQ is injective. But
then u ®z [, is injective for almost all primes p and this is an embedding

u®zFp: M(x,F,) — M(y,Fp),
as required.
The assertions (1), (2), (3) have the following consequences:

(1) If k is a finite field, and k' an arbitrary field, then u(M(x,k)) <
p(M(x, K')).

Namely, if I(M(x,k)) = {n1 <na < --- < ny}, then there is a sequence
of Gabriel-Roiter inclusions

M(xy,k) — M(x9,k) — -+« — M(x4, k) = M(x,k)
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with |M(x;, k)| = n;. According to (1), there is a chain of inclusion maps
M(x1,k') — M(x2,k') — -+ — M(x4, k') = M(x, k)

and |M(x;,k")| = n;. But this implies that u(M(x,k)) < p(M(x,k")).
Similarly, (2) and (3) yield:

(2') If k is an arbitrary field, then u(M(x,k)) < u(M(x,ko))-
(8) Ifp> 0, then u(M(x,Q)) < p(M(x, Fy)).
Combining these considerations, we see:

(4) For arbitrary fields k, k', we have:
p(M(x, k) = p(M(x, k).

Proof. 1f follows from (1') that u(M(x,k)) = u(M(x, k")) for arbitrary
finite fields &, ¥’. The combination of (1’) and (2") shows the same for k a
field of characteristic p > 0 and k' = kg its prime field. Using in addition
also (3’), we see that the conclusion also holds for fields of characteristic 0.

PROPOSITION 3. Let A be a representation-directed split k-algebra.
The existence of a Gabriel-Roiter inclusion X — Y only depends on the
position of X and Y in the Auslander-Reiten quiver of A (and not on k).

Proof. According to (4), the Gabriel-Roiter measure of any M (x, k)
does not depend on k. Thus, the assertions (1), (2) and (3) can be
strengthened as follows:

(1) If there is a Gabriel-Roiter inclusion M (x,k) — M(y, k) for some
finite field k, then there is a Gabriel-Roiter inclusion M (x,k") — M(y, k')
for any field k.

(2") If there is a Gabriel-Roiter inclusion M (x,k) — M(y, k) for some
field k, then there is a Gabriel-Roiter inclusion M (x, ko) — My, ko).

(3") If there is a Gabriel-Roiter inclusion M(x,Q) — M(y,Q), then
there is a Gabriel-Roiter inclusion M(x,F,) — M(y,F,) for almost all
prime numbers p.
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But this means the following:

(5) If there is a Gabriel-Roiter inclusion M (x,k) — M (y, k), for some
field k, then there is a Gabriel-Roiter inclusion M (x, k") — M (y, k') for any
field k.

Remark. We have shown that the existence of a Gabriel-Roiter inclu-
sion M (x,k) — M (y, k) depends only on x, y, but not on k. If we consider
arbitrary inclusions, the corresponding statement is not true. The typical
example is furnished by the D4-quiver with factorspace orientation, say with
vertices 1, 2, 3, 4, where 1, 2, 3 are sinks and 4 is a source. Let X = P(4)
(with dimension vector x = (1,1,1,1)) and let Y be indecomposable with
dimension vector y = (1,1,1,2). Then, for |k| > 3, the module M (x,k)
can be embedded into My, k). But for k = Fy, there is no such embedding
(the corresponding Hall polynomial is ¢3 x(T) = T — 2).

§6. Examples

For the Bo Chen Theorem, all the assumptions on A are necessary, as
the following examples show:

(1) The algebra A = k[T]/T? is a representation-finite split k-algebra.
The embedding of the simple A-module S into the regular representation
P = A is a Gabriel-Roiter inclusion, but Hom(S, P/S) # 0.

(2) If A is the path algebra of a tame quiver, and H is a simple homo-
geneous A-module, then there is an indecomposable A-module H[2] with H
as a submodule such that H|[2]/H is isomorphic to H. One can show that
H is a Gabriel-Roiter submodule of H|[2] and Hom(H, H[2|/H) # 0.

(3) In both cases (1) and (2), the algebra A was not representation-
directed. Let us consider now a representation-directed algebra which is
not k-split, namely A = [’8 g], with k C K a field extension of degree
2. Note that A is a hereditary algebra of Dynkin type Bs. We consider
left A-modules. There are two indecomposable projective modules Py and
Py, with Py of length 1 and Py of length 3. Any embedding f : P, — P»
has as image a Gabriel-Roiter submodule of Pa, but Hom(P», Cok(f)) # 0.
The corresponding Hall polynomial for x = dim Py, y = dim P, z =
dim Cok(f) is
Y(T)=T+1

zX

(in terms of the numbers h, s, e, r: we have h =2, s =0 ande =1, r = 0).
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87. Representation-finite algebras

What are the building blocks of a length category? The obvious first
(but naive) answer will be: take the simple objects and reconstruct any
object along a composition series. However it turns out that this is a quite
difficult procedure — just observe that most objects will have numerous
and very different composition series! In case we deal with a hereditary
length category, at least the exceptional objects can be reconstructed very
well using the Schofield sequences. The following considerations seem to
suggest that in general one should look at Gabriel-Roiter inclusions (and
inductively Gabriel-Roiter filtrations).

Consider a representation-finite split k-algebra A and an indecompos-
able A-module Y. We are interested in concise ways for writing Y as an ex-
tension of smaller modules. We can assume that Y is faithful (and not sim-
ple). By aresult of Bongartz [B], this implies that A has a simply connected
universal covering A with a dense covering functor w : mod A — mod A.
Here, Ais a split k-algebra, not necessarily with 1, but with sufficiently
many idempotents e; (this means that A = D, eiKej) and A is locally
bounded (all the ideals Ae;A are finite-dimensional).

If we denote by Y an indecomposable object in mod A with 7r(§~/) =Y,
and by [ its annihilator, then Ay = A /I is a representation-directed split
k-algebra and properties of Y can be studied by looking at the Ay-module
Y.

The covering terminology used by Bongartz and Gabriel may be re-
formulated as follows: the algebra A can be G-graded with G a (usually
non-abelian) free group, called the Galois group of the covering, and we
may identify mod A with the category of G-graded A-modules, so that 7
is just the forgetful functor. Of importance is that 7w is a dense functor:
this means that any A-module can be G-graded. Given any G-graded A-
module M, and g € G, we denote by gM the G-graded A-module with
grading shifted by g. Of course, m(¢M) = (M) and there is the following
“covering property”: Let M, N be G-graded A-modules, then 7 yields a
bijection

&P Homg (9M, N) — Homy (w(M), w(N)).
geG

Assume now that A and A’ are locally bounded split k-algebras with
sufficiently many idempotents.
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PROPOSITION 4. Let m: mod A’ — mod A be a dense covering functor
with Galois group G. Let X, Y be indecomposable in mod A’.

(a) If u : X =Y is a monomorphism in mod A’, then w(u) : 7(X) —
m(Y') is a monomorphism in mod A.

(b) Let v : m(X) — w(Y) be a monomorphism in mod A with image a
Gabriel-Roiter submodule of w(Y). Then there exists a monomor-
phism v' : gX — Y for some g € G such that gX is a Gabriel-Roiter
submodule of Y.

(©) u(Y) = pu(x(Y)).

Proof. Assertion (a) is obvious and this yields the inequality p(Y) <
u(r(Y)) in (c).

The converse inequality of (c) and statement (b) will be shown by
induction on the length of Y. Using the bijection

P Homz (9X,Y) — Hom, (r(X),m(Y)),
geG

the map v : m(X) — 7(Y) can be written as v = 3  ;m(vg) with
vg : gX — Y (and only finitely many of these maps f, being non-zero).
According to Proposition 1, at least one of the maps m(v4) has to be injec-
tive, thus we obtain a monomorphism v, : gX — Y.

By induction, we may assume that x(X) = pu(7(X)), and since m(gX) =
m(X), also u(gX) = p(r(X)). Let n = |Y| = |7(Y)|. Now, according to
the definition of u(Y),

u(r(Y)) = p(r(X)) +27" = p(gX) + 27" < u(Y).

But since we know already that u(Y) < p(n(Y)), we have equality and
therefore (c) holds. We also see that pu(gX) + 27" = u(Y), and thus the
image of v = v, is a Gabriel-Roiter submodule of Y. This completes the
proof.

In particular, we see the following: Let A be a representation-finite
split k-algebra and Y a faithful and indecomposable A-module. Let 7 :
mod A — mod A the universal covering and Y an indecomposable object in
mod A with 7(Y) =Y. Then
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and the Gabriel-Roiter filtrations of Y correspond to the Gabriel-Roiter
filtrations of Y. Here Y may be considered as a Ay-module, where Ay =
A /I with I the annihilator of Y. The algebra Ay is a representation-directed
split k-algebra, so that the Bo Chen Theorem applies.

Remark 1. If A is a representation-directed and split k-algebra, then
we know that for any Gabriel-Roiter inclusion X C Y we have dimy
Hom(X,Y) = 1, thus in particular X is the only submodule of Y which
is isomorphic to X. This is no longer true for representation-finite split
k-algebras. A typical example is given by the quiver 11271 with zero relation

q

and the indecomposable representation Y of dimension 4. The Gabriel-
Roiter measure of Y is given by I(Y) = {1,2,4}. There is a family of
Gabriel-Roiter submodules X of Y indexed by the affine line A! (and
dim; Hom(X,Y) = 2). Covering theory considers instead of this cycle a
quiver of type A (with infinitely many zero relations):

...... AVCANCANE

The corresponding modules Y are the only indecomposable representation
of dimension 4 and any such module has, in contrast to Y, a unique Gabriel-
Roiter submodule. In terms of graded algebras and graded modules, we
consider Y as being endowed with a grading such that Y is written as the
direct sum of four 1-dimensional subspaces.

Remark 2. Let us stress that for a Galois covering m : mod A’ —
mod A and indecomposable A’-modules X, Y, the existence of an embed-
ding 7(X) — m(Y) usually does not imply the existence of an embed-
ding X — Y. A typical example is provided by the universal covering
7w :mod A" — mod A with Galois group G = Z:

AN A

e 7N g - of)
SN SN /N
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For a vertex x of A, we denote by Py (z) the corresponding indecomposable
projective module, and similarly for vertices of A’. There is an embedding u
of Px(b) into Py (a). However, there is no monomorphism from P/ (b") into
Py/(a) for any vertex b” in the G-orbit of b, but there are non-zero maps
Py/(b) — Pyr(a) and Pp/ (V') — Pys(a), neither one being a monomorphism,
such that the images under 7 add up to the monomorphism u (in particular,
u belongs to the additive closure of Sing(Px(b), Pa(a))).
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