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Automorphic compactifications and
the fixed point lattice of a
totally-ordered set

Gary Davis

When a totally-ordered set §! has no points fixed by all auto-
morphisms we equip £ with the support topology which has fixed~
sets of automorphisms as basic closed sets. There is a mapping
from § into the set of prime dual ideals of the lattice &(f)
of basic closed sets and this allows us to classify the points of
2 as excellent, isolated, static, or extraordinary. There is an
action of the group of automorphisms of § on the lattice &(Q)
and this allows us to see that automorphisms of {2 preserve the
prime dual ideal classification of points of 2 . When the empty
set is a basic closed subset of  the dual spectrum of &(Q)

is a compact TO space (Hausdorff when all points of £ are

excellent) containing  as a dense subspacé and allowing an
extension of each automorphism of § to a homeomorphism of the

dual spectrum.

Introduction

When £ is a totally-ordered set we denote by A(Q) the lattice-
ordered group of order-preserving permutations of Q . If  is equipped
with its order topology then there is always a compact Hausdorff space X

containing  as a dense subspace, having the following property:

(*) every T € A(Q) extends to a homeomorphism of X .
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Namely, we can take for X the lattice completion of the Dedekind
completion of € , equipped with its order topology, and then every
m € A(R) extends uniquely to an order-preserving permutation, and

therefore homeomorphism, of X according to
m(x) = \/{n(a) ta €9, a=z};
see [2].

We say that a compact T. space that contains  , with some

0
specified topology, as a dense subspace, and satisfies (¥*), is an auto-
morphic compactification of £ . In [7] an automorphic compactification of
2 , with its order topology, was constructed in a different way for the
special case that § 1is a totally-ordered field. That construction fails
in general, and it is the object of this paper to see how this situation

can be repaired.

The prime dual ideal classification of points of @

We assume throughout that ! is a totally-ordered set. For
meat(Q) = {mn €4(Q) : 7(z) =z for all x €} we define the support of
T to be the set supp(m) = {z €2 : m(x) > 2} , and we define
fix(m) = Q\supp(w) = {x € Q : m(x) = £} . The set ¢() of all rix(w) ,
w € A+(Q) , is a lattice of subsets of € , when it is ordered by

inclusion, with

fix(nl) n fix(’na] = fix(‘n % )

1Yo
and

gix(m) v fix(m,) = fix(nllmz)
for all m., m_ € AT(R) . We call 6(Q) the fizmed-point lattice of Q ,

1’ "2
and denote by X(R) the set of prime filters of &() with the hull-
kernel topology, which has the sets U(w) = {§ € K(Q) : fix(n) ¢ £} as

basic open sets.

We observe that for each x € @ the set &(x) = {fix(m) : n(x) = x}
is a prime dual ideal of &(f) , and then make the following definitions:

a point = € Q is

(1) an excellent point if §(x) is & maximal filter,
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(2) an isolated point if E(x) is a minimal-prime filter,

(3) an extraordinary point if E£(x) is a non-maximal and non-

minimal-prime filter,
(4) a statie point if E&(z) = o(Q) .
We also say that § 1is spectral if the map =z + &(x) is injective.

LEMMA 1. 7The sets supp(w) , w € ) , are basic open sets for a
topology on Q <if and only 1f Q has no static points.

Proof. supp(ﬂl) n supp(wa) = supp(nlvnz) for all T, T, € at@) ,

+
so we only need £ = U{supp(w®) : m € 4 (Q)} , and this is the case
precisely when Q contains no points x satisfying #(x) = x for all

+
T €A (R) ; that is, no static points.

When ! has no static points we call the topology of Lemma 1 the
support topology on .

PROPOSITION 2. If Q has no static pointe then the following

statements are equivalent:

(1) @ 48 T, for the support topology;

0
(2) Q is spectral;
(3) the map x + E(x) <& a homeomorphism from Q 1into K(Q) .
Proof. Suppose that §£i is a TO space and that E(z) = £(y) . Then
{fix(m) : w(z) = 2} = {fix{m) : 7(y) = y} so that x, y cannot be Ty-

separated and therefore x =y . Now suppose that the map =z -+ E(x) 1is

injective. If U(w) is a basic open set in KX(f) then

{x €0 : E(x) e UM} ={x €Q: fix(m) § E(x)} =
={xeQ: x [ ix(m)} = supp(m)

which is a basic open set in Q . Conversely if supp(w) is a basic open

set in 0 then
{(z) : = € supp(m)} = {E(zx) : fix(m) f &(x2)} = U(w) n {E(x) : = € Q} ,

which is a basic open subset of {&(x) : z € R} . Pinally, if we assume

that x + E(x) is a homeomorphism then § is a T0 space since KX(Q) is

a TO space; (ef. [4]).
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An important aspect of the lattice &(R) is that the group A4(R)
acts as a group of lattice automorphisms of ¢(Q) . Namely, we can define

a homeomorphism o from A(Q) into the automorphism group of &(Q) by
d(m)fix(n') = fix(nm'n"L)

PROPOSITION 3. kera <s a normal sublattice subgrowp of A(R) , and
as a lattice-ordered group, kero. i8 representable.

Proof. We have to see that kera is a sublattice of A(Q) . Suppose

+
that T, , €keroo and T €4 (Q) . If x € fix(w) then
= ] C L)
m(mvn,) () = m v (z) so that a(nlvne] fix(m) € fix(w) . We then
-1 _-1 -
replace Tl'l, TI’2 by Trl s ‘rr2 and see similarly that

1 2

+
fix(m) ga(nlwrg)fix(n) » and kera is a sublattice. If m, 7, €4 (Q)

and m A 112 =1 then fix(ﬂl) v fix[ﬂz) = Q ss0 that, for m € kero ,

a[ﬂ-l/\ﬂ-l]fix(ﬂ) < fix(w) . Then a[(nlvwz)_l]fix(ﬂ) < fix(m) so

fix[nnl'rr'l] U fix(nz) = meix(m ) v fix(nz) = fix(nl] U fix(ne) =Q

which gives mrln‘l Am,=1. In particular, with m , m € kera this

says that kera is representable as a lattice-ordered group.

We now see that this action of 4(R) on &(Q) allows us to say that
moving a point around by A(Q) preserves the prime dual ideal

classification of that point.

PROPOSITION 4. If =z € Q@ has a given prime dual ideal
classification (that is, excellent, isolated, extraordinary, static) then
all points in the orbit of A(Q) that containe x have the same

elassification.

Proof. Since wfix(n') = fix(mr’n_l] for all w' € A+(Q) .
m € A(Q) , we see that E(m(x)) = mE(x) = {mfix(m') : w'(x) = 2} . Since
the elements of A(f)) act as automorphisms of the lattice ¢(f2) they send
maximal filters onto maximal filters, minimal-prime filters onto minimal-
prime filters, prime filters that are neither onto prime filters of the

same type, and &(Q) onto &(Q) .
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COROLLARY 5. Suppose that A4A(R) 1is transitive. Then all points of
Q are excellent (isolated, extraordinary) if and only if Q has an
excellent (isolated, extraordinary) point.

We say that  is excellent if all poiﬁts of Q are excellent.
THEOREM 6. If Q 4is T, for the support topology then the follow-
ing conditions on R are equivalent:

(1) Q 1is Tl 3

(2) Q ie Hausdorff;
(3) for each x € Q there is a T € A+(Q) with fix(w) = {x} ;
() @ is excellent.

Furthermore when any one of (1) - (4) holds, Q <8 completely regular.

Proof. Suppose that x, y € € are Tl-separated by supp(m),
s . 'V o -1
supp(ne) respectively. Then, with “1 = ﬂl(ﬂlAﬂz] and

é = nz(ﬂlAﬂz]-l » we have ni A wé =1 and supp(ﬁi], supp(né] Hausdorff

separate &, ¥ . Thus (1) and (2) are equivalent. Now suppose that 2 is

iy

Hausdorff for the support topology and x € @ . For each y # * there is

+
a ny € A (R) with y € supp(ny) and x € fix(ﬂy) » SO We can cover
Q\{z} with a collection {supp(ﬂx)} of disjoint basic open sets none of
which contain x . Since A(Q) is laterally complete, the join

T = \X/ “X exists and since the stabilizer subgroup

{n' € A(R) : 7'(x) = z} 1is closed, [31, we have 7(x) ==z but m(y) > y
for y # x . Thus (2) implies (3). Now suppose that (3) holds and £ is
a filter of ¢(R) containing &(x) . If fix(m) € £ then

fix(m) n £ix(m') # O for all fix(n') € &(x) . 1In particular, with
fix(m') = {x} , ve have T7(x) = z,s0 £ = E(x) . Thus (3) implies (L).
Finally, if Q is excellent the map & - £(x) is a homeomorphism from &
into the subspace of K(2) consisting of the maximal filters of &(R) ,
and this is a Hausdorff space. When Q is Hausdorff an argument as in
finding am with @(x) = x shows that 0 is completely regular.

We say that Q 1is isolated if every point of Q is isolated.
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COROLLARY 7. If Q <is isolated them Q 1is not T, for the support

0
topology.

Functional properties of the fixed-point lattice

The object of this section is to describe & category of totally-
ordered sets for which the map 2 + ®(Q) is the object map of a contra-

variant functor into a category of distributive lattices.

We describe the category A as follows: the obJects of A are
totally ordered sets and the arrows ¢ : Q' + Q are the order-preserving
injections for which ¢(Q') is a fixed block of § ; that is,
A@)(s(@") = (") .

PROPOSITION 8. The map Q -~ A(Q) <is the object map of a contra-
variant functor from A <into a category of ordered permutation groups.

Proof. Suppose that ¢ : Q' = Q is an arrow in A . Then for each
T € A(Q) we can find a unique 7m' € A(Q') making the following diagram

commute:

If w' exists then it must be unique since ¢n'(z) = mp(x) for all
x € Q' . This equation for 7'(x) serves to define 7' as a mapping from
Q' to R' since ¢(R') is a fixed block of § . Then 7' 1is a

bijection with inverse (11-1) ' since

o' () (@) = wo((n7Y) (x)) = wrle(x)

and ¢ is an injection. Further if x <y then ¢(z) = ¢(y) and

o' (x) = mdp(x) < mp(y) = w'(y) ,so0 that 7'(x) = w(y) ,since Q' 1is
totally-ordered. We denote themap w + 7' from A(Q') into A(Q) by
A(¢) . Then calculations as above show that A(¢p) is a lattice-group
homomorphism (in general not injective, although 4(¢) is, of course, an
isomorphism onto A(f)) when A(R) is transitive), and it is straight-
forward to check that this provides us with a (contravariant) functor from

é onto the category of ordered permutation groups of objects of A and
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lattice-group homomorphisms.

COROLLARY 9. The map Q + ®(Q) s the object map of a contravariant
functor from A 1into a category of distributive lattices.

Proof. We only have to check that if ¢ : Q' + Q is an arrow of A

and fix(m) = ix(n)) for m, m, €47(2) then fix(n)) = fix(n}) . I

2
nl’(m) = x then ¢17i(x) = ¢(x) , so that 1r1¢(:c) = ¢(x) ,which gives

n2¢(z) = ¢(x) and so ¢1ré(x) = ¢(x) . Since ¢ is injective we have

112’(:::) =z .

The category é is somewhat unsatisfactory because of the terminal
position in which it places those £ with A(f)) transitive and because
all arrows in A are monic. It would be far better to obtain a category
of totally-ordered sets for which £ + ®(2) could be shown to be
functorial without first going into a category of ordered permutation

groups.

Automorphic compactifications

In this section we see that, under suitable but general restrictions,
K(Q) is an automorphic compactification of £ , and when § is excellent
the Wallman compactification [5] of Q- is a Hausdorff automorphic

compactification of Q .
THEOREM 10. If Q s spectral and the subset ,
T(Q) = {m € A(Q2) : m(z) >z for all x € Q}
of A(Q) <is not empty then K(Q) <8 an automorphic compactification of
Q. If Q is excellent then the Wallman compactification of Q <8 a
Hausdorff automorphic compactification.
Proof. Since  has no static points the support topology is

defined. Further ¢(f2) has the empty subset [0 of f as a least element
so XK(Q) is a compact TO space containing (a homeomorphic copy of) § ,

since Q 1is spectral. If £ € XK(R) and U(w) is a basic open neighbour-
hood of & not meeting § then <fix(w) € £(x) for all =z €  ,so that
fix(m) = 0 , and this contradicts fix(w) ¢ £ . That is, R is dense in
KQ) . It w € A(R) and £ € K(Q) then we define
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T(E) = {neix(n') : fix(n') € €} = {eix(nn's™) : pix(n') € £} .

This provides us with a map from K(Q) to KX(Q), since the elements of

A(Q) act as automorphisms of &(0) . Further, T is a bijection with

inverse mL . If U('nl] is a basic open set of X() then
iU(‘nl) = U[Wﬂl‘ﬂ'_l] , 80 that T is an open map. The same thing applies to

11_1 S0 that T 1is a homeomorphism of K() , which is an extension of T

since

FE@) = {eix(m'n™Y) : w'(x) = x} = {eix(n') : w'n(z) = ()} = E(n(x)) .

The Wal Iman compactification of § is Jjust the set of maximal filters
of &(Q) with the topology induced from X(Q) ,and this is a Hausdorff

space which is also an automorphic compactification of 9 .

REMARK. The assumption that 7(Q) # 0 ensures that [0 is the least
element of &(Q) and so X(Q) has a least element. It is not true that
®(Q) always has the set of static points of § as a least element for
if there were no static points then [0 would always be the' least element
of &(Q) , and the following example, due to Ash, shows that this is not
the case: let § be a totally ordered set obtained by replacing the
first countable ordinal by the real interval (0, 1) , and replacing the
remaining countable ordinals by [0, 1) . Then £ has the following
properties:

(a) Q is Dedekind complete;

(b) every countable subset of  has a supremum in £ ;
(c) A(R) is transitive;

(d) @ has no static points;

(e) T(Q)=0.
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