A NOTE ON ORTHOGONAL POLYNOMIALS
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1. Introduction and preliminaries

During an investigation into the existence of Gauss-type quadrature formulae
for the numerical solution of Fredholm integral equations with weakly singular
kernels an intermediate result was found which is of independent interest.

The quality and position of the zeros of the orthogonal polynomials which
satisfy

b
J m®t ‘N (dt=0, i=1,2,....,nforn=1,2,...

where m(t) is of constant sign in Ja, b[ are well known. The results of this paper .
show that these properties also belong to the polynomials which satisfy a
generalized orthogonality relation of the form

b
f mO,()dt=0, i=1,2,..,nforn=1,2,...

a

The proof of the results shows that the conditions under which the classical
result is valid can be weakened slightly.

Definition. The sequence m(t), i =1, 2, ... of real valued functions will
be said to form an integrable Markov system for a<t<b if

(a) m(t) is defined at each point of a<z<b, and is integrable-R (a, b) for
i=12,...;

(b) for n = 1, 2, ... the linear combination

Zn: amy1)
i=1

has not more than n—1 zeros in a<t<b, where a,, a,, ... are arbitrary
scalars, not all of which are zero.

It follows from the definition that if a<t;<b, i = 1, 2, ..., n then the
determinant
my(t) my(ty) ... my(ty)
M, (ty, ts, .cst,) =
my(t,) my(t,) ... myt,)
vanishes if and only if ¢; = ¢; for some i, j.
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Further ((1), p. 25), if ¢,, ¢,, ..., t,~, are distinct points of la, b then
Mt t,t,, ..., t— 1)
considered as a function of ¢, changes sign only as ¢ passes through ¢, #,, ..., 7,_ ;.

It follows that M,(t, t,, ¢,, ..., t,—1) behaves like a polynomial of degree n—1
with simple zeros at ¢,, #,, ..., t,—,. This property of M, will be restated as:

Property (P). If IT,_ ;(¢) is a polynomial of degree n— 1, with real coefficients,
having precisely r zeros ¢,, t,, ..., t, at which IT,_,(¢) changes sign then
Hn— l(t)Mr+ l(ts tl’ MRS t,,)
does not change sign for a<<t<b. (Complex zeros, which will occur in conjugate
pairs, or zeros which lie outside Ja, 5[ will not effect the sign changes of IT, _ ((¢)).

In the following my(t), i = 1, 2, ... will always denote an integrable Markov
system.

2. Preliminary lemmas

Lemma 1. If q,(t) and g, ,(t) are polynomials of preciset degrees n and n+1
respectively such that

(@) f ma)dt = J (O (O =0, i=1,2, .. n;

(b) q,(t) has only simple zeros in Ja, b[,
then q,(t) and q, ((t) do not have a common zero in Ja, b[.

Proof. Let z—x, be a factor common to ¢,(¢) and g, (¢) and set

g(1) = (¢ —x)r—1(2),  Gus1(t) = (E=x)r,(2).
Then

b
J‘ mi(t)(t_ xl)[rn— l(xl)rn(t) - rn— l(t)rn(xl)]dt = 0:

a

fori=1,2,...,n Butaser,_.(x)r,(t)—r,_.(@)r,(x,)is a polynomial of degree
n with x; as a zero it can be written (¢—x,)s,_ ,(¢).

b
Hence f m{)(t—x)%s,_(Ddt=0, i=1,2,..,n

a

Using property (P), there exists M, (¢, t,, ..., t,), where ¢, ..., t, are the zeros
of s,-4(#) at which it changes sign and which lie in Ja, 4], such that

Mr+1(t’ tb ey tr)sn—l(t)
does not change sign in Ja, b[. But

b
J Mr+ l(ta Eyyeeey tr)sn—l(t)(t-—xl)zdt =0.

t 1? polynomial is of precise degree » if it is of degree n and the coefficient " does not
vanish,
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The last equation shows that s,_,(z) = 0, and so as 7, ,(x,) # 0, the coefficient
of " in r,(¢)is zero and g, ,(¢) is not a polynomial of degree n+1. The contra-
diction proves the lemma. (It may be noted that the simplicity of the zeros of
g,(t) can be deduced rather than assumed but it is more convenient to have the
statement of the lemma in this form.)

Lemma 2. If the n-fold integral exists then

/—-‘"‘
b b b (ta 12
j f F(ty, ty, ..., t,,)dtl...dt,,=f J J Y F(t;,5 tiy ooy 1 )dEy .. d8,

where the summation extends over all the n! permutations of (1, 2, ..., n).
Proof. The integral over the hypercube
asu£bh i=12,..,n
is the sum of the integrals over all the n! hypertriangles
ast;, £t,S..21,5b

into which it can be decomposed, where (iy, iy, ..., i,) iS any permutation of
(1,2, ...,n). The result follows.
For convenience in the following an integral over the hypercube a < t; < b,
i=1,2,...,n, will be written
J (.)dz
Cn

and an integral over the hypertriangle a < ¢, < ¢, <...2£1, £ b will be

written
j (.)dr.
Th

V,e1(t, 8y, ..., t,) denotes the (n+1) x (n+ 1) determinant

T et R A |
O PR |
A kT A |

and an analogous notation is used later for an n x n determinant.
A corollary of lemma 2 can now be stated as

Corollary.
J' ml(tl)mZ(tl)"'mn(tn)Vn+l(t’ tl; LR t,,)dT
Cn

= j Mn(th t2’ sy tn)Vn+l(t: tls sy I,,)d'f.
Tn
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For the integral over the hypercube is, by the lemma,

J T+ my(;)my(t,)...m(G Vit 8y, .o, t)dT
Tn

where the sign of m,(¢;,)...m,(t; ) is determined by the parity of the permutation
of (1,2, ...,n). The sign attached to m,(t,)...m,(¢,) is plus, and as an even
permutation results in plus, and an odd permutation in minus the result follows
from the definition of a determinant.

3. Proof of Theorem
Theorem. If {m(t)} is an integrable Markov system in (a, b) then

(i) there exists a polynomial p,(t), of degree n, which is unigue up to an
arbitrary non-zero scalar multiplier, such that

fb m(Op,()dt=0, i=1,2,...,n; 1)

(ii) the zeros of p,(t) are real, distinct and lie in ]a, b[ ;

(i) if p,+,(9) is a polynomial of degree n+ 1 which satisfies

b .
f my()p,+,(Hdt=0, i=1,2,..,n, )

a
and has real, distinct zeros then between any pair of adjacent zeros of
Pn+1(0) lies a zero of p,(t), all lying in Ja, b[.

Proof. (i) The polynomial defined by the determinant
" ot t 1
b [*b (b b
f "'m,(t)dt " im (Odr...| tm(Ddt f m,()dt

a oJa va a

3

b (b (b b
f t"m,()dt " im(tydt...| tm(t)dt f m,(t)dt

a a va a

satisfies (1). In order to show that it is indeed a polynomial of degree n it
has to be verified that the cofactor of r* does not vanish. Now if it did vanish
then there would exist scalars by, b,, ..., b,_,, not all zero, such that

b n-1
f m,-(t) .Z bjt]dt=0, i=1, 2, ey N

a j=0-
From property (P) we can now deduce a contradiction, thus showing that the
determinant is a polynomial of degreen in ¢.
The uniqueness follows by taking g,(2) to satisfy (1) and such that p,(1)—q,(1).
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is a polynomial of degree n—1. An application of property (P) to the equations

Jb mi(t)[pn(t)—qn(t)]dt = 0, i= 1’ 25 e

shows that p,(t)—q,(t) = 0. For later use another more convenient form of
(3),will be found. Now (3) can be written:

I -t t 1
b O b b
f tim,(t,)dt, J f mx(‘l)dH---f tym,(t)dt, f m(t,)dt,

b b b b
f o (1,)dt f t:-‘mn(tn)dtn...f bama(t:)dt f m(t)dt,

a a a a

= J‘ ml(tl)mZ(tZ)‘"'nn(tn)Vn+ 1(t9 tly seey t")d‘l'.
Cn

For brevity write

Vn(t11 t2, teey tn) = V",
this being an n x n determinant, and similarly

Mn(tl’ 125 oues tn) = Mn'
Also let

Pyt) = (t—1,))(t—13)...t.— 1,).

Then the polynomial p,(¢) defined by (3) is

J M.V,P(1)dr. )
Ta

(ii) Let x, be a real zero of p,(t) which lies outside ]a, b[, and define g,_,(¢),
a polynomial of degree n—1, by
’ pn(t) = (t—xl)qn—l(t)'
From property (P) of the Markov system, a linear combination, M, . (¢, ¢,,...,1,),
of my(t), my(2), ..., m,(t) can be constructed so that

qn—-l(t)Mr-l—l(t’ tls t2’ sesy tr)

does not change sign in Ja, b[. (The points ¢,, ¢, ..., t, are those in Ja, 5[ at
which g,_,(¢) changes sign.) Consider now

b
J Mr+ l(t’ By eens r)(t—xl)qn—l(t)dt'
As M, is a linear combination of the members of the Markov system it

follows from (1) that this last integral is zero. But by construction the integrand
does not vanish in Ja, b[. Hence no real zero of p,(t) lies outside ]a, b[.
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To show that the zeros are real and simple it is noted that as the coefficients
of p(z) are real then any complex zeros must occur in complex conjugate
pairs. Let (1—«)?+ B2 be a factor of p,(t), where f may be zero.

Then p,(t) = [(t—®)*+p*]r,-2(¢), and property (P) together with

Jb m(O[(t—0)? +B*Jra_2(Ddt =0, i=1,2,...,n

a

will give a contradiction as before.

(iii) Let p,,.(t) be any polynomial of precise degree n+41 which has real
distinct zeros, and which satisfies

b
j‘ m{)p,+(Ddt =0, i=12,..,n.

a

(At least one such polynomial exists for the imposition of the further condition

b
J‘ My s 1Py (D)dt =0

a

will define such a polynomial by the first part of the theorem.)
Name the zeros of p, 4 () as x4, X2, ..., X,y Xp41, and let

Pn+1(t) = (t—x1)q,(2)
so that g,(¢) has the real distinct zeros x,, x3, ..., X,+1. Then

Jb m{t)(t—x)q,(Hdt=0, i=12,...,~n. 5)

a

and so, as before, the polynomial defined by the determinant

" ot .. t 1
jb m(D)(t—x,)t"dt I ’ ml(t)(t—x,)t"“dt...r m,(£)(t—x)tdt J.b m(t)(t—x,)dt

a a a a

e e e e e e e e e e e e e e e ©)
b b b b
J m ()t —x,)t"dt f m,,(t)(t—xl)t”'ldt...j m,((t—x)tdt § m,()(t—x,)dt

a

will satisfy (5). If the cofactor of ¢" is non-zero then the determinant is, apart
from a non-zero scalar multiplier, the polynomial g,(t). But if the cofactor is
zero then there will exist scalars b, by, ..., b,-, such that

b n—1
I m,(t)(t—xl) Z bktkdt = 0, i= 1, 2, ..oy R (7)
a k=0
Now from (i)

b
J mp,(dt =0, i=1,2,....,n
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defines uniquely the zeros of p,(z). It follows that

P =(t=x) Y bt
k=0

and so p,(¢) and p,,,(t) have a common zero at z = x;. But by Lemma 1
p.(t) and p,, ,(¢) cannot have a common zero. Hence the cofactor of ¢” in (6)
does not vanish and (6) defines g,(z).

By writing (6) as

r ! 1
rb b (*b
my(t)(t; —xt1dty my(t) (@t —x )t dty | my ()8 —x)dty
®
(b (b (*b
mn(tn)(tn - xl)t:dtn mn(tn)(tn - xl)t:_ ldtn oo mn(tn)(tn - xl)dtn
Ja Ja Ja

it is seen that it can also be expressed as

J my(tdmy(ty)...my(8,)(ty —x )tz =X 1) (=X IV s1(2, 115 L2y -0y t)dT
Cn

= J‘ MnVn+1(t, Lys ey tn)(tl_xl)(tl_xl)"'(tn_xl)dr' (9)
Tn
Finally, as V,,(, t1, ..., 1) = (t—t)(t—1,)...0—= 1)V, (11, 135 --.5 1), () is

(_ 1)" J‘ MnVn(xl - tl)(xl - t2)"'(x1 - tn)(t— tl)"‘(t_ tn)dt
Tn

=(-1) f M,V,P,(x,)P()dz (10)
Tn

using the abridged notation introduced earlier. This determinant defines the
polynomial ¢,(¢) which is assumed to vanish for x,, x3, ..., X, 4.
Now

n _ r
P= 3 X pox);
r=0 r!
substituting this for P,(¢) in (10) and putting ¢ = x,, X3, ..., X,4+, in turn gives
the equations

a(x)= Y (—x!%l)f MV, PO(x )P, (x,)dt =0, j=2,3,..,n+1. (11)
0 r: T,

r=

Eliminate nowJ MV, PO (x )P (x,)dt r = 1,2, ..., n—1. This gives, noting
Tn
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that P{M(x,) = n!,

(x;—x,)" f M,V P,(x,)dt+ J M,V [P(x,)]dr, (X3=%1)y wees (x2—x,)" !
Th Ta

(x3—x1)"f MnVnPn(xl)dT'*' f MnVn[Pn(xl)]sz’ (x3—x1), vees ()‘:3_)‘:1)”“1
Th Th

(xn+1_x1)"f MnVnPn(xl)dT'*' J‘ MnVn[Pn(xl)]sz9 (xn+l-xl)’ cevy (xn+1 _xl)"-_1
Th Thn

Hence

f MV, P(x)dt | (xa—x)"  (xp=%1) .. (xp—x)"" ' |+
Ta

(x3—x)" (x3—=x1) .. (xs“xl)"‘l

pr1=%)"  (Xpr1—%1)--.(Xps s —xx)"_l

+ f MnVn[Pn(x1)]2dT 1 xz_xl cor (X2—x1)n_1 = 0.
T, .

1 X3—x1 see (x3—x1)"_1

1 Xppy =X (e —%,)" 1

After removing the non-zero Vandermonde determinant factor, the result
is that

v

(%1 —x2)(xy —x3)...(x; —xffl) M, V,Py(x;)dt = I MnVn[Pn(xl)]sz (12)
. Ta .

VTh
Writing IT,, , ,(¢) = (¢—x)(t—x,)...(t—x,4,) it follows that

]

Hi’l"‘ 1(x1) J‘ MnVnPn(xl)dt» = MnVn[Pn(xl)]zdt: i= 19 23?9 n+ 1: (13)
Th

P

where the prime denotes differentiation. As M,V, is of constant sign in 7,
J. M,V,P,(x)dz
has the same sign as IT, . ;(x;). But, from (4), the polynomial defined by

M., V,P(x)dt
T'l
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is, apart from a scalar multiplier, that polynomial p,(¢) which satisfies

b
f m{t)p,()dt =0, i=1,2,...,n

a

Hence, at the points x,, X,, ..., X,+1, P,(¢) has the sign of

Iy o (%q)s ooy Iy (X4 1)

and so between each pair of consecutive zeros of p,, ,(¢) lies a zero of p,(¥).

4. Remark
It will have beennoticed that p, , ,(¢) was not required tosatisfy the additional
condition

b
f My ((OP,+(D)dt =0,

a
but merely that its zeros should be real and distinct. In the classical situation,
when m,(f) = m(t)t'~1, the separation of zeros of p,, ((t) by p,(t) then follows
under the weaker assumption that p, . ,(¢) should satisfy.

b
f mOt 1p, (=0 i=1,2, ..,n
together with the requirement that its zeros should be real and distinct.

5. Gaussian quadrature
The results of the theorem have an application to the existence of Gauss-type
quadrature formula for the simultaneous calculation of integrals of the form

f" mAOf (),

where it is required to approximate the integrals by weighted sums of f(¢) at
certain points. For, using Lagrange’s interpolation formula,

b n b
f m(Of(dt = 3, fc)Hy+ H m(OTL(OF ()t

fori=1,2, ..., n where I,(t) = (t—xl)(t—xz) (t—x,) and
(e ) 0 (14)

Hiy= n( X))

If the remainders
b
f mOIL(Of™(Odt, i=1,2,..,n, a<i&<b,
are to vanish when f(¢) is a polynomial of degree n, then

5
f m(OI(Hdt =0, i=1,2,...,n,

a
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thus giving, with the appropriate conditions on m(t), a set of quadrature
points.

The need for simultaneous Gaussian quadrature arises in the solution of
integral equations where the integral equation has the form

5 f’ mAeds, DFDAL+9() = 1), a=s b,

the kernels k,(s, t) being continuous functions of ¢. It is essential here that if
the integrals are replaced by quadrature formulae then the resulting equations
have the form:

n n

A Z 21 H; ks, xj)i(xj)'*‘g(s) = f(s)

i< =
in order that putting s = x,, X,, ..., X, will lead to a determinate set of equa-
tions. Here f(x;) denotes the putative approximation of f(x;).

It is natural to ask what can be said about the weights H,; in (14), for in
the usual Gaussian quadrature the weights are known to have constant sign.
No such result has been found for simultaneous Gaussian quadrature with a
Markov set. In factif m,(z) = ¢!~ *m(t), i = 1, 2, ..., n— 1, m(t)>0 say, then

b
Hy = ——I——J m(t)ti_IL(t)dt
I, (x;) J, t—x;

b i-1_ -1 .
g J m(t)(‘—t_——)’c‘{)nn(t)ah+x;.~-1111 ;

Hrln(xj) Jj
= xfi_ 1H1j. (15)
It is easy to prove that H,;>0,j = 1,2, ..., n, for
b
Hy= —— | im0 gy,
and as
b
1 f ftm@)t—x) 2D g —0, i=1,2,...n-1,
H:.(xj) a 1—X;
it now follows by induction that
i-1 1

-1p
BT )

b 2
T (x)H ;= — f o) (5@) dt
H,’,(xl) a t—xJ
by forming the polynomial IT(¢)/(t—x;) from 1, ¢, ..., ¢""'. Hence H,; are
all positive, but if {x;} changes sign in (g, b) then H,;, j =1, ..., n will have
positive and negative components.

b
J m(t)t~1! I—IL(t)dt, i=1,2 .., n
a t‘—xJ'

Hence
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6. Generalization

The conditions of the theorem can be weakened and still lead to the same
conclusion. Let the sequence of functions my(r), i = 1, 2, ... have property
(P), that is, given a polynomial IT,_,(¢) of degree n—1 with real coefficients
having r zeros at which IT,_,(¢) changes sign, it is possible to find a linear
combination M, ., of m,, m,, ..., m,,(¢) such that

Mr+ l(t)r[n—l(t)
does not change sign in (a, b). Further, let m,(¢) be such that the determinant

my(t)) my(ty) ... m(t)
my(t) my(ty) ... my(ts)
ml(tn) mz(tn) eee mn(tn)

does not change signina <t £, £...£¢t, £ b.
With these conditions replacing condition (6) of the definition of an integrable
Markov system the theorem still holds.
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