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On the complex
complementarity problem

Bertram Mond

The complex linear complementarity problem considered here is
the following: Find 2 such that

Mz +q €5, z¢€5,
Re [zHMz+quJ =0,

vhere S 1is a polyhedral convex cone in .4 s S* the polar
cone, MGCpxp and qGCp.
Generalizing earlier results in real and complex space, it is

shown that if M satisfies Rez'Mz 2 0 for sll z € (P and if
the set satisfying Mz + q € S* , 3z € S is not empty, then a
solution to the complex linear complementarity problem exists.

Ir RezHMz >0 wunless 2 =0 , then a solution to this problem
always exists.

Introduction

Recently, McCallum [8] introduced the complex linear complementarity
problem and established conditions for the existence of solutionms.
McCal lum dealt with the problem where each of the constraints was
restricted to a sector in the complex plane. Here we give conditions for
the existence of solutions to the more general complex linear complement-

arity problem where the constraints are restricted to polyhedral cones.
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Notation and statement of problem
For brevity, we shall use much of the notation of [§].
Superscript H denotes conjugate transpose. Let S denote a poly-

hedral cone in C'n , then the polar of S 1is defined by

s*=f{w e : z€5=reldz) 20} .

The following observations follow readily from the definition of S* [2]:

if § and T are polyhedral cones in C’n s then

(SxT)* = S* x T+

if § =", then S* = {0} ;

if S =R,_, then S*= {3 €C : Rez 2 0} .
The complex complementarity problem {CCP) we shall deal with is the

following:
let M € Cpxp s q € Cp , ScC ® , & convex polyhedral cone.

PROBLEM (CCP). Find z € (¥ such that

(1) . Mz + q €5%,
(2) z €85,
(3) Re[zH(Mz+q)] =0 .

Closely related to this problem is the complex quadratic programming
problem.
s - H H
PROBLEM Q1. Minimize  f(z) = Re[z Mz+zq]
subject to (1) and (2).

A solution to Problem (CCP) is clearly an optimal solution of Problem Q1.

The reverse need not be true since, for optimal 2y , We may have

f[zo) > 0 . We shall later state some restrictions on M that assure that

f(zo) =0 .
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Complex alternative theorems
Let 4 € ™", A e MM 4, € ™™, analet sc’,
Sl c Cnl s 52 [ an , T cC c’" be polyhedral convex cones. We shall make

use of the following result of Ben-Israel [3]:

THEOREM 1. The system

(%) A *+Ax, €T, O#x €5 , =z, €5,
has a solution if, and only if,
(5) Aly eintsd, ay esp, yer
has none.
THEOREM 2. The system
(6) Az -b €T, 2z €5
has a solutton, if and only if,
(7) Ay est, verm, mbvso
has none.
Proof. (6) is equivalent to
(8) -Az +bE€-T, z2¢€¢5, 0#E&¢€R,_.
By Theorem 1, (8) has a solution, if and only if,
(9) Ay est, v eint(R)*, v et

Since by ¢ int(RJ* means Rebyv >0, (9) yields (7).

COROLLARY. Let M ¢ (PP, q € ®, sc®,a polyhedral convex
cone. Then the set satisfying Mz + q € S* , =z € S 1ig nonempty if, and
only if,

(10) —Aﬁves*, v €S, Requ<0
has no solution.

Proof. In Theorem 2, teke n=m=p , A=M, b=-q , and
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Complex quadratic programming

We shall utilize the following duality theorem for complex quadratic
programming of [1]:

THEOREM 3. Let B € '™ be positive semi-definite Hermitian. Let

Aed™, bed, ced and scd, rc” be convex polyhedral
cones. Consider the pair of problems

PROBLEM Pl. Minimize  F(x) = Re[4z"Br+cz]
subject to Ax - b €T,
xr €5 .

PROBLEM P2. Maximize gly, z) = Re[-!,yHBy+sz]

subject to -AHz + By +c €5*,
z €T,
If Problem Pl has an optimal solution x, , then there exists a vector 2,
such that (:co, zo} 18 an optimal solution of Problem P2; and
F(:co) = g(:co, zo) .

We want to modify Theorem 3 so as to eliminate the restriction in Pl
that B must be hermitian. We note that, even if B is not

hermitian,
B= (B+8) /2 + (B-F)/2 .

Since 2 [(B-BH) /2)z is pure imaginary,

(11) Rez'Bz = Red’ [(B+8")/2)z ,

where [B+EH) /2 is always hermitian. This suggests the following

definitions:

X
B € "™ (not necessarily hermitian) is said to be positive

semi-definite if
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(12) Red'Bz 2 0 for all z € C*

and positive definite if

(13) RezHBz >0 wunless 3 =0.
(11) and Theorem 3 lead to the following:

THEOREM 4. If Problem Pl, with B positive semi-definite but not

necessarily hermitian, has an optimal solution x. , then there exists a

vector =z, such that [z, zo] ig an optimal solution of

0
' . _ H H
PROBLEM P2'. Maximize  g(y, 2) = Re[-% By+b a]
subject to Az s [(B+BH)/2]y +c €5*,
z €T*

and F(xo] = g(=y, zo]

Solvability of the complex complementarity problem

We now state some conditions that assure the existence of a solution

of Problem (CCP).

THEOREM 5. Let M € (PP be positive semi-definite. If the set of
feasible solutions of Problem Ql is non~empty, then there exists a vector

a, euch that f(z)) =0 .

Proof. The dual of Problem Q1 is

PROBLEM Q2. Maximize Gy, v) = Re[—yHMy—qu]
(1%) subject to I/%+My+lfy+q€$*,
(15) vES

Since the feasible set of Ql is nonempty and the quadratic objective
function is bounded below (by zero), Ql achieves a minimum for some optimal

vector 3, [6], [8]. By Theorem 4, there exists Y such that (zo, vo)

is optimal for Q2 and
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(16) f(zo) = Re[ngzO+zgq] = [ -2 Mz -voq] = ¢z, vo]
From (15) and (1),
an re[sjaageiha] = 0 -

From {2) and (1L),

) H H " H
(18) Re[—zOMHv0+zoMzo+zoMHzo+zoq] >0 .

Noting that RevHMh = RezH v, , and that RezHMz = RezHMHz , adding
0 0 4] 0 0 0
(17) and (18) gives
H
(19) Oq-z Mz < Re|Z Mz +zoq

From (16), the inequality in (19), and hence also in (17) and (18) must be

satisfied as equalities, that is,

H ]

(20) Re[voMzo+voq] =0,

H H H H
(21) Re[—zOMHvo+zoM20+zoMﬁzo+zOq] =0
(1) and (2) give
(22) [z Mz +zoq] zZ0.
(14) and (15) give

H H . H B
(23) Re [-vOMH v0+v0Mz0+v0MHz0+voq] )
(20) and (23) yiela

H B .
(2k) Re[—voMﬂvo+voMﬂzq] >0
From (21) and (22),
H H H

(25) Re [zoMz +zoq] = Re[;OMHu0~zOMHzO] >0 .

Adding (24) and (25) and noting the positive semi~definiteness of M , we

obtain
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- H 2] _ H HH HH | HH
(26) o0 = Re[fOM20+z0q] = Re[—zOMﬂzo- o YotV 2oty vo]
H H
= -Re[(zo—vo) Mﬂ(zo—vo ] = -Rg[(zo-vo) M(zo-vo]] 0.

Thus equality holds throughout (26) giving

fl
o

(27) f(zo] = Re{ng20+zgq]

THEOREM 6. Let M € (PP be positive definite. Then the set of
feasible solutions of Problem Q1 is non-empty and there exists an optimal
vector 2, such that (27) holds.

Proof. Suppose that the feasible set of Q1 is empty. By the
Corollary to Theorem 2, the system
(28) My esr, ves,

(29) Req'v < 0
has a solution. (28) implies

Re - vH v = Re - vHMv >0 .

Since M 1is positive definite, v must be the zero vector, contradicting

(29). Hence the feasible set is nonempty.

The remainder of Theorem 6 now follows from Theorem 5.

Special cases

If

(30) s

{z € " : |argz| = B}
and

7=1{wed: |arg| = a}

for given B € Rf , o € RT . Bi =7w/2, 1=1, ..., n o = /2 ,

£2=1, ..., m , then Theorem 2 yields a result of Mond and Hanson ([10],
Theorem 8). If all vectors and matrices are real and S = Rf , T= RT ’

then Theorem 2 yields an alternative theorem in real space of Gale ([7],

https://doi.org/10.1017/5S0004972700043148 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700043148

256 Bertram Mond

p. b7).
If S is defined by (30) with 7 = p , Theorem 5 gives the corres-~
ponding result of McCallum [§]. If S = Rf and all matrices and vectors

are real, then Theorem 5 reduces to the result of Cottle [4] while Theorem

6 gives the corresponding existence theorem of Dorn [5].
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