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Globally Asymptotic Stability of a Delayed
Integro-Differential Equation With
Nonlocal Diffusion

Peixuan Weng and Li Liu

Abstract. We study a population model with nonlocal diffusion, which is a delayed integro-differen-
tial equation with double nonlinearity and two integrable kernels. By comparison method and
analytical technique, we obtain globally asymptotic stability of the zero solution and the positive
equilibrium. The results obtained reveal that the globally asymptotic stability only depends on the
property of nonlinearity. As an application, we discuss an example for a population model with age
structure.

1 Introduction

Consider an integro-differential equation

(1.1) aa—:/ =Dy Aw(t,x) —dpw + g( /H; k(x—=y)b(w(t-r,y)) dy)

for x e R, t > 0, where Aw(t,x) := [p J(x — y)[w(t,y) — w(t,x)] dy. We introduce
the following assumptions on kernel functions J and k.

(J) ] is a nonnegative Lebesgue measurable function defined on R such that J(x) =
J(—x)forx e R,J e Li(R) and [, J(y)dy =L
(K) k isanonnegative Lebesgue measurable function defined on R such that k(x) =
k(-x) forx e R, k e Ly(R),and [ k(s)ds=1.
Equation (1.1) is in regard to a nonlocal diffusion system, since its diffusion process
is modelled by a nonlocal operator Aw( ¢, x) that uses a probability density function J
and a convolution function to describe the diffusion of density w at a position x from
the value w at all positions y € R. Furthermore, (1.1) also involves a delayed nonlo-
cal reaction term, which includes a kernel function k and two nonlinear functions g
and b. In fact, (1.1) takes some well-known equations as its special cases. We now give
some examples in the following.

 Let J(x) = 8(x) (Dirac-delta function). Then (1.1) yields

ow

(12) §:—dmw+g(ka(x—y)b(w(t—r,y))dy), xeR,t>0.
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o Let J(x) = 8(x) + 6P (x), k(x) = ﬁ

*w _G-n?
1.3 ——D — —duw+e 1w« b(w(t-r, dy, xeR,t>0.

e %, and g(v) = ev. Then (L1) yields

ox2

o Let J(x) = 8(x) = 8W (x) + 8P (x), k(x) = \/417e o ,and g(v) = ev. Then

(1.1) yields

ow *w
(14) == =Dy [a 2(tx)¥—(tx)] AW
1
+e e -r,y))d
fR T y))dy

fort>0,x eR.
* Let k(x) = 8(x) and b(w) = w. Then (1.1) yields
(1.5) %—V: =Dy Aw(t,x) —duw+g(w(t-r,x)), xeR,t>0.

Equations similar to those in (1.2)-(1.5) with r > 0 were studied in the existing liter-
ature [1-5,11-13], where most of the results are about the existence, uniqueness, and
wave tail behaviors of travelling wave solutions.

Another equation, more general than (1.1), is

(1.6) aa— = DA,w(t,x) + f(w(t, x) f f G(s,x—y)b(w(t-s,y))dyds)
for x € R,t > 0, where A,w(t,x) = [ ;]("Ty)[w(t,y) - w(t,x)]dy. Wu and
Liu [16], Zhang [20], and Xu and Weng [17] investigated, respectively, the existence of
travelling wave solutions for

D=1, p=1, f(w,v)==l(w) + f(v), b(w) =w,G(t,x) =0 fort >72>0,

p=1 f(w,v)=—-g(w)+1(w)v, G(t,x) = 6(t — 7)h(x),
p=1 f(w,v)=-h(w)+v, G(t,x) =

a2
e 4Dt |

1
VanDt

As for the general form (1.6), the existence, uniqueness, and wave tail behaviors were
discussed in [19] for D =1, and a special case as b(w) = w was discussed in [18].
It is obvious that (1.1) is taken from (1.6) while

flw,v) =—=duyw+g(v) and G(t,x)=08(t-r)k(x).

There are two reasons for us to only consider the situation of f(w,v) = —d,w+ g(v).
One is that the population model with age structure has the character that the growth
function depends on a fixed maturation period r, but the mortality function does not
(see [8], where d,, is the mortality rate). Furthermore, the rate of population change
for single species is generally of the form 4 ‘7 = births — deaths + migration [10]. The
other reason is the consideration of technical simplicity on analysis.

The main concern of this article is the globally asymptotic stability of the zero so-
lution and the positive equilibrium. To the best of our knowledge, there is little in the
literature concerning this problem, and the results obtained in this article are new.
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The organization of this paper is as follows. In Section 2, we give some basic theory,
as well as two comparison lemmas. In Section 3, we obtain results for globally asymp-
totic stability, global attractivity, as well as persistence. The last section is devoted to
the application and discussion.

2 Basic Theory and Comparison Lemmas
We first state some basic spaces and denotations as follows.
T iwx 1 a(J(w)-1) —iwx
J(w)= [ “*J(x)dx, G(x,a):=— [ e e dw,
R 2w JR

X :={¢:R > R| ¢ ={¢(x)}er is bounded and uniformly continuous},
X" :={¢peX|¢(x)>0forxeR},

Ap(x) = [ JGe= 980 - $(x)]dy, VgeX,

T(09(x) = ¢ [ 7Gxy, Dut)9(y)dy

) & (Dmt)*
— o~ (dutDu)t Z %akw)(x),v(p eX,t>0,
k=0 :

where ag(¢) = ¢, ax(¢) = J+ar_1(¢) for k > 1(see [8] for the properties of G(x, a)).
Clearly, X* is a closed cone of X under the partial ordering induced by X*. We shall
express the supremum norm of X by | ¢ := sup, . [¢(x)|. Then X is a Banach lattice,
and T(¢): X — X is a linear operator with T(¢)X* ¢ X* for ¢ > 0.

Let € = C([-7,0], X) be the Banach space of continuous functions mapping from
[-r,0] into X with the supremum norm |¢| = maxg[_,, 01 |9 (8)] (Where for every
0, ||¢(6)] is the norm in X). We define C* := {¢ € C | ¢(s) € X*,s € [-r,0]}.
Clearly, C* is a closed (positive) cone of C. As usual, we identify an element ¢ € Casa
function from [-r,0] x R into R defined by ¢(8,x) = ¢(6)(x). For any continuous
function w:[-r,a) — X, a > 0, we define w; € C, t € [0,a) by w,(0) = w(t + 0),
0 € [-r,0]. Then t - w; is a continuous function from [0, a) to C.

Furthermore, we need some assumptions.

(P) gbe C(Ry,R,), b(0) =0, g(0) = 0and g(b(w)) > 0forw > 0; b (g) is
globally Lipschitz continuous on R, with Lipschitz constant Ly, (L,).

(P;) b(-)and g(-) are nondecreasing on [0, +c0).

(P%) There exists a number wy.x > 0 such that g(b(w)) is nondecreasing for 0 <
W < Wmax and decreasing for w > Wpax.

(P;) There exists a constant K > 0 such that g(b(K)) = d,,K, and g(b(w)) > dpuw
for w € (0,K), g(b(w)) < d,,w for w > K.

(P%) dmw > g(b(w)) forw > 0.

Together with (1.1), we introduce an initial value condition

{w(s,x) =@(s,x) for (s,x) e[-1,0] xR, @€C,
¢(s,x) 2 0for (s,x) € [-r,0] xR.
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For getting a nontrivial solution, we need ¢(0, - ) > 0, where ¢(0,-) > 0 implies
¢(0,x)20,9(0,x)#0 xeR.
Define F: € — X by F(¢)(x) := g( Jg k(x = y)b(¢(~r,y)) dy). Then the initial

value problem of (1.1) can be rewritten as

2.1) {W,(t) =Dy Aw(t) —dyuw(t) + F(wy), t >0,

wo=¢@eC".
We have known [9] that (2.1) is equivalent to

(22) {w(n-):T(t)so(o,-)+fJT<r—s)F<ws><->ds, £>0,
) w(0,-)=9(0,-), 0¢e[-r0].

The following two lemmas were originally shown in [8] for system (1.1) with g(z) =
ez. For general system (1.1), by using the Lipschitz condition, we have

8 k= blm(t=roy))dy) = g( [ k(x=y)b(wa(t=r.y))dy)|
< L] [ KGe= p)b0n(t=r.3)) = blws(t=r.y)] ]
<LoLy [ kGx=)wit=r.y) = walt=r.p)ldy,

and thus we can derive the conclusions by similar arguments as in [8].

Lemma 2.1 Assume (]), (K) and (Py) hold. Then for any ¢ € C*, (2.1) has a unique
nonnegative solution w(t, x; @) for t > 0. Furthermore, if ¢(0) € Int X*, then w(t) €
Int X* for t > 0; if (0) > 0, then w(t) € Int X* for t > 0, and w, € Int C* for t > r.

In view of Lemma 2.1, we know T'(¢t) is strongly positive if D,,,t > 0, and T(t) isa
Cy semigroup on X.

Remark 2.2 Assume that ¢(0, -) > § > 0. We have from (2.2) and the conclusion
of Lemma 2.1 that w(t,x) > T(¢)(0,x) > e~ inf g ¢(0,x) > e™m'§ for (t,x) €
[0,00) x R.

Lemma 2.3  Assume that (]J), (K) and (P;) hold. Then for any ¢ € C7, the solution
w(t,x;9) of (1) satisfies 0 < w(t,x;9) < M for any (t,x) € [0,+00) x R, where
© := maXge[_y,0] SUP, g (0, x) and

max{g(b(Wmax))/dm,®} if (P}) holds,
M = {max{K,®}, if (P2) and (P3) hold,
C) if (P}) hold.

We give two comparison lemmas.
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Lemma 2.4  Assumethat (]), (K), (P1)-(P,) and (P}) are satisfied. Let w(t, x) and
w(t,x) be such that M >w(s,x) > w(s,x) forall (s,x) € [-r,0] x R and

aa—:/ > Dy Aw(t,x) = dww + g( /R k(x—y)b(w(t-r,y))dy),
X < Dy w(t5) ~ dw + g [ k= )bl -1, )) )
for (t,x) €[0,+00) x R. Then w(t,x) > w(t,x) for (t,x) € [0,00) x R. Moreover, if
w(0,x) > w(8,x) for 0 € [-r,0] with w(0,x) # w(0, x), then there holds w(t,x) >
w(t,x) forall (t,x) € (0,00) x R.

Proof Under (P;), F(¢) is a nondecreasing functional of ¢. Note that the above
inequalities lead to the following:
w(t, )2 T()w(0, ) + [ T(t—s)F(w)(-)ds, t>0,
Wt ) < T(Ow(0, ) + [ T(t-)F(w,)()ds, £50,
w(6,-)>w(0,-), 6¢e[-r0].
Rewrite wo(x) = w(0,x), w,(0) = w(8,x) for (8, x) € [-r,0]xR. Then from [9, Co-

rollary 5] we have that the solutions of (2.2) satisfy 0 < w(t,x;w,) < w(t,x;w,) for
(t,x) € (0, 00) x R. We have from (P}) that

aa—]\;[ > Dy AM - d,y M + g( /ﬂ;k(x - y)b(M)dy), (t,x)€[0,+00) xR,

Again applying [9, Corollary 5 | with
[vi(t ) =My () =w(t,-)] and [v(t ) =w(t,-),v (£ -) = 0],
respectively, we obtain that, for ¢ > 0,
w(t, ) <w(t, swy) <M, and 0<w(t,;wo) <w(t,-).

Combining the above three inequalities, we have w(t,x) < w(¢,x) for all (¢,x) «
(0,00) x R.

Let v = w — w. Then we already know that v(¢,x) > 0 for all (£,x) € (0,00) x R.
We have from the monotonicity of F and the positive property of G(x — y, D,,t) that

for t >0,
+00
23)  v(tx) 2 T(6)9(0, ) = e~ f G(x — y, Dpt)¥(0, y) dy.
Therefore, it follows that v(¢,x) > 0 for t > 0if v(0,x) # 0 on R. [ |

Lemma 2.5 Assume that (]), (K) and (P;) hold, and there exists M > 0 such that
0 <w (t,x) <w(t,x) < M for (t,x) € [-r,+00) x R such that for any function p
with0 <w™(t,x) < p(t,x) <w*(t,x) for (t,x) € [-r, +00) x R, we have

+
(2.4) w(t,x) > Dy Aw™ (1, %) = duw* (£, x) + g( fR k(x=y)b(p(t-r,9))dy)
and

ow™ (t,x)
(2.5) EFTE

<Dy Aw ™ (t,x) = duw (£, x) + g( /]R k(x-y)b(p(t-r.y))dy)
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for (t,x) € (0, 00) x R. Then for any function p with
0<w (t,x)<p(t,x)<w(t,x) for(t,x)e[-r,0] xR,
we have
0<w (t,x) <w(t,x;p) <w'(t,x) for (t,x) €[0,+00) xR,
where w(t, x; p) is the solution of (1.1) with the initial value p € C*, and w™ and w* are

called a pair of sub- and super-solutions of (1.1).

Proof For any p with w™(£,x) < p(t,x) < w*(¢t,x) for (t,x) € [-r,0] x R, let
v(t,x) ==w"(t,x)-w(t,x;p) for (£,x) € [-r,+00) xR. In (2.4), let p(t, x) = p(t,x)
for (t,x) € [-r,0] x R. Then for (¢,x) € (0, 7] x R, we have

ov(t, x)
ot

[8( [ kGxe=)blp(t=r.y))dy) = g( [ k(x=)b(w(t=ryp)) dy) ],

which leads to w > D Av(t,x)—dn,v(t, x) for (¢, x) € (0,r] xR, and therefore,

> Dy Av(t,x) — dpyv(t, x)+

v(t,x) 2 T(t)v(0,x) >0 = w'(t,x) >w(t,x;p) for (t,x) € (0, 7] x R.
Similarly, we obtain from (2.5) that w™ (t,x) < w(t,x;p) for (¢,x) € (0,7] x R.

In (2.4),let p(t,x) =w(t,x;p) for (t,x) € [0,7] xR. Then for (¢,x) € (r,2r] xR,
we have
ov(t,x)

ot

([ k= )bt =r.ysp))dy) = g( [ kCx=y)b(w(t=r.yip))dy) ],

which leads to w*(t,x) > w(t,x;p) for (t,x) € (r,2r] x R. Similarly, we have
w(t, x;p) > w(t,x) for (t,x) € (r,2r] x R. By mathematical induction, we can
obtain w* (t,x) > w(t,x;p) > w™(t,x) for (¢,x) € (0,00) x R. [ |

> D, Av(t,x) — dmv(t, x)+

In what follows, we always assume that (J), (K) and (P;) hold.

3 Global Stability

In this section, we shall discuss the global asymptotic stability of the zero solution
and the positive equilibrium of (1.1). The main technique is the comparison between
the solution of (1.1) and the solution of a delay differential equation without spacial
variable x. The idea is motivated by the work of Wu, Weng, and Ruan [15].

The following proposition is from [6].

Proposition 3.1 Necessary and sufficient conditions for every root of the equation
(A + A)e* + B = 0 to have negative real part are

A>-1, A+B>0, B<pysiny-Acosy,
where 1 is the root of § = ~Atann,0 <y <mif A+ 0,and =5 if A= 0.
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Consider a functional differential equation:
(3.1 db;i(tt):—dmu(t)+g(b(u(t—r))), t>0.
Lemma 3.2 The following conclusions hold.
(i)  Assume that (P}) is satisfied. Then the zero solution of (3.1) is asymptotically
stable.
(i) Assume that (P,)-(P3) are satisfied. Then the positive equilibrium u(t) = K of
(3.1) is asymptotically stable.

Proof Under (P;), w = 0isa solution of (3.1) and %g(b(w)ﬂwzo =¢'(0)b'(0) > 0.
The eigen-equation at the zero solution is (1 + d,,, )e*" — g’ (0)b'(0) = 0.

Assuming (P}), we have d,,, > ¢’(0)b’(0). Let A := d,;,, B := —g’(0)b’(0). One
can verify that A > -1, A + B > 0 are satisfied. Moreover, since the solution of # =
~d, tan(#) satisfies n € (5, ), we have cos 77 < 0 and thus

m

osn (sin® 5 + cos® 17) = _cj;nn > -¢'(0)b'(0).

By Proposition 3.1, every root of (A + d,, )e*" — g’(0)b’(0) = 0 has negative real part.
Therefore, we have conclusion (i).
Assuming (P,)-(P3), let € > 0 be an arbitrary constant. Then we have

& ORDEK) = g (u) ey = limg SLEH D=8 EE))

€
< lim dm(K+¢€)—dnK
e—0 €

nsiny — Acosy = —
c

=d,.

Note that K is the unique positive equilibrium of (3.1) and g'(b(K))b’(K) > 0. The
eigen-equation at u(t) = K is (A + d, )e*" - g'(b(K))b'(K) = 0. Let A := d,,, B :=
-¢'(b(K))b'(K). Similar to the above argument, we know that conclusion (ii) holds.

|

Let ||| := maxge[—r,0) Sup,c (6, x) and
sm={9eC :|p| <Mand inf ¢(0,x) > §}
? xeR

for any given constants § > 0 and M > 0.
In this section, we shall assume that (J), (K), and (P;) hold without any extra
illustration.

3.1 Stability of Zero Solution

If there exists no positive equilibrium, the following theorem says that the trivial equi-
librium is globally stable regardless of the monotonicity of g(b(-)).

Theorem 3.3  Assume that (P}) holds. Then for any M > 0,
lim [w(t, ;)| = 0 uniformly for ¢ € Cg .

Furthermore, the zero solution of (1.1) is globally asymptotically stable.
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Proof First assume that § > 0 and M > § are arbitrary and ¢ € Cj,. From

Lemma 2.3 and Remark 2.2, we have de™®! < w(t,x;¢) < M for any (t,x) €
[0,00) x R. In view of condition (P;) and (P}), g(b(-)) is either non-decreasing
or non-monotone on [0, o).

If g(b(-)) is non-decreasing on [0, o), by Lemma 2.4, we have

0<w(t,x;9) <u(t; M) for (¢,x) €[0,00) xR,
where u(t; M) is the unique solution of the following initial value problem:

{"Zﬁ‘) = ~dyu(t) + g(b(u(t =), £>0,
u(s) =M, se[-r,0].

(3.2)

Since lim;_, oo u(#; M) = 0 (by using the assumption (P}) and the fluctuation lemma,
see the argument in [15, p. 69]), the conclusion lim;_, . [w(¢, -;¢)| = 0 is true and
uniform for ¢ € Cy /.

Assume that g(b(-)) is non-monotone on [0, c0). Let

(3.3) B (u) = n[l(?x] g(b(v)), ue[0,00).

It is easy to see that B*(0) = 0, B* () is non-decreasing on [0, 00), B* (1) > g(b(u))

for any u > 0, and B*(u) < d,,u for any u > 0. Replace u and g(b(-)) in (3.2) with

u* and B* (), respectively. Then we know that the corresponding solution u* (#; M)

satisfies lims_,co u™ (£; M) = 0. Let v(¢t) := u* (t; M) —w(t, x5 ¢) for (£, x) € [-r, 00) x

R. Then v(t) > 0 for (t,x) € [-7,0] x R, and we can obtain on (¢, x) € [0, r] x R that
% =Dy Av(t,x) = dyv(t,x) + B (u (t - 1)) — g(b(u(t - 1,x;9)))

> Dy Av(t,x) —dpuv(t,x) + B (u(t—1)) = B (u(t - 1,x59))

> Dy Av(t,x) — dyv(t, x),

which implies (2.3) on (t,x) € [0, r] x R. Inductively, we have (2.3) on [0, 0) x R,

which leads to u™ (t; M) > w(t, x; ¢) for (¢,x) € [0, 00) x R. That is,

lim [Jw(t, -59)] =0

for ¢ € C; ;. In fact, since lim; o, u™ (£, M) = 0 is independent on x € R and ¢ ¢
€3, > this convergence of w(t, x; ¢) is uniform for x € Rand ¢ € Cj .
Note that § > 0 is arbitrary. Letting § — 0, we, in fact, obtain that

lim [w(t, ;)| = 0 uniformly for ¢ € Cj ,,.

In view of Lemma 3.2 (i), we obtain the asymptotic stability of the zero solution of
(1.1). Combining with the global attractivity, we have the global asymptotic stability
of the zero solution for (1.1). [ |

3.2 Stability of Positive Equilibrium

If there exists a positive equilibrium K, we shall discuss its stability in the monotone
case (Theorem 3.4) and nonmonotone cases (Theorem 3.5), respectively.
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Theorem 3.4  Assume that (P,)-(P3) hold. Then for any § > 0 and M > 0,
tlilg [w(t,¢) = K| = 0 uniformly for ¢ € Cj .
Furthermore, the positive equilibrium w = K of (1.1) is globally asymptotically stable.
Proof If (P;) holds, then from Lemma 2.3 and Remark 2.2, we have
de ! <w(t,x;9) < K = max{K, M}

for any (t,x) € [0,+00) x Rand ¢ € Cj /. Let w(t) and w(t) solve the following
problems:

{d’?ff) -~y (1) + bt - ), 5,
W(s) =K, se [0, 7’],

and

i = (1) + g(b(w(t = 1)), t>7,
w(s) = e ", s€[0,r],
respectively. It then follows from Lemma 2.4 that w(t) < w(t,x;¢) < w(t) for
(t,x) € [r, 00) x R. Moreover, using Kuang [7, Theorem 9.1], we have lim;_,., w(t) =
lim;_, . w(t) = K, and hence the first assertion follows.

In view of Lemma 3.2 (ii), we obtain the asymptotic stability of the positive equi-
librium of (1.1). Combining with the global attractivity, we have the global asymptotic
stability of the positive equilibrium for (1.1). ]

Theorem 3.5 Let 0 := - g(b(Wmax)). Assume that (P}) and (P3) are satisfied.
Furthermore, assume that one of the following conditions holds:
(1) K< Wmaxs B
(ii)) K > Wmax ig(b(e)) > Wmax With one of the following:
(a) wg(b(w)) is strictly increasing on (0, 9],
(b)
1 <2K-w, ifwe[Wnax K),
Lg(b(w <28 el
m >2K-w, ifwe[K,2K].
Then for any § > 0 and M > 0, we have lim;_, |w(t,-;9) — K| = 0 uniformly for
¢ €C5

Proof Let K := max{M, 6}. From Lemma 2.3 and Remark 2.2, we have §e "' <
w(t,x;¢) < K for any (t,x) € [0,+00) x Rand ¢ € C} ;. Let W(t) be the solution
of

(3.4) {dvgt(t) = —dpWi(t) + g(b(Wmax)), t>T1,

Wi(s) =K, se[0,r].

in view of Lemma 2.5, for any ¢ € Cj ,,, the solution w(t, x; ¢) of (1.1) satisfies 0 <
w(t,x;9) < Wi(t) for (£,x) € [0, 00) x R. This leads to

lim sup sup w(t, x; ) < tlim Wi(t) = 6.

t—oo xeR
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(i) If K < Wpay, then by (P3), we have K = ig(b(K)) < 0 < Wmax. There-
fore, there exists T > 0 such that w(f,x;¢9) < Wi(t) < Wpay for t > T. Noting
that g(b(-)) is non-decreasing on [0, Wi,y |, similar to Theorem 3.4, one can show
lim o | w(t, -5 9) — K| = 0 uniformly for ¢ € Cj .

If K = Wpnax, we define B*(w) as in (3.3). Let u™ (#; M) be the solution of

{dlfz(f) = ~duu(t) +B*(u(t-r)), t>0,

u(s)=M, se[-r0].

Then in view of [7, Theorem 9.1], we have lim;_,o, u*(t; M) = K. Furthermore, for
any given € € (0,1), there exists T; > 0 such that w(t,x;¢) < u* (M) < K + ¢ for
t > Tq. Define B, (w) := min{g(b(w)),g(b(K +¢))} for w € [0,K + €]. Note that
BZ (w) is non-decreasing on [0, K + €] and B (w) = d,,w admits a unique solution
K. with0 < K- K, - 0 as€ — 0. Let u~ (t) be the solution of

D) = —du(t) + B (u(t—r)), t>Ti+r,
u(s) = e~ T+ - s e [Ty, Ty + 7).

Then similarly, we have w(t,x; ) > u™(¢t) for t > T; and lim_,oo u™(t) = K. Sum-
marizing the above argument, we obtain u™(t) < w(t,x;¢9) < u*(; M) for t > Ti.
Therefore, the conclusion follows.

(ii) Assume K > W,y and ig(b(@)) > Wmax. Let

B(w) == min{g(b(w)), g(b(8))}, 0 satisfies 8 - dig(e).
Then B(w) is non-decreasing on [0, 8] and decreasing on [0, o0). Furthermore,
(35) Winax < 0 = dig(b(é)) < dig(b(K)) _K<®.

Comparing Wy (t) (see (3.4)), w(t,x;¢) (see (1.1)) with solution Vi(¢) of the fol-
lowing problem

(36) {”d‘f” = d () +B(A(t-1)), 1>,

Vi(s) = 8e ", se[0,r],
we obtain 0 < Vi(t) <w(t, x;¢) < Wi(t) for (¢,x) € (r,00) xR, ¢ € Cj ;. Moreover,
in view of the property of B(w) and the conclusion of (i), we have lim;_, ., V;(t) = 6.

Note that lim;_, ., Wy(t) = 6. Therefore, this together with (3.5) leads to the existence
of T, > 0 such that

1 3_
Umax < 0 := 5[umax +0]<Wi(t) <K, K<W(t)< 59 fort>To.
We now construct a sequence of pairs of sub- and super-solutions of (1.1):
D) = 4, Vi (1) + g(b(Wua (E=1))), > Ty +1,

AW — 3, W, (1) + g(b(Vaa(t=7))), t>To+r,

Vu(s) =0, Wy(s) =K, se[Ty,To+r],

https://doi.org/10.4153/CMB-2016-091-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-091-0

446 P. Weng and L. Liu

where K = max{M, 6}. Since g(b(-)) is decreasing on (max, o), one can show (see
also [14]) that

Vi(t) <+ < V() < Viu(t) <K,
w(t, x;90) < Wy(t) < W (t) < -+ < Wi(8)
fort>T, +r.

By mathematical induction, we know that lim;_,., W, (t) and lim,_,oo V. (t) exist.
Set W' :=lim;,co W, (1), V5 :=lim;0o V,, (). Then d,, V,\ = g((W,_))), dm W} =
g(b(V) ). Let V* :=lim,,o V, and W* := lim,_, .. W,". Then we have d,,, V* =
g(b(W*)), dpW* = g(b(V*)),and V* <K< W* < 0.

We could show that either (a) or (b) can lead to W* = K = V*, but we omit the
details [15, p. 79]. [ |

In Theorem 3.5, for the case K > Wy, without other assumptions in (ii), we can
obtain the uniform persistence of system (1.1). Let K* := 6 + 1and K, € (0, K) with
B_(K,) =dn,K, and

B_(w)>d,wforwe(0,K.), B_(w)<dpuwforwe (K, ),
where B_(w) is defined by
B (w) = min,cp,, k<] g(b(u)), we[0,K*],
g(b(w)), we (K*, o0).
It is obvious that B_(w) is non-deceasing on [0, K*], and g(b(w)) > B_(w) on
[0, 00).
Theorem 3.6  Assume that (P}), (P3) and K > wmay are satisfied. Then for any
@ € C* with inf g ¢(0,x) > 0, we have

K. <11m1nf1nfw(t x;¢) < limsup sup w(t, x;9) < 0.

t—oo  xeR t—oo  xeR

Proof For any given ¢ € €7, let § := infyer ¢(0,x), M := sup(; . e[, 01xr (5> %)
and K := max{M, 6}. From Lemma 2.3 and Remark 2.2, we have
de 9! <w(t,x;9) <K forany (t,x) € [0, +00) x R.

Let W;(t) be the solution of (3.4) and Vi(¢) be the solution of (3.6) with V;(s) =
min{K,,8e~%"} on s € [0,7]. Then the solution w(t, x;¢) of (1.1) satisfies V;(¢) <
w(t,x;9) < Wi(¢t) for (t,x) € [r, 00) x R. This leads to

lim sup sup w(t, x; ) < hm wi(t) = 6.

t—oo xeR

On the other hand, there exists T3 > 0 such that 0 < Vi(t) < 6 +1for t > Ts.
Consider the solution v(¢) of

{dv(t) :—di(t)+B—(V(t_r))) t>T5+r,

ar
v(s) = min{K*,minse[TS,T3+,] Vi(s)}, se[Ts, Ts+r].
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In view of the property of B_(w), we know lim;_,., v(¢) = K,. Furthermore, by
comparison, we obtain v(t) < Vi(¢) < w(t,x;¢) for t > T + r. Therefore, K, <
liminf, e infyeg w(t, x; 9). [ |

4 Application and Discussions

Let u(¢, a, x) be the density of individuals with age a at a point x and time ¢. Let r > 0
be the length of the juvenile period. Let ¢ = exp{- [, d;(a)da}, a = [, D;(a)da,
and the density of mature (or adult) individuals at point x and time ¢ be denoted by
w(t,x) = [ u(t,a,x)da. Based on the von Foerster type equation

% + g—z =Dj(a) —/R](x -yu(t,a,y) —u(t,a,x)]dy - dj(a)u

forae[0,r],t>0,x R,
u(t,0,x,y) =b(w(t,x,y)) fort>-r,xeR.

Then w(t, x) satisfies
(4.1) % =D Aw(t, x) —dmw+£/]R G(x—y,a)b(w(t—r,y))dy, t>0,x€eR.

Here b(w) and d,,w are the birth and mortality rates of mature individuals, respec-
tively, dj(a) = d(a)(a € [0,r]) denotes the per capita mortality rate of juveniles at
age a, Dj(a)(a € [0,r]) and constant D,, (a > r) are the diffusion coefficients of
juveniles and maturities, respectively (see [8] for model derivation).

Assume that J(x) satisfies (J). Then in view of [8, Lemma 3.1], G(x, «) satisfies (K).
It is obviously that we obtain (4.1) from (1.1) by taking ¢(z) = ez and k(x) = G(x, «),
and (1.2)-(1.4) are three special cases of (4.1) satisfying (J). By using ez to replace g(z)
in all assumptions (P;)-(P3) and (P)-(P}), we can immediately obtain corollaries
for (4.1) from Theorems 3.3-3.6. We omit the details of the statements.

We want to mention a remark on model (1.4) with convection influence, where
k(x) in (1.4) is a parallel translation of kernel function

1 £
Vana '

Our conclusion can be explained as follows: the convection has no effect on the sta-
bility of the system. Furthermore, from our arguments and results in this article, we
also conclude that the delay r and the nonlocal diffusion have nothing to do with the
stability of (1.1).

The other dynamical properties for equation (1.1) will be investigated in further
research.
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