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Nonlinear eigenvalue problems

L.Ju. Fradkin and G.C. Wake

The object of this paper is to prove two new results on the nature
of the spectrum of a class of nonlinear elliptic eigenvalue

problems. In the first case, sufficient conditions are given for
which the spectrum is bounded and, in the second case, conditions

are given for which the spectrum is open.

In this paper we consider a nonlinear boundary value problem of the
form

M(u) , in 2,
0, on 3N ,

(1) Lu
B u
€

vhere ! is a bounded domain of R" (n = 2) with boundary 30 of class

C2+a s 0<a<1l1, and closure © . The operator L 1is a real self-

adjoint, second-order, uniformly elliptic differential operator defined by

n
9 du
() = - ] g a0 & ()] + atenuta)
k=1 3% Lt 3y
where a., = a,. , and a. (z)p.p, = Y p; >0, 1if z €Q,
ik ki k=1 ik ik 0 jo1 0

p € R™ .
. 3 . X
We assume that the functions aik’ a, 55;.aik , for al1 %, k , are in

the class Cp(ﬁ) and a(x) 2 0 forall =z €R .

Let g%- be the conormal derivative defined by
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n
du _ z JuU
—= = ma., =— ,
W e © Tk B
where (ml, ceey mn) is the unit outward normal at x € 92 . Then B€ is

a first order boundary operator defined as follows:

u
ao(x)u tens s

Be(u)

where € is either 0 or 1, ao(x) € CZ_EW(BQ) , and

ao(x)>0,if €e=20,

ao(x)zo,if €e=1.

Moreover, we require that af(x) and ao(x) are not both identically zero.
We assume that L is self-adjoint with boundary operator Be .

Let S be an arbitrary subset of R . For any real-valued function
g(.'z:, u(.’z:)) we denote by the corresponding capital letter the Nemytskii
operator G(u) , that is, if g : QxS +» R, then for every u : R > § ,
G(u) 1is defined by G(u)(x) = g(:z:, u(x)) . We will suppose that
Flx, u(x)) = F(u)(x) in (1) satisfies some or all of the following
conditions:

o o
H.1l ]f(xl, ul)-f(xz, u2)| = Y(S)[|xl—x2| |y -, ] , for all
(xi, ui) €QxS , i=1,2 , where S= [0, N] and N > 0 ;
H.2 flx, 0) =0, for all =z € @ (but it is not identically zero);

H.3 f(=z, ul(ac)) > fla, uz(x)] » if w(2) > uy(x) ;

H.3' f, € C(QxS) , where f, (z, u(x)) = F (u)(z) is the Fréchet
derivative; fu >0, forall (x, u) €QxS; § c RY 3

c>0.

H.L inf_ f (x, u)
(:r:,u)EQXR+ u

Our assumptions imply a maximum principle for the operators (L, Be) , if

u € 02(9) n Ce(ﬁ) , and allow us to apply two known theorems.

THEOREM A. If f € ¢™(®) , the linear boundary value problem
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Iu=f, €,

B€u=0, x € 99 ,

has a unique solution u € sz(ﬁ) . (For proof of this, see Amann [1],
Ladyzhenskaya and Ural'tseva [5].)
THEOREM B. If r(z) >0, »(x) € C(Q) , the boundary value problem

Lv

w(z)y , in Q,

Bev =0, on 99 ,
has a prineipal eigenvalue W o> 0 and positive eigenfunction

v € C‘l(?l') n C(R) . (For proof of this, see Keller [3] or Keller and Cohen
[41.)

We will be interested in the positive solutions u of (1) for which

u € sz(ﬁ) . The set A of the corresponding positive A will be called
the spectrum. We will study questions connected with the critical point

A* = sup A and will use the following theorems for problem (1).

THEOREM C. If H.1, 2, 3 hold and L' <is a point of the spectrum
then all A € (0, A'] are points of the spectrum. For all such X there
exists a minimal solution u(X, z) € C2+a(§) ; moreover U(A, x) is an

inereasing funetion of A . (For proof of this, see Keller [3] or Keller
and Cohen [41.)

THEOREM D. If H.1, 2, 3 hold and f <is bounded, then A* = , (For
proof of this, see Keller [3] or Keller and Cohen [4].)

Using the theorems above, we can provide two further results concerning
the value of A* . The first of these gives some further conditions,
different from those in Theorem D, under which A* is finite. The second

theorem gives criteria under which A% f A

THEOREM 1. If f satisfies H.1, 2, 3', 4 and problem (1) has some
spectrum, then MA* 18 a finite number.

Proof. For such an f it is known (Keller and Cohen, [4], Theorem
4.1) that

(2) A< ul(A) s
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where W is e princip eigenvalue of the problem,
h l()\) is th incipal ei al f th b

(3) v

W,

u(:c, u(x, x))v ,

B€v=0.

The function Uu(X, x) € C’2+a(ﬁ) and H.3' holds, hence
Flz, u(x, z)) € c(R) and ul()\), v(x) exist by Theorem B. The

variational characterization of ul()\) is as follows:

) w(A) = ()
ey Wor gy

where fu = fu(x, u(a, x))

ax Bx

n
() = j [ I agls) 22, a(m)ﬂdx + f ay(@)y’ds(z)
Q i,k=1 * N
and the set of admissible functions is

= {w | w(x) >0, y(x) € cHa) n c(R), viz) =0 on aszl} ,

where an is the part of 3R for which € =0 . If wo €Y , then using
H.4 and (4) we obtain:

I (v, J(wo]

It follows from (2) and (5) that A* is a finite number. //
NOTE. H.4 holds for example for any convex f , that is, fu
increasing with u .

There is another interesting question concerning A* . This is the
question as to whether the spectrum is open, that is, does A* € A ? To
answer this question, we need to introduce two further restrictions on f ,

which are:

H.5 there exist p, q € C(f) such that f(x, u) < p(z) + q(z)u ,

!
for all (=x, u) € Q x R+

H.6 for any Nl > 0 , there exists IV2 > Nl , such that
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fh(x, Na) < fh(x, Nl) s T €0 .
We are now able to generalise the result in Keller and Cohen [4, Corollary
4.1.2] concerning this question.
THEOREM 2. 71f H.1, 2, 3', L, 5, 6 are satisfied, then A* f A .
Proof. By Theorem 1, A* exists under the assumptions H.1, 2, 3', k.

To prove our theorem by contrﬁdiction, we assume that A* € A , that
is, there exists U(A*, x£) , for all x € @ . As H.5 holds, we can use
Keller and Cohen [4, Corollary 3.3.3] to conclude that, for any
N, > U(M, z) ,

(6) u (F, e 0))) = ax

where ul(fh(x, Nz)] is the principal eigenvalue of the problem in Theorem

B, with r(z) = f;(x, N2) . By H.6, we can choose N2 so that
(1) £l B) < f (= uMt, @) .

Since ul is monotonic with the weight function, we get

(8) u (, (s 9,)) > (F, (=, uA*, 2))) .

The same argument as in Amann [Z, Theorem 3.4], which in fact applies for
all f satisfying H.1, 2, 3', not just ssymptotically linear f (as in
Amann), shows that

(9) w (F, (s uA, 2))) = 2% .

Equations (8) and (9) taken together give us a contradiction with equation

(6). 1/
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