Can. J. Math., Vol. XXXI, No. 4, 1979, pp. 786-788

A REMARK ON DISINTEGRATIONS WITH ALMOST ALL
COMPONENTS NON s-ADDITIVE

NGHIEM DANG-NGOC

We extend a theorem of L. E. Dubins on “purely finitely additive disintegra-
tions’’ of measures (cf. [4]) and apply this result to the disintegrations of
extremal Gibbs states with respect to the asymptotic algebra enlarging another
result of L. E. Dubins on the symmetric coin tossing game.

We recall the following definition of L. E. Dubins (cf. [3], [4]): Let
(X,.9, u) be a measure space, / asub g-algebra of &7. A real function ¢,(4),
(x, 4) € X X . iscalled a measumble/—disintegmt’ion of u if:

(1) Vx € X, 0,(.) is a finitely additive measure on./.
(11) VA € o, ¢. (4) is constant on each /-atom.
(#i1) For each 4 € ./, 5. (4) is measurable with respect to the completion
of & by u allde 7.(4) du(x) = u(4)
(i) 0o(B) = 1ifx € B¢ L.

The disintegration (e,);cy is said to have almost all components non
g-additive if for g-almost every x of X the measure o, is not g-additive.

Let X be a polish space provided with its Borel g-algebra.oZ, G be a locally
compact separable group or an inductive limit of a sequence of locally compact
separable groups. Let G X X 3 (¢g,x) = 7,x € X be a continuous action of
G on X, let u be a o-finite G-quasi-invariant measure on (X,.%7), i.e.

T, Vg € G

Let Gx = {r,x| ¢ € G} be the orbit of a point x under G, then Gx is a Borel
subset of X (cf. [5]). Let

F ={4ecd|r,4=4,Vg€ Gl

The system (X, .97, u, G) is called a dynamical system. The system is said to
be non-transitive if p(Gx) = 0 Vx € X; it is said to be ergodic if [/ is trivial
with respect to u.

We have

THEOREM 1. Let (X, 7, u, G) be « mon-transitive ergodic system, / the
a-algebra of G-invariant elements of A .

a) If w(X) = o, no measurable f—disintegmtion of w exists.

b) If u(X) < o, every measurable /-disintegralion of u has non o-additive
almost all components non o-additive.
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Proof. Let (0,),cx be a measurable J -disintegration of u. Let.oZy = {A,}u21
be a countable sub-field of .7 such that

i)y generates &/ .
u) p(d,) <o, Vnz 1

For a fixed A4,, consider the measurable mapping X 3 x — f,(x) = 0,(4,).
By the property of (¢,).cx, we have for every g € G

fn(Tax) = fn(x)y

for p-almost every x of X.
As the system is ergodic, the function f, is almost everywhere constant, but
we have

(1) .U(An) = Lfn(x) d,u(x)

Case 1. If u(X) = o, the relation (1) implies that u(4,) = 0 V#z = 1 and
therefore u = 0 contradicting the hypothesis, and part @) of the theorem is
proved.

Case 2. If u(X) < oo, to simplify the notations, we assume that u(X) = 1.
The relation (1) implies

fo(x) = u(4,) for almost every x of X, or
a.(4,) = u(4,) for almost every x of X.
We deduce the existence of a u-null subset N of X such that
(2) o.(4,) = p(4,),Vn = 1, Vx € X\N.

The relation (2) implies that for every x € X\ the measure ¢, cannot be
o-additive: assume that for a particular x € X\V the measure o, is o-additive.
By the uniqueness of the extension of finite s-additive measure the relation (2)
implies

(3) 0.(4) = u(d), V4 € L.

But this contradicts the relations o,(Gx) = 1 and u(Gx) = 0. Therefore
almost every o, is not os-additive.
The theorem is proved.

Application to disintegration of extremal Gibbs states. Let E = R”,
or 2" or a finite set, and let E represent the state of a particle. Considering the
d-dimensional lattice Z¢, we take can X = FEZ?as the space of configurations
of particles on the lattice.

In each case, the space E is a locally compact separable group. Let G =
E@_ G is an inductive limit of a sequence of locally compact separable groups
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and the continuous action of G on X is defined by
T(el)(xi) = (ei + xi)v \V/(ei) E E(Zd)» (xl) 6 EZII-

The G-invariant o-algebra/ is precisely the asymplotic (or tail) o-algebra.

In statistical mechanics (see (8], [2], [6], |7]), one is interested in (Gibbs
states on X. These states are G-quasi-invariant probability measures on X,
and the extremal Gibbs states are those for which the asymptotic s-algebra is
trivial.

We deduce from Theorem 1 the following

THEOREM 2. Every measurable disintegration of an extremal Gibbs state p with
respect to the asymptotic o-algebra has almost all components non o-additive.

This theorem can be applied to the following cases:

«) the coin-tossing case (symmetric or not): E = {0, 1}, X = {0, 1}2 or
{0, 1IN, u a product probability measure (the symmetric case was proved by
L. E. Dubins).

b) E =R", X = E%| u = »®2" where » is a probability measure on R
equivalent to the Lebesgue measure.
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