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1. In this note we cons ide r the e n u m e r a t i o n of u n r e s t r i c t e d and 
r e s t r i c t e d m i n i m a l l a t t i ce pa ths f rom (0, 0) to (m, n), with the 
following (fa + 2) m o v e s , JJL being a pos i t ive i n t e g e r . Let the line 
s e g m e n t be tween two la t t ice poin ts on which no o ther la t t ice point l ies be 
cal led a s t e p . A la t t ice pa th at any s tage can have e i ther (1) a v e r t i c a l 
s tep denoted by S , or (2) a d iagonal s tep p a r a l l e l to the line 

x = ty (t = 1, . . . , LI ) , denoted by S , or (3) a ho r i zon t a l s tep, denoted 

A spec i a l c a s e of the e n u m e r a t i o n p r o b l e m for \x = 1 and m = n 
has been studied by M o s e r and Zayachkowask i in [4], w h e r e a s Rohatgi 
in [5] d i s c u s s e d the s a m e for JJL = 1, and m > n. 

2 . F o r s impl i c i ty of p r e sen t a t i on , we f i r s t d e r i v e the r e s u l t s for 
the c a s e |JL = 1. Our c o n s i d e r a t i o n s a r e based on a c o m b i n a t o r i a l app roach 
which is capable of i m m e d i a t e ex tens ion for g e n e r a l JJL. 

When JJL = 1, there a r e t h r e e p o s s i b l e moves , i. e. S , a v e r t i c a l 

s tep , or S , a d iagonal s tep p a r a l l e l to x = y (briefly r e f e r r e d to in 

this sec t ion as a d iagonal s tep) , or S , a ho r i zon t a l s t ep . We define 

the following nota t ions to be used subsequent ly in this sec t ion . 

F o r non-nega t ive i n t e g e r s m, n, a, (3,J and r , 

S ( m , n ; r ) : any pa th f r o m (0,0) to (m, n) having exact ly r d iagona l s t eps ; 

N ( m , n ; r ) : the n u m b e r of pa ths of the type S (m, n; r ) ; 

i(a, n, p ; r ) : the n u m b e r of pa ths of the type S{a + pn, n; r ) , a> 0 , n e v e r 
touching the line x = py; 

g(n, p; r) : the n u m b e r of pa ths of the type S (pn, n; r ) , neve r touching 
the line x = py except at the end poin ts ; 
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f '(or, n, (3; r ) : the n u m b e r of pa ths of the type S(a + pn, n; r ) , a > 0, 
n e v e r c r o s s i n g the line x = py; 

A (m, n, (3; r ) : the n u m b e r of pa th s of the type S(m, n; r) neve r 
c r o s s i n g the l ine x = (3y - I . 

Note tha t the r e s t r i c t e d e n u m e r a t i o n of pa ths in [4] and [5] i s d i s c u s s e d 
for (3 = 1. 

Let the m u l t i n o m i a l coeff ic ient I j , - - - , j I , r e p r e s e n t 

c(x - 1) . . . L - 2 j . + l j 

h 
i= 1 

fi I 0 < r <C m i n ( m , n); 
I I r , n - r / , v 

o t h e r w i s e . 

C lea r ly 

(1) N ( m , n; r ) = 

THEOREM 1. 

(a) 
a + ((3 

(2) f(orf n, p. r ) 

0 ' o t h e r w i s e . 

(or + (|3 + l ) n - r \ 
) 0 $ r ,<: n, n ^ 0, a> 0; 

r , n - r / 

/(P +1) n - r - l \ 
1 ( 1 f ° £ r <C n, n ^ 1 ; 

+ 1) n - r - 1 V r , n - r ' 

(b) 

(3) g(n, p; r ) 
o t h e r w i s e . 

Proof , (a) Subt rac t ing f r o m to ta l n u m b e r of pa ths of the type 
S(a + pn, n; r ) , those pa ths that defini tely c r o s s or touch the line x = Py, 
we get the r e c u r r e n c e r e l a t i o n 
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(4) î(a, n, P; r ) = N (a + (3n, n; r ) 

n m i n ( r , i) 
S 2 N((3i, i; j) f(a, n - i, (3; r - j) 

1 = 1 j =max(0 , r +i - n) 

(5) 

The boundary condi t ions a r e as fo l lows: 

f f(0, n, (3; r ) = 0, un l e s s n = r = 0; 

f(or, 0, (3; r) = 1, for r = 0 and a > 0, 

= 0 , o the rwi se ; 

and 

f(os n, (3; r ) = 0 , if e i ther n or r is a negat ive i n t e g e r . 

We p rove p a r t (a) of the t h e o r e m by using induct ion. F o r n = 0 , 
r e s u l t (2) t r iv ia l ly follows f rom (5). F o r n = 1 , ac tua l e n u m e r a t i o n 
shows that 

i(a, 1, p; r) 

I 

» , 0 <: r ^ 1, a £ 1; 

0 , o t h e r w i s e . 

Hence (2) is t rue for n = 1. By induct ion hypothes i s and using the 
r e c u r r e n c e r e l a t i o n (4) we can w r i t e , 

(6) £(a, n, p ; r ) 
fa + (p +1) n - r\ n 

V r , n - r / i =1 

a+ ((3+1) ( n - i ) - ( r - j ) 

m i n ( r , i) |(p + 1) i - j 

j = max(0 , r + i - n) \ j , i - J 

/a+ (p + l ) ( n - i) - (r - j)y 

\ r - j , n - r - i + j 
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To comple t e the proof we have to show that 

n m i n ( r , i) / (p + 1) i - j 

(7) 2 S f 
i=0 j=max(0 , r+ i -n ) \ j , i - j , 

r - j , n - r - i + j 

a + (3 + 1) n - r ] 

By an i n t e r c h a n g e of the o r d e r of summat ion , the lef t -hand s ide 
of (7), af ter some s impl i f ica t ion , can be e x p r e s s e d as 

r n - r 
S 2 

j=0 s=0 

\ 
(a+ (p + l ) (n - j - s ) - ( r - j j 

a + (P + 1) (n - j - s) - (r - j) \ r - j , n - r - s 

which by s u m m a t i o n f o r m u l a (10) with k = 2, in [Z] , y i e lds the r igh t 
hand s ide of (7). This c o m p l e t e s the proof for (a) . 

We r e m a r k h e r e that the e x p r e s s i o n for £(a, n, P; r ) s a t i s f i e s the 
obvious r e c u r r e n c e r e l a t i o n 

(8) f(or, n, p; r ) = f(a + (3, n - 1, p ; r ) 

+ i(a + P - 1, n - 1, p; r - 1) + £(a - 1, n, P; r ) , 

for 0 ^ r ^ n, a > 0 and n. ^ 0 , with the boundary condi t ions s a m e as (5). 

(b) We o b s e r v e that g(n, P; r ) s a t i s f i e s the r e l a t i o n 

(9) g(n, p; r ) = f(p, n - 1, p ; r ) + f(p - 1, n - 1, p ; r - 1) , 

for 0 ^ r ^ n, n > 1, which by us ing (2) s impl i f i e s to the r e q u i r e d 
e x p r e s s i o n (3). Th is c o m p l e t e s the proof of the t h e o r e m . 
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Evident ly one finds 

(10) f1 (a, n, (3; r ) = i(a + 1, n, (3; r ) 

a + 1 /a + 1 + (P 4- 1) n - r 

a + l + ( P + l ) n - r 
r , n - r 

for O ^ r ^ n , a ^ 0. 

Pu t t ing (3 = 1 , and or = m - n in (2), (3) and (10), we obtain 
the e x p r e s s i o n s for Q(m, n) and Q ' ( m , n ) defined in [5] , as 

(11) Q(m, n) = 

m + n - r 

2n - r - 1 

+ n - r \ 

:., n - r / 

2n - r - 1 

r , n - r 

for m > n; 

for m = n ; 

and 

(12) Q ! ( m , n ) =1 

n 
S 

r=0 

m - n + 1 
m + n - r + 1 

/m + n - r +1 

for m < n; 

for m :> n; 

for m < n; 

which p rov ide the solut ions to (1) and (2) in [5] . 

An e x p r e s s i o n for A (m, n, (3*, r) can be obtained by an a r g u m e n t 

analogous to that for (4), which for g e n e r a l p cannot fu r the r be s impl i f ied . 
When 6 = 1 , 

(13) A (m, n, 1; r ) = N(m, n; r ) 

n m i n ( i - i - 1, r) 
S Z N ( i - i - 1, i; j) V (m - n +1 , n - i, (3: r - j ) , 

i =i+1 j =max(0, r+ i -n ) 

for 0 <: r < m i n ( m , n), m ^ n - 1, which by an in t e rchange of the o r d e r 
of s u m m a t i o n and s o m e e l e m e n t a r y s impl i f ica t ion r e d u c e s to 
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(14) 
m + n - r 

r , n - r 

r n - r 
2 2 

j=0 s = i + l 

2 s + j - i - 1 

j , s - i - 1 

m - n +i +1 
n + i +1 + 2 ( n - r - s) + r - j 

The second t e r m in (14) sums up to [ t ) by the use of 
I r , n - r - i - ly 

(10) with k = 2 in [2] . 

Thus the e x p r e s s i o n for A (m, n, 1; r ) i s 

(m + n - r | / m + n - r \ 

r , n - r / \ r , n - r - i - 1/ , 

which can be w r i t t e n as 

(15) 

m + n m + n - 2r 

By the u s e of c o r o l l a r y (4) in [3], we have the following r e l a t i o n 

A ( m - r , n - r , 1; 0) . (16) A £ ( m , n, 1; r ) 
/ m + n - r \ 

\ r / 

3 . In th is s ec t ion we s ta te r e s u l t s for g e n e r a l e n u m e r a t i o n p rob l e r 
w h e r e 1 < §JL < p . Le t £(Q>, n, P; r , . . . , r ) r e p r e s e n t the n u m b e r of 

la t t i ce pa ths f r o m (0, 0) to (# + pn, n), a > 0, neve r touching the line 
x = py and having r . s t eps of the type S. (i = 1, . . . , (a). Also denote 

by g(n, p; r ., . . . , r ) the n u m b e r of la t t i ce pa ths f r o m (0, 0) to 
r" 

(pn, n), never touching the l ine x = Py except at the end po in t s and 
having r . s t eps of the type S. (i = 1, . . . , (JL). 
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THEOREM 2 . 

(a) f(a, n, (3; r . . . , r ) 
1 [L 

or + (p + l )n - S i r . 

(17) 

a + ((3 + l ) n - S i r . 

r , . . . , r , n - S r . 
1 jJL 1 

for 0 <: 2 r . £ n, 0 £ r . $ n ( i = l , . . . , |i), n > 0, c*> 0; 

o t h e r w i s e ; 

(b) g(n , p; r , . . . , r ) = 

(P + l )n - S i r . - 1 

(18) 

(P + l )n - S i r . - 1 

r , n - S r . 
[L 1 

for 0 ^ S r . < n , 0 £ r . ^ n ( i = l , . . . , |JL), n ^ l ; 
l i 

o t h e r w i s e ; 

w h e r e 2 , s tands for 2 
1 

We conclude with a g e n e r a l i z a t i o n of the r e s u l t in [4], on pa ths 
ending at (km, kn), m, n being c o p r i m e (also see [1]). 

in [1] it has been shown that the number of pa ths f r o m (0, 0) to 
(km, kn) without d iagonal s t eps , which do not c r o s s the line nx = m y 
a r e given by 

(19) 2 * 
F , k l *2 
_ 1 . F 2 . . 

V V 
and of those which never touch the line nx = m y except at the end 
points a r e given by 
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(20) + = I* (- 1) 1 = 1 i 
l + S ^ k . F / i _ E2

k2 

V k2' 

1 /(m + n) j 
where F. = r~r V 

j ( m + n) j \ m j 

and S* is the summation over all k. > 0, i = 1, 2, . . . , subject to 
i ^ J 

00 
S J i k. = k. 

i=l i 

We remark here that the results (19) and (20) also hold for the 
case with diagonal steps provided we modify the function F. by 

/ k(m + n) - 2 i r. 
F - i = S * 1 

j ^ , k(m +n) - S i r . \ r , , . . . , r ,kn - 2 r . 
R1 i \ 1 (JL 

yhere R' consists of restrictions: 

{0 < 2 r. < kn, 0 < E i r . < km, 0 < r < min(km, kn) (i = 1, . . . , u)) 
X I V i x i "̂  

and r. represents the number of steps of the type S. . 2 stands for 

2 everywhere. 
1 
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