J. Aust. Math. Soc. 89 (2010), 51-74
doi:10.1017/S1446788710001461

THE ACTION OF HECKE OPERATORS ON
HYPERGEOMETRIC FUNCTIONS

VICTOR H. MOLL ™, SINAI ROBINS and KIRK SOODHALTER
(Received 26 September 2009; accepted 9 July 2010)
Communicated by I. E. Shparlinski

Abstract
We study the action of the Hecke operators U, on the set of hypergeometric functions, as well as on
formal power series. We show that the spectrum of these operators on the set of hypergeometric functions
is the set {n“ :n €N, a € Z}, and that the polylogarithms play an important role in the study of the
eigenfunctions of the Hecke operators U, on the set of hypergeometric functions. As a corollary of
our results on simultaneous eigenfunctions, we also obtain an apparently unrelated result regarding the
behavior of completely multiplicative hypergeometric coefficients.
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1. Introduction

For each n € N, the space of formal power series 7§,

o0
g;z{f(x)zzckxk:cke((:}, (1.1)
k=0
admits the action of the linear operators U, and V,,:
o
Un)(x) =) cux” (1.2)
k=0
and
o0
Va)x) = fx") =Y exx™. (1.3)
k=0

The spectral properties of these operators become more interesting when one considers
their action on spaces with additional structure.
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Historically, Hecke studied the vector spaces of modular forms of a fixed weight
(see [2]), in which the set § is replaced by the space 9y of analytic functions in the
upper half-plane H := {7 : Im 7 > 0} that satisfy the condition

at +b _ k
f(ct_'_d)—(cf +d)" f(7),

for every matrix in the modular group

r:{(" b):a,b,c,deZ,ad—bc:l}.
c d

These forms are also required to have an expansion at T = ioo, or equivalently a

Taylor series about g = 0:
o

f@) =) cmyq",

n=0
expressed in terms of the parameter ¢ = exp(2mwit).
Hecke introduced a family of operators 7,,, where n € N, which map the space 1
into itself. The standard definition is

nt + bd
(To f)(7) = n*~ 126”2}‘( )
d|n
which, in the special case where n is a prime p, becomes

124 b
T H@O=p o +—=) f(t i )
P v=o p

In terms of the Fourier expansion of f € 91, given by

(.¢]

f@) =Y cmq™,

m=0

the action of T, is
o0
(T )@ =) yalm)g",
m=0

where
ya(m)y= > d*! <d2>
d|(n,m)
In particular, when 7 is a prime p,
c(pm) + p*e(m/p) if p divides m,

m) =
yp(m) c(pm) if p does not divide m.

History has shown that the study of Hecke operators is one of the most important
tools in modern number theory, yielding results about the uniform distributions of
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points, the eigenvalues of Laplacians on various domains, the asymptotic analysis of
Fourier coefficients of modular forms, and other branches of number theory.

Interesting results were obtained in the last decade when the space of modular
forms was replaced with the space of rational functions (see [4-6]). For example,
the spectral properties of the operator U, acting on rational functions were completely
characterized, and corollaries about completely multiplicative functions that satisfy
linear recurrence sequences were obtained (see [5]).

For the space ‘R of rational functions, the coefficients a, in (1.1) are the Taylor
coefficientsof A/B € R, where B(x) =1 +ajx +-- -+ agx?, and A is a polynomial
of degree less than d. The coefficients a; are known to satisfy the recurrence relation

Apyd = —0Apgd—1 — -+ * — 0gap

(see [7] for details). Thus the study of these coefficients employs the theory of linear
recurrence sequences and their explicit solutions. One of the main results in [5] is the
complete determination of the spectrum of U,, acting on R, namely

spec(Uy,) = {£n* : k e N} U {0}.

Recent work has produced a description of the corresponding rational eigenfunctions
(see [3, 6]).
In this paper, we consider the action of U, on the set §) of hypergeometric functions:

0

Ck+1 . . .

= :Z ckxk : 2+ s a rational function ofk}.
k=0 Ck

We emphasize here that §) is a set rather than a vector space, because in general the sum
of two hypergeometric functions is not another hypergeometric function. Nevertheless,
this set includes many of the classical functions as well as all functions of the form

i R(k)xk,
k=0

where R is a rational function.

Every hypergeometric function that we consider has a canonical Taylor series
representation of the form
o (ank(@)k - - - (ap)k X_k

F,(a, b; = ,
pFa(@ b ) gwok(bz)k---(bq)k K

where a := (a1, a2, ..., ap) € CPand b := (by, b2, . .., by) € C4 are the parameters
of , F,. These parameters satisfy —b; ¢ N. Here we use the standard notation for the
ascending factorial

©@r:=clc+Dc+2)---(c+k—-1),
and (¢)g := 1. For example, (1); = k!, and (0); = 0.
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Hypergeometric functions include

o Lk
f(x)=k2=(:)m,

as well as most of the elementary functions. For example, the hypergeometric
representation of the exponential function is given by e¢* = {Fi(a, a; x) for any
nonzero a € C. Similarly, the error function

f(x) 2 /x - 4t
erf(x) = — e ,
N

can also be represented as a hypergeometric function, namely

2x 1 3
eI'f(x)=ﬁ1Fl E’E;x .

For a more complete discussion of hypergeometric functions, see [1].
In Section 5 we describe the action of the Hecke operator U,, on hypergeometric
functions. To state the results, define

! o= pFy@ bix)aeCP beC),

for fixed j € Nand p, ¢ € N. This is the set of all hypergeometric functions that vanish
to order j at the origin, and have hypergeometric coefficients

(@@ - - - (ap)k

bk (b2)k - -+ (by)k
with p ascending factorials in the numerator and ¢ ascending factorials in the
denominator. Observe that

Hi=1{x/pFy@b;x):j, p.geN,aeC’ beC= J 3/,
J>p.q€eN

We establish first the identities
k

o0
Un(x! p Fy @, b ) = I/ 3 rktpa=b (O Lol 2
= (dDi(d2)k - - - (dnig+1-1k k!

] .. ;
in g(m,ql)’ when n divides j, and

00 k
Un(x/  Fy @, bs x)) = 1+ 37 k(o= (cOk -~ (cpndk X"
=0 ()i - - (dg+Dn—1Dk k!
in 3{171 ) if n does not divide j. Here p; =np and g1 =n(g + 1) — 1, while the

new parameters ¢ and d are given in (5.1) and (5.2). In particular, we observe in
Section 5 that U, maps S{ ) into itself if and only if p =g + 1. These are the
balanced hypergeometric functions. Therefore, an eigenfunction of U, must satisfy
the condition p =¢q + 1.
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The eigenfunctions of U, on the space of formal power series are described in
Section 4. We consider solutions of U, f = Af, where f(x) =x/ iy arx®, and
show that if n divides j, then it follows that j = 0, A = 1 and the eigenfunction f must
reduce to the rational function 1/(1 — x). On the other hand, in the case where n does
not divide j, we show that j must be 1 and the eigenvalue A must be of the form n?,
where a € Z.

One of the main results here is the complete characterization of the spectrum
spec(U,) of U, on hypergeometric functions, yielding the result that

spec(Uy) = {n* : k € Z} U {0}.

As a corollary, we obtain a number-theoretic characterization of all completely
multiplicative functions that are also hypergeometric ratios of ascending factorials.
An ultimate goal is to determine the spectrum of all linear combinations of
hypergeometric series, but this seems far from the reach of current technology. Thus
we focus first on the action of the Hecke operators on a single hypergeometric series.

2. A natural inner product on $

The set $ of all hypergeometric functions can be endowed with a natural inner
product:

— dw
(fs &)R ::f S(w)g(w) —.
lz|=R w

We fix a real number R such that 0 < R < 1, so that this inner product is now a function
of R; as we shall see shortly, it is in fact a real analytic function of R. Moreover, we
shall also see below that V,, is the natural conjugate linear operator to U, with respect
to this inner product. This fact is our motivation for introducing the linear operator V,.

The next result describes this inner product in terms of the Taylor series expansions

of f and g.
LEMMA 2.1. If f(2) = Y oo cnd" and g(z) = Y ne dn2", then
0
(f. §)r =2mi Y cady R*"
n=0

PROOF. By definition,

(f.8)r = f D e x Y dpw” %U

I=R =0 m=0
00
= Z Cndmw" IR du,
lw|=R ,, ;=0

because W = R?/w on the circle of integration. Cauchy’s integral formula shows that
n = m, for otherwise the ensuing line integral is zero. This condition gives us the
desired result. O
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This inner product makes sense even for formal power series, although we restrict
our attention to the set §) of hypergeometric functions. On $), the inner product of
any two hypergeometric functions is in fact a hypergeometric function of R, as is
easily seen by noting that the product of two hypergeometric coefficients is another
hypergeometric coefficient.

To further develop the algebra of the operators U,, and V,,, we now show that V,, is
the natural conjugate linear operator for U, relative to the inner product introduced
above.

LEMMA 2.2. Let f, g € 5. Then

(Unf, 8)R=Af, Vug)rn.
PROOE. On the one hand,

k=0 k=0
o
k=0

On the other hand,

k=0 k=0
o0
= Z crhi R,
k=0

where we define
i {0 if n does not divide k,
k =

dijn  if n divides k.
It follows that

[o¢]
(f, Vag)r =), chndi(R")** = (Unf, &)kr,
k=0
as required. O

Recall that Hadamard introduced an inner product in the space § of formal power
series:

[e.¢]
(f #@)(x) = cxdpx.
k=0
This product can be retrieved as a special case of (-, -) g; namely,
o0 o o0
<Z a3 dkxk> =3 iR
k=0 k=0 k=0

Thus the Hadamard product is completely equivalent to our inner product.

R1/2
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3. Elementary properties of the operators U, and V,

In this section we describe elementary properties of the operators defined in (1.2)
and (1.3).

THEOREM 3.1. Let m, n € N. Then the following hold.

@ U,oU,=U,;oU,=U;.

® V,oVu=V,oV,=Vun

(c) U,oV,=Id

(d)  Up o Vin = Vimjgcdim,n) © Unjgedm.n)- In particular, if m and n are relatively
prime, then U, and V,, commute.

PROOF. Let f € § be a formal power series with coefficients c¢;. The first two

properties follow directly from the observation that

o0

00
UUp f(x) =U, Z kaxk = cnmkxk =Upm [ (x),
= =0

k=0 k
and similarly for V, V,,. To establish the third property observe that

U Vi f(x) =U,V, (Z ckxk> =U, (Z ckxk”>
k=0 k=0

= Z ckxk = f(x).
k=0

Finally,
o0 o0
U,oV, (Z ckxk) =U, (Z ckxmk>.
k=0 k=0
To simplify this, let

g — Ck/m if m divides k,
k= 0 if m does not divide k,

and write
[o¢] [o¢] o¢]
Uy o Vi (Z ckxk) —u, (Z dkxk) =Y dutt.
k=0 k=0 k=0

Now observe that m divides kn if and only if m/gcd(m, n) divides k. Therefore, we

define
m
=——  and M=——,
gcd(m, n) ged(m, n)

and we obtain the following sum on k:

Zdnkxk = Z dnkxk = Z an/mxk
k

m|nk m|nk
_ k __ k
= Z C(Nk)/MX —ZCN(k/M)x s
M|Nk Mk
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where each sum is defined for k£ from O to 0o, and subject to the constraints given. We
now let k =i M, and sum over i > 0, and see that

00
§ : k § : iM
CN(k/M)x = C,’le .
Mk i=0

Now define h; = c¢;, and obtain
Z h,'le = VM(Z h,'x’> =Vu (Z Cile) =VyoUpn (Z c,'x’>,
i=0 i=0 i=0 i=0
and we have established part (d). O

We now present an alternate proof for Theorem 3.1. To do this, we must prove an
intermediate result.

LEMMA 3.2 (Associativity of U and V). Forall k, j, m € N,
UgjoVin=Ur o (Ujo Vp).

PROOF. Let f(z) =Y o anz". For this proof, we will evaluate both operators and
show they give the same result. First, for Uy; o Vi,

Uiy 0 V) £0) = Uig £ M) = Uy (3 ™)

n=0

Now we let

aj/m if mdivides i,
b = .
0 otherwise,

so that we can write

o0 o0 . o0 .
Yu (Z “"Zmn> % <Z b"zl> =2 bz’
n=0 i=0 i=0

Next, for Ug o (U;j o Vi),

Uko(Ujo Vm)<i anz"> = Uy <Uj (i anzm”)> = Uy (i cizi>,
i=0

n=0 n=0
where
ap, ifij =mnforn e NU {0},
¢ = .
0  otherwise.
Then
Uy (Z C,‘Zl) = Z izt
i=0 i=0
We complete the proof by noting that by y; = cx;. O
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ALTERNATIVE PROOF OF THEOREM 3.1(d). We can write

UyoVy = (Un/gcd(m,n) o Ugcd(m,n)) o (Vgcd(m,n) o Vm/gcd(m,n))a

by parts (a) and (b) of the theorem. Now, using associativity, we can write

Un o Vin = Unygedm,n) © Ugedm,n) © Veedn,n)) © Vin/ged(m,n)-

By part (c) of the theorem, we see that Ugcdm,n) © Vecdom,n) = I, and we are left with
Un o Vin = Upjecd(m,n) © Vecd(m,n)- Thus, part (d) of the theorem is proven. O

4. The action of U,, on formal power series

We now determine an expression for the action of the operator U, on formal power
series where we allow the first few coefficients to vanish. This result will be employed
in our study of spectral properties of U, acting on hypergeometric functions. For the
rest of this section, all functions are assumed to be formal power series.

THEOREM 4.1. Let j, n € N. Then

o0
xH‘U/”J Z an(k—i—l—{j/n})xk lfn does not divide j,

o0
U, <xj Z akxk> = k=0

[e.e]
k=0 xJ//n Z Agnxk if n divides j.
k=0

PROOF. First observe that
. [e.¢] o0 . o0
U, (xj Z akxk) =U, (Z akxk+]) =U, (Z ak_jxk>,
k=0 k=0 k=j

and define

0  if0<k<j
bkz{ Ho=k=J. @.1)

ak—j if k Zj;

then we can write

. o0 o [e.¢]
U, <xJ Z akxk) =U, (Z bkxk) = Z binxX.
k=0 k=0 k=0

The discussion is divided into two cases, according to whether n divides j or not.

Case 1: n does not divide j. In this case, the restriction kn > j in (4.1) is
equivalentto k > | j/n] + 1. Thus,

o0 Li/n] o0
Z bk,,xk = Z b/mxk + Z bknxk
k=0 k=0 k=1j/n]+1
o0
= Z akn_jxk.
k=|j/n]+1
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Now leti =k — | j/n]| — 1, to obtain

00 00
k j 1 i
§ brnx = xb/ml+ § ani-‘rnU/nJ-‘rn—jxl'

Now use the formula j/n = |j/n] + {j/n} to obtain
o0 o0
Un (xj Z akxk) = x L/t Z ni+1— (/)X -
k=0 i=0
This is the result when n does not divide j.

Case 2: n divides j. In this case, the condition kn > j is equivalentto k > j/n =
Lj/n], and

so that
o0
U, (xf 3 akxk) ENTTD 3P
k=0 >0

This concludes the proof. O

The expressions for U, are now used to derive some elementary properties of its
eigenfunctions on the space of formal power series.

PROPOSITION 4.2. Assume that U,, has an eigenfunction of the form
. (0]
fx)=x/ Z arxk,
k=0

with eigenvalue ). If n divides j, then j =0 and . = 1. If n does not divide j, then
j=1

PROOF. Assume that n divides j and match the leading order terms of f and U, f.
Theorem 4.1 shows that x/ = x//*  which yields j = 0. Now compare the constant
terms in the eigenvalue equations to see that A =1. In the case where n does not
divide j, the same comparison yields

J=1+1j/nl.
This implies that j = 1. Indeed, let j =aon 4+ 8 where 0 < 8 <n. Then j =1+ «,
and this yields
1—B=amr—1). 4.2)
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It follows that 8 = 1 and o = 0, otherwise the two sides of (4.2) have different signs.
We conclude that j =14+« = 1. U

Hence even for a formal power series f, we see that the assumption that f is an
eigenfunction of the Hecke operator U,, imposes the restriction that f can only vanish
to order zero or one.

For the sake of completeness, we describe the trivial eigenfunctions of the
composition of operators U, o V,, and V,, o U,. Theorem 3.1 shows that U, o V,, is
the identity. The next result describes the composition V,, o U,,.

THEOREM 4.3. The only eigenvalue of V, o U, is 1. Moreover, given any formal
power series f(x) =Y 22 bix¥, the function g(x) = 332 arxk, where

by ifn divides k,
ar =
k 0  ifn does not divide k,

is an eigenfunction of V,, o U,, with eigenvalue 1.

PROOF. We consider the identity

o0 o0
(Vi o Un) (Z akxk> =Y apx’,
k=0 k=0

and we are done. O

5. The hypergeometric functions

In this section we use Theorem 4.1 to describe the action of U,, on the set $) of all
hypergeometric functions. We recall that a hypergeometric function is defined by the

power series
o

k
a a “ .. a
(@, b x) ::Z( Di(@)k -+ ( p)kx_’
£ b)eb2)x - - (bo)x k!
where a:= (a1, a2, ..., ap) and b:=(by, by, ..., by) are the parameters of ,Fy.
These parameters are nonzero complex numbers. We begin by stating explicitly the
action of U,, on S{ pg) 3 the main result of this section.

THEOREM 5.1. Let j, n € N. The action of U,, on the class S{p Y that is, on functions
of the form '
fra.j=x"pFq(a b;x),

is characterized as follows.
If n divides j, then

k

o (@i (apk k) e (cor(ek -+ Cnplk X
Uy / =x/ )
(x ,;) (CID/ERE (bq+1)kx * ,;) (dDr(d2)ic -+ (dnig+1)-1Dk k!
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where the parameters ¢ and d are defined by

; [—1
Cin—i—l:% fo<i<p-1,1=<Il<n,
5.1
b; [—1
dnsy =" fosizg =iz,

and j\ = j/n. The new variable is x| = nP~4= Dy,
If n does not divide j, then

U <xj i (@i -~ - (ap xk) _ ItLi/n) i (k- (epnde XY
" =5 Ook -+ - (bg+ 1k =5 @ik - - dg+nn-1k k! ’

where the parameters ¢ and d are now defined by

NETEY
Cinpr = LTI po<i<p—11<l<n,
n
(5.2)
bipi+r+1
dinyy = T8 ir0<i<g 1<l <n,
n

and jp=1+ |j/n] and r =n(1 — {j/n}) — 1. The new variable x| is defined as
above.

Before proving this theorem, we first need to state some intermediate results. The
next lemma allows for a simplification of the ascending factorial function on an
arithmetic progression of indices.

LEMMA 5.2. Letk,n € Nand a € R. Then

n—1 .
(@gn = n*" l_[<ajl_]> )
k

j=0

PROOF. Start with the observation that
kn—1 n kn—1 a i
An = a+i)=n -+ -,
@un=[T @+ ,1]0(”%)
and then collect terms according to their classes modulo 7. O

In order to evaluate

Un(x! p Fy(a, b)) = U, (xj Z Gr)lan)e - (o) x"),
k=0

Ok B2k - - - (bg)k(bg+1)k

where we used the fact that k! = (1); and defined b,41 =1, we observe that, by
Theorem 4.1, the discussion should be divided into two cases according to whether
or not n divides j.
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Case 1: n divides j. In this case, Theorem 4.1 yields

: n e (@Dkn - (@p)kn
Un(x ,F,(a, b)) = xJ/" et
(x p q(a ) =x ];) BDkn - - (bq+1)knx

and using Lemma 5.2 we can write this as

i

j=1i=0
1

()

Now recall that by 1 = 1, so the d-parameters when i = g from the definition (5.2)
are 1/n, 2/n, ..., (n—1)/n, 1. The total number of d-parameters is now reduced
by 1, in order to write the result in the canonical hypergeometric form:

o0
Un(x/ y Fy(a, b)) = x//" Y n(p—q—l)kn(
k=0

=)

o0 k

Un(x! p Fy(a, b)) = x//" 3 " p(p=a=Dhn (Coede - (enple X
= (dD)i(d2)k - - - (dnig+1-1k k!

LEMMA 5.3. The parameters a, b, ¢ and d satisfy

np n(g+1)—1 q (n
$a-"Y =Y a-Yu+ T 0-a-n
i=1 i=1
PROOF. The new parameters are
ar a1 +1 ar+n—1 ap ap+n—1
n b n EER A n 9 n L ) n
and
by b1+1 bi+n—1 bq+1_1 bq+1+n—2_n—1
n’ n 77 n n on n T oon
and the identity is now easy to check. O

COROLLARY 5.4. If p=q + 1, then 1a, Z?:] b; is preserved under the
action of U,.

Case 2: n does not divide j. In this case, Theorem 4.1 gives
U, <xf' i (@) - - - (@phk xk> _ 1L/ i @)w - @pn_ g

where b, 11 =1 and we define N =n(k + 1 — {j/n}). Observe that 0 < {j/n} <1,
and thus nk < N < n(k 4+ 1). The next result simplifies the Pochhammer symbols.
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LEMMA 5.5. Let a € C and j, n € N where j is not divisible by n.

nk+1—{j/n})andr =n(1 —{j/n}) — 1. Then

r+n .
nk a-+i
@y =n" (@),11 ]‘[( . )k.

i=r+1

PROOF. We begin by recalling that
(@)y=a@+@+2)---(@+N-1)

=G G

We now regroup terms modulo 7 as follows:

n—N<a>N=(g).<z+1)...(z+k_1>

GGt oo

() (o) e

The last factor appears because n does not divide j. Therefore

n—1 . r .
@n =n" H(a—l—z) Xl—[(a—H +k>,
i=oN " Jk n

i=0

e el ez

[14]

Define N =

k1)

where the second product does not involve the Pochhammer symbol. Now employ the

relation ct1)
k+c=c O
to write
n_l a-+i a+i a—+i
= TI(5) () TS +0) /T

This expression reduces to the stated formula.

The transformation above yields

a—i—l)

(Cpn)k k

o0 00
Un (x, Z (al)k [P (ap)k xk) :xl""\_.//nj Z nnk(p—q—l) (cl)k o
=5 OOk -+ - (bg+1k ()i - - (dg+Dnk

k=0

The special case where p =¢ + 1 provides a simpler situation, in which the

coefficient n”¥(?=4=1) does not appear in the resulting series.
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THEOREM 5.6. Let j, n € N and assume that p = q + 1.
If n divides j, then

Un(xijq(a» b; x)) = xj/nonnp—l(cy d; x),

where ¢ and d are defined in (5.1).
If n does not divide j, then

Un(x/ pFy(a, b; x)) = x1 TV, (e, d; x),
where ¢ and d are defined in (5.2).

6. The eigenvalue equation

In this section we focus on the spectral properties of the operator Uy, as the spectral
properties of the operators V,, are trivial. It is here that we encounter more subtle ideas.
We describe first the eigenfunctions of the operator U,, of the form x/ pFy(a, b; x).
That is, we look for parameters p, ¢ € N and complex numbers

ai,az,...,ap; b1, by, ..., by
such that, witha = (a1, ..., ap) andb= (b1, ..., by),
U, (x? ,Fy(a, b; x)) = Ax’ , Fy(a, b; x). (6.1)

The results from Theorem 5.1 showed that the action of U, on x;; F, depends on
whether or not n divides j, which by Proposition 4.2 reduces to the cases in which
j =0and j =1 when considering eigenfunctions of Uj,,.

Case 1: j =0. Under this condition, we show that the eigenfunction reduces to a
rational function.

LEMMA 6.1. Assume that n divides j and that (6.1) has a nontrivial solution. Then,
forallk e N,

q+1
(aj +nk+i) x [J;+h
j=1

i

||:]=\

)4 qg+1 n—1
=[]@ +i <[] []® +nk+.
j=1 j=11i=0

PROOF. Comparing terms of the equation U, f = f yields

(@Dnk(@)nk -+ - (@plpk  (aDr(@2)r - -~ (apk
Gk bk -+ - (bg+Dnk GGk -+ (g1
Replace k by k + 1, divide the two equations and use the formulae

6.2)

()ﬂ a+k and w=(a+nk)(a+nk+1)~-(a+nk+n—1)
(@)k (a)k
to produce the result. O
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LEMMA 6.2. Assume that n divides j and that (6.1) has a nontrivial solution. Then

PROOF. Comparing the degrees of the left- and right-hand side of (6.2) gives the
equality pn +qg +1=p +n(qg + 1). O

PROPOSITION 6.3. Assume that n divides j and that (6.1) has a nontrivial solution.

Then
b; b +1 b,’-}-n—lp a a; +1 a,-—}—n—lp
aj, —, PEEECIEE) = L T Rk .
" n n iz1 " n n n izl
PROOF. The roots of the left- and right-hand side of (6.2) must match. O

We now show that the results of this proposition imply that the parameters must
match: a; = b; for all indices.

PROPOSITION 6.4. Assume that n divides j and that (6.1) has a nontrivial solution.

Then, for any k € N,
k k
>oai=) b
i=1 i=1

PROOF. Proof is by induction on k. The case where k = 1 comes from matching the
coefficients of the next to leading order in k. Indeed, this matching yields

p

p n—1 p p n—1
G+ D i+ D= bi+) D (ai+)),
i=1

i=1 j=1i=1 J=1i=1

and the case where k = 1 holds. In order to check it for k = 2, add the squares of the
elements in Proposition 6.3 to obtain, from the left-hand side, the expression
5o, 1 — 2 2
Zai +EZ (b +2jbi+j)
i=1 i=1 j=0

N » 29 = PR
i=1 i=1 i=1 Jj=0 j=0

Matching with the corresponding expression from the right-hand side and using the
statement for k = 1 yields

The higher moments can be established along these lines. O
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PROPOSITION 6.5. Assume that two sets {aj:1<j < p} and {b;:1=j<p} of
complex numbers satisfy
p P
k k
> ai=) b
i=1 i=1

for every k € N. Then, after a possible rearrangement of the order of the terms of one
of these sets, a; = b; for all i.

PROOF. Fora,be CP and N € N, let
P
un@ =Yy a
i=1

and let . .
> J > J

AO=Yw@5 ad A=) um

j=0 J: j=0 J:

be the generating functions of py(a) and uy(b), respectively. Now assume that
Ja = fp, thatis,

s & t

Z Mj(a)ﬁ = Z Mj(b)ﬁ-

j=0 Jj=0

Expanding further gives

P &
2.2 a5 =2 ) bl
i=1 j=0 J: i=1 j=0 J
This yields
ea|t +eu2t _|_ . +e[lpt :eblt +eb2[ + . '_’_ebpt‘ (63)

Suppose first that a;, b; € R and order them as
a<ay=<---<a, and by <by=<.---<b,.

Eliminate from (6.3) all the terms for which the as and bs match, to assume that
a; < by. Then

1+ elaz—ant RS elap—at _ ,(b1—ant + eb2—ant NI elp—ant

Finally, let t — —oo to get a contradiction. O
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We summarize the previous discussion in the following theorem.

THEOREM 6.6. Suppose there exists an eigenfunction of U, of the form

o (@k(@)i - @p
/0= ZO bk b2k - - - (bq+1)kx ’

corresponding to the eigenvalue )\ (this is the case where j =0 in (6.1)). Then
A=1, p=qg+ 1anda; = b; for alli. Therefore f(x)=1/(1 — x).

Proposition 4.2 shows that the only possible values for j are O and 1. The rest of
the section treats the case where j = 1.

Case 2: j=1. Under this condition we show that the spectrum of the operator
U, is the set {n' :i € Z}. The corresponding eigenfunctions are the polylogarithm

functions
o0

PolyLog; (x) := Z k' xk,
k=1

corresponding to the eigenvalue n’ when i is negative, and the eigenfunctions

(52) ()

corresponding to the eigenvalue n* when i is nonnegative.

EXAMPLE 6.7. The dilogarithm function

ok

Lixx):= Y ;z—z

k=1

satisfies |
Un(Liz(x)) = ;Liz(X)-

Therefore 1/n” € Spec(U,). The dilogarithm function admits the hypergeometric
representation
Liz(x) = x3F2(13, 225 x),

where 13 stands for (1, 1, 1) and 2, stands for (2, 2).
We now explore properties of eigenfunctions of the operator U, .

PROPOSITION 6.8. Assume that (6.1) has a nontrivial solution for which j = 1. Then,
forallk e N,

q+1 n=2 q+1

]'[(a,+k—1) ]'[ [T +nk+z)—]'[<b +k=1)- ]'[ ]'[(a,+nk+z)

j=li=-1 j=1li=-1
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PROOF. Assume that the eigenfunction has the form
o0
fx)=x Z ckxk.
k=0
Comparing coefficients in the equation U, f = A f gives
Cnk—1 = ACk—1.
Replacing the standard hypergeometric type yields
(@Dnk—1 -~ @ppk—1 _ (@)k—1" - (@plk—1
(BDnk—1 -+ bgr)nk—1  (b1)r=1 -+ (bg+1k—1
Replace k by k + 1 and divide the two corresponding equations to obtain the result. O

(6.4)

LEMMA 6.9. Assume that j = 1 and that (6.1) has a nontrivial solution of the form

o (@) (apk
Fe _x,; b - - (bq+1)kx '

Then p=q + 1.
PROOF. Compare the degrees on both sides of the polynomial in Proposition 6.8. O

PROPOSITION 6.10. Assume that
o0

. @i - @p
00 _xk; Gk i

is an eigenfunction for U,. Then

p{ bi —1 b; bi+n—2}
Uai_la s Ty e e e T
. n n n
i=1
:O{bi_l,“f‘l,ﬁ,m,w}_

. n n n

i=1
PROOF. These are the roots of both sides of the polynomial in Proposition 6.8. O

We now show that this equality of sets imposes severe restrictions on the
eigenvalues and eigenfunctions of the operator U,,. We discuss first the eigenvalues.

PROPOSITION 6.11. Assume that
o0

. @k - -+ (ap)k k
e —xg e Gpi

is an eigenfunction for Uy,. Let
Ya: =i €{l,2,..., p}ia; =1},

and
vwi=WHiel{l,2,..., p}:b =1}
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Then

n’(a)n-10@)n-1--- @pla—1 =0 b)) p—1(B2)n-1 - (bpln-1.  (6.5)
PROOF. Consider the product of all the nonzero terms on the left-hand side of
Proposition 6.10. The removal of the zero terms, corresponding to those a; equal
to 1, carries with it the removal of a power of n. O

EXAMPLE 6.12. In Example 6.7 we see that y, =3 and y, = 1. Thus (6.5) states
correctly that

n> x (Dot (Wa—1 (a1 =1 X Qu-1@n-1(Dp1.
THEOREM 6.13. Assume that j =1 and
o
(ak - - (apk
F =23 @0k @
=5 Gk -+ (bpk
is an eigenfunction for U, with eigenvalue ). Then
A= an—Va’
where y, and yp, are defined in (6.5).
PROOF. Put k = 1 in the relation (6.4) to obtain

_ @)n-1--- (ap)n—l
(b)n—1 -+ (bg+1)n—1
Now use (6.5) to conclude. O

The result above shows that the spectrum of U, satisfies
Spec(Uy) C {n® :a € Z}.
The example below shows that actually equality holds.
EXAMPLE 6.14. Leti € Z. Then the hypergeometric series

e

fix) =Y k'xk,

k=1

is an eigenfunction of U,, with eigenvalue n’. The dilogarithm corresponds to the case
where i = —2.

THEOREM 6.15. The spectrum of Uy, is the set {n':ieZ).

We now discuss the eigenfunctions of U, starting with the sets

P bi —1 b; bi+n—-2
Uai—l, " 7;,---,7

i=1
LPJ -1 g ai+n—2
9 n""’ n 9

i=1
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that appeared in Proposition 6.10. Recall that {a;, b;} are the parameters of the
eigenfunction

N o~ (apk - - (ap)k k
e ”; G0k - bgeDe

We may assume that a; # b, otherwise we just cancel the equal terms (a; ) and (b ).
Observe that if we let ¢; =a; — 1 and d; = b; — 1, the basic set identity in Case 2 of
Proposition 6.10 becomes the basic set identity of Case 1, with ¢; instead of @; and
d; instead of b;. The reason why one cannot deduce a; = b; is that some of the g; in
Case 2 might be 1, and the corresponding ¢; would vanish. This would violate the
basic assumption of Proposition 6.5.

We bypass this difficulty by defining

a,_ a; ifa,-;él,

2 ifg =1,
and

b — bi itbh; #1,

)2 ifp=1.

The sets described above, obtained by replacing a; and b; by a; and b;, remain equal.
In order to see this, observe that if a; = 1, then the elements containing a; are

ar—1 a ap+n—-21
n 9 n 9 n b
these are replaced by
ar a;+1 ar+n—1
n b n 9 n 9

which amounts to simply replacing a; by a; 4+ 1. Theorem 6.6 shows that a; = b;.
Whether a; and b; are both equal to 1 or both different from 1, we still conclude
that @; = b;. This contradicts our original assumption. In the case where a; = b; and
a; =1, we conclude that b; =2. Similarly, if a; = b} and b; = 1, then we obtain
a; = 2. Therefore, any instance where @; = 1 produces the valid pair {1, 2}, and
any instance where b; = 1 leads to {2, 1}. Using the fact that there are no common
parameters in the numerator and denominator, we conclude that an eigenfunction must
have the following structure.

THEOREM 6.16. Assume that

Lo (@ @k
e —"g GOk - Ggri

is an eigenfunction of Uy, with the usual normalization by 1 = 1. Then, either a; =2
and b; = 1 whenever 1 <i < p, ora; = 1 and b; =2 whenever 1 <i < p.
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In other words, if f is an eigenfunction of any particular Hecke operator U,,, then

o0
1
f)=aFa 114, 2415 x) = Z k_axk’
k=0
or
o0
fX)=aFa1Q2a, 1415 x) = Z k“xk,
k=0
where a € N and 1, stands for the a-vector (1,1,...,1) and 2, is defined
analogously.

7. The simultaneous eigenfunctions of U,, for all n

In this section we completely characterize those hypergeometric functions that are
simultaneous eigenfunctions of U, for all n, and give an application to the theory of
completely multiplicative functions.

What do the hypergeometric functions f(x) =Y o, cxxk that are simultaneous
eigenfunctions of all of the linear operators U, look like? It turns out that there
is a simple answer: they are precisely the polylogarithms and the rational functions
(xd/dx)*(1/(1 — x)), as given by the following theorem.

THEOREM 7.1. Let
0
f =Y gxt
k=1

be a hypergeometric function with no constant term. Then f is a simultaneous
eigenfunction for the set of all Hecke operators {U,}>° | if and only if

f)y=C) ko,
k=1

where a€Z and C € C. In other words, either [ is a polylogarithm, or
f ) =(xd/dx)*(1/(1 = x)).

Before proving this theorem, we prove an interesting corollary regarding a
number-theoretic fact concerning hypergeometric coefficients that are completely
multiplicative functions of the summation index.

COROLLARY 7.2. The hypergeometric coefficient
_ (@n-1--- (ap)n—]
(bl)n—l T (bq)n—l ’

is a completely multiplicative function of n if and only if it is of the form Cn® for some
a€ZandC eC.

c(n)

PROOF. By the definition of completely multiplicative functions, we know that
c(nk) =cn)c(k)
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for all k, n € N. This implies that

o0

OEDBON
k=1
is an eigenfunction of U,, with eigenvalue c(n). This holds for all n, thus it is a
simultaneous eigenfunction. The result now follows from Theorem 7.1. O

We recall that by definition f is a simultaneous eigenfunction of all of the Hecke
operators if and only if, for all n € N,

Unf =2 f.
Treating f as a power series without even considering its hypergeometric properties,

we see that
o0 o0
Z cnrxt = )””Z cxxk,
k=1 k=1

so that
Cnk = AnCk-

This is true for all £ > 1, so we can set k = 1, which shows that
Cn = AyCl.

This, in turn, is true for all n, and proves the following result.

LEMMA 7.3. Let
o0
F@ =Y axk
k=1

be a power series with no constant term that is a simultaneous eigenfunction for the

set of operators {U,}2 | with respective eigenvalues {\,};2 |. Ifi > 2, then

ci = Ajct,

and thus

(o)

f)=c1) axk. (7.1)

k=1
PROOF OF THEOREM 7.1. Let us suppose now that f, as defined in (7.1), is a
hypergeometric function. By Theorem 6.13,

Ay = nYoVa ,

where y,, and y,, are defined in (6.5). This proves Theorem 7.1. d
In our formal hypergeometric notation, we see that any simultaneous eigenfunction

must be the polylogarithm
1
s
ke

k=0

o0
Z kxk,

k=0

or the rational function
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where a is a nonnegative integer. In conclusion, we see that if a hypergeometric
function is an eigenfunction for a single operator U;, then it is automatically a
simultaneous eigenfunction for all of the Hecke operators U,, as n varies over all
positive integers. This situation stands in sharp contrast to the space of rational
functions studied recently in [4-6].
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