SOME REMARKS ON THE CHARACTERS OF THE
SYMMETRIC GROUP

MASARU OSIMA

Introduction. In (2], we derived some character relations of the symmetric
group S,. These relations were also obtained in [1] independently. In the present
paper, we shall study the properties of these character relations in some detail.
In the last section, using a result obtained in [3], we shall further determine the
number of modular irreducible representations in a p-block of S,

1. We shall denote by [«] the irreducible representation of .S, corresponding
to a diagram [a] of #z nodes, and by x. its character. Similarly we define the
irreducible representation [B,] of .S,—, and its character xz,. We denote by m(n)
the number of distinct irreducible representations of .S,. Then, as is well known,
the number of classes of conjugate elements in .S, is equal to m(n).

Let Q = A.U be an element of S, where U is a single cycle of length #, and 4
is any permutation on the remaining #» — % symbols. By the Murnaghan-
Nakayama recursion formula

1.1 Xa(A'U) = ; aaﬂuXBu(A)~
Here,
aaﬁ,‘ = ( - 1 ) n

if a diagram [B,] of S,—. is obtainable from [a] by the removal of a single %-hook
H,; with leg length 7;, and

Aap, = 0

otherwise. We set
1.2 pd = ; Qg XBu
p® is called the (generalized) character of S,—, corresponding to xa.

Let 41, As ..., Anmw be a complete system of representatives for the
classes of conjugate elements in S,_,. If we set
1.3 Z = (Xa(Ai'U))v
then
1.4 2'7 = (n(Ai-U)tSu),

where Z' is the transpose of Z and n(4;U) is the order of the normalizer
N(A.U) of A.U in S,. Since we have from (1.1),
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1.5 Z = (@ap.) (x8.(41)) = (aas.) Zs.,
(1.4) gives

1.6 Z' (o) Z3, = m(4.U) 84y).
Hence, if we set

L7 050 (AeU) = 2 g xa(AeU), X = (o2 (4.0)),
then (1.8) becomes

1.8 X'Zs, = (n(4.U) 85),

that ts,

1.9 ; pé’:)(A +U) x5.(4;) = n(4.U) d4;
If an element P of .S, possesses no u-cycle, then by [2]

1.10 p52(P) = 0.

We shall call

W)
ps. = Z Qapy Xa

the (generalized) character of S, corresponding to xg, of S,—,. If we set T =
(n(A +U)é4;), then from (1.8) we have

T7'X'Zs, = 1,
where [ is the unit matrix. Since X and Z are square matrices,
Zs, T'X' = I
Then, from 77! = (g(4.U)d:;)/n! we have
Zs.(g(4:.U) 64y) X7 = (n!dy)),

which may be written

L1t S e D) D) g = it for (B = el

where g(4.U) = n!/n(4.U).
If A, possesses ¢ u-cycles, then we have generally:

g(4.U) = (number of conjugates of U in S,)

1
t+1
X (number of conjugates of 4, in S,_,).
In case [8;] is the 1-representation of .S,_,, (1.11) becomes

n! for the l-representation [8,],
(H) = {

L12 3 gD ol (400) = 2 il 0 otherwise.
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Here, H ranges over all elements of .S, which possess at least one u-cycle.
THEOREM 1. If Q is an element of S, with t u-cvcles, then

(w) ()
ps. (Q) = tu x5,(Q™)

where Q™ 1s a permutation on the n — u symbols obtained from Q by the removul of
a single u-cycle.

Proof. Let Q™ be conjugate with 4 ;. Then
o (Q) = pit (4 L0).
If we denote by 7,(A4;) the order of the normalizer N,(4;) of 4;in S,_,, then
1.13 ; x8.(4 1) x8.(4;) = n,(A:) 85
Since n(4:.U)/n,(A;) = tu, we obtain
Eﬂ; tu xp. (A1) x8.(4;) = n(A4.U) b5
This, combined:with (1.9), gives
Pt (A1.U) = 1 x5, (A4,

whence
s (Q) = tu x5,(Q™)).
If we set
1.14 (bsuss) = (@ap.) (Cas,),
then
b.sl = D Qap.ab.
and
1.15 ppe (A.U) = ; bsusl X (As).

THEOREM 2. [f A, U possesses t; u-cycles, then
b, = w0 ] 1.
Proof. From (1.6) and (1.13), we have

Zh(@ap.) (@ap) 25, = Zp (bss5.) 25, = (n(A.U) byy)

and
Zg, Zg, = (m,(A3) 6:y).

Hence

lbs.srl = T1n4:.0)/ T md) = T1 (i) = "] ] 1.
i i i i
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Let A = B.V be an element of S,_,, where V is a single cycle of length v
(v % w) and B is any permutation on the remaining # — (# + v) symbols.
We shall denote by [B,+,] an irreducible representation of S,_.+r. Then, for the
character uf,:) of S,_w+s corresponding to xg,, we have

1.16 X6.(B.V) = uf?(B) = 2 Gpupurs Xpuss (B).

Bu+s

THEOREM 3. Let pﬁf'i)' be the character of S,—, corresponding to xs,, . Then

W W [ H®
p5(Q) = D pusus.panr (Q),

Bu+s

where Q is an element of S, with at least one v-cycle and Q'” is a permutation on
the n — v symbols obtained from Q by the removal of a single v-cycle.

Proof. For Q without u-cycle, we have by (1.10)

P52 (Q) = 0, P52, (0 = 0.

For Q with ¢ u-cycles, we have by Theorem 1

#2(0) = 1 x5, (0), £2.(07) = x50, (Q)

where Q = Q®.U = Q®.V = Q®9_U.V. It follows from (1.16) that
D s (Q7) = 11D Qppuyy Xpurs (Q7)

Bu+e wtv
0 [ @) \
= tu ps? (Q“?) = tu x5.(Q“) = p§(Q).

2. We shall consider the character of a representation [a] for an element
Q = B.V.U. where U, V are cycles of lengths #,v (u 5 v), and B is a permutation
on the remaining #» — (# + v) symbols. Applying the Murnaghan-Nakayama
recursion formula twice, we obtain

X(Q) = T tesx6.(BV) = L aes 2 Bs.801X50rs (B)

Bu+w i

and

X«(Q) = ; Qap, X8, (B.U) = ; (laﬂ.ﬂz A8.8u+ v XBuss (B).

Here, [8.], [Bs], [Bus+s] are representations of S,_,, S,_, Si—@+» respectively.
Then it follows that

2.1 Zﬂ) AB.Bu+slap, = }B: A,6us Qo

that is, in matrix form

2.2 (aaﬂu) (aﬁuﬂw.) = (aaﬂ-) (aﬁ-ﬁu+-)-
We set
2.3 (@a8s2) = (Gap.) (@p.5.+.)
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Then we can define the character

w,e) __  ow
a = Ma

of S, a4 n corresponding to x, and the character

(w0 _ (v
PButs = PBu+s

of .S, corresponding to xs,,  as [ollows:

y (. v) *
2.4 pa = D A X
Bu+s
. (u,0) *
2.5 Pﬁﬁ:- = Z AaBy+y Xa-
(24
The character pf? is called the character of type (u, v). Equation (2.1) shows
that
¢ (u, v) [ ) (v)
2.6 Py = ; U3 8ue P = 2 A3,3,0,050 -

Generally we can define by the same way, the character

(U, v, )
PButv+...+uw

of type (u, v, ..., w) of S, corresponding to

XButvt.eitw
of Sy—urvr.. +w- Let Gi, Goy ..., G, G=mn — (u+v+ ...+ w))) be a
complete system of representatives for the classes of conjugate elements in

Su—utot...+wy- Corresponding to (1.10), we can prove by the method used in
{2], the following

TucoreMm 4. 1) an element P of S, is not conjugate to G, W ... V.U (i =1,
2,...,2), then
sl (P) = 0.
3. Let p be a rational prime and let
3.1 n=r -+ wp, 0<r <p.

A p-singular element of S, has at least one cycle of length p or a multiple of p
while a p-regular element is simply a permutation, the lengths of whose cycles
are all prime to p. If a p-singular element P of S, has only a Ap-cycle as cycle
of length a multiple of p, then P will be called an element of type (A). Generally
we may define by a similar way an element of type (A1, Ne.,..,A,) where
M <A< ... < Neand XA < w. We denote by b(A1, Ag, . .., A, the number
of classes of conjugate elements in S, which contain the elements of type
Y TR W

3@+ 1) <w< 3@+ 1)@+ 2),
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then the maximal value of ¢ which satisfies A\ < A2 < ... <Ay, M < w,

is g. We set

3.2 > b\ Aa .. A) =1,
ML
and
¢
3.3 S b=k,

i=1

v =

L,2...,9).

Denote by m’(n) the number of p-singular classes in S,. Then we see easily

that

3.4 m' (n) = k.

Let m(n) be the number of classes of conjugate elements in S, as in §1. We set

3.5 mn— A+ A+ ... FA)p) =5

<AL <L\

Then (3.2) and(3.5) yield
3.6 se=ho+ (has + ..+ Dk,
We obtain readily from (3.6)

3.7 he=s.— (Msyr+ ...+ (= DT'Gs,

(t =

(1

=

1,2,...,9).
1,2,...,q).
L,2,...,q).

THEOREM 5. Let m'(n) be the number of p-singular classes in S,. Then

m'(n) = §1 — Sq + S3 — ... + (“ l)q_ls

Proof. From (3.6) we have

si—Sed+ss— ...+ (=D, =
= 2[: by = ki = m'(n).
COROLLARY.
seo—Si s — . F (= 1D, = 'Xj;kb
Proof.
So—SaF+Ssa— ...+ (— Dis; =51 — Z:}’/

o

Z (= G+ .+ (= DOk

=ho+ 20y +3hs+ ...+ (¢g— Dh, = Zk

4. Let\; (1 = 1,2,...,1t) be positive integers such that Ay < X, < ... <X\,

and 2 = X \; < w. In the following we shall denote by

(u?

X! (G=1,2..... ;
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the characters of distinct irreducible representations of S,_,,, and by

Aiha.. A
pPi
the characters of type (Aip, hap, . . ., Ap) of S, corresponding to x® of S,_uy.
If P is not conjugate to
V.Py..Py, ... P

where P, is a cycle of length X\ ;p, and V is any permutation on the remaining
n — up symbols, then we have, by Theorem 4,

4.1 Pyt M (P) = 0.
Further, if V is a p-regular element of S,_,,, then
4.2 PN MVPLP, L Py = M A X (Y.
In particular, we obtain
THEOREM 6. If H is a p-regular element of S,, then for any type (A1, X2, . . . \y)
p};l)"”‘h(H) - 0

Let Py, Py, . . ., P, be a complete system of representatives for the p-singu-
lar classes in S,,. If we set
1.3 Ry = (pi(Py))
(4, row index; A, ¢, column indices; where A =1, 2,...,w; i =1, 2,...,
mmn —Np);j=1,2,...,m (n), then R; is a matrix of type (m’(n), s;) and
we have proved in (2]
1.4 r(Ry) = m'(n) = ky,
where r(R,) denotes the rank of R;. Generally we set
15 R, = (o™ " (P))
(4, row index: (A1, Ae, ..., Ay), ¢, column indices). Then R, is a matrix of type

(m’(n), s,) and we can prove, as in [2], the following

THEOREM 7. Let r(R,) be the rank of R, Then r(R, = k, where k, 1s the
number defined in (3.3).

5. Let [ao] be a p-core of S,_,p. Then [ag] determines uniquely a p-block
Blay] of S,. We call u the weight of Blao]. As in [2], we define I*(u) by
5.1 Fu)y =2, m@)m@,)...m@E, 1),

where the v, are the positive integers or zero, and the summation extends over
all sets (v1, v2, ..., vp,—1) wWhich satisfy > v; = u. Let ¢(n) be the number of
p-cores of n nodes. We set ¢(0) = 1. Then we have by (2]
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w

5.2 m*(n) = D c(n — up)l*(u)

u=0

where m*(n) is the number of p-regular classes in S, i.e., the number of modular
irreducible representations of S,.

THEOREM 8. The number of modular irreducible representations in a p-block
of weight v is I*(v).

Proof. By [3], the number of modular irreducible representations in any
p-block of weight v is independent of the p-core. Hence we denote this number
by f(v). We have

w

5.3 m*(n) = Z c(n — up)f(un).

u=0

Since £*(0) = f(0) = 1 and [*(1) = f(1) = p — 1, we assume that [*(u) = f(u)
for u < v. We set # = vp in (5.2) and (5.3). Then

v »—1

m*(n) = ;)C(vp — up)l*(u) = I*(v) + MZ:%C(W — up)l*(u)
and

wm) = 3 clop — wp)f(w) = f@) + 2 olop — up)(u).
By our assumption, *(u) = f(u) (u =1, 2,...,v — 1). Hence we obtain
@) = f().
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