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SEQUENCE ENTROPY AND MILD MIXING

QING ZHANG

0. Introduction. Entropy characterizations of different spectral and mixing prop-
erties of dynamical systems were dealt with by a number of authors (see [5], [6] and
[8]).

Given an infinite subset ' = {t,,} of N and a dynamical system (X, B, 4, T) one
can define sequence entropy along I': hp(7, &) = M£H< o T"‘{) for any finite par-
tition &, and hr(T) = sup; hr(T, €). In [6] Kushnirenko used sequence entropy to give
a characterization of systems with discrete spectrum.

THEOREM 0.1 (A. G. KUSHNIRENKO [6]). An invertible measure preserving trans-
formation T has discrete spectrum if and only if hr(T) = 0 forall T C N.

In [8] A. Saleski gave a characterization of weak mixing and later Hulse [4] improved
Saleski’s result. The following theorem is slightly stronger than theirs. For its proof, see
Appendix.

THEOREM 0.2.  An invertible measure preserving transformation T is weakly mixing
if and only if for any set ' C N with positive density, there is a subset I'y of T such that
for any finite partition &, hr (T, §) = H(E).

In [3] H. Furstenberg and B. Weiss introduced a new kind of mixing property of dy-
namical system which they called mild mixing. A function f € L*(X, B, p) is rigid if
there exists { #,} such that T"f — f in L>-topology. A transformation T is rigid if there
is {,} such that forany f € L*(X, B, u), T"f — f in L*-topology. A transformation T is
mild mixing if there is no nonconstant rigid functions in L>(X, B, i1). Mild mixing is not
“weaker” than weak mixing since any eigenfunction is also a rigid function. It follows
from the definition that mild mixing is not “ stronger” than strong mixing. In fact weak
mixing is really “weaker” and strong mixing is really “stronger” than mild mxing. The
reader can find details in [3]. The purpose of this note is to give the following sequence
entropy characterizations of rigidity and mild mixing.

THEOREM 0.3. Let T be an invertible measure preserving transformation. Then T
is rigid if and only if there exists a subset T of N such that if { F;} is any sequence of
pairwise disjoint finite subsets of I and s; = ¥ 4cF, a, then h{s,} (T =0.
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THEOREM 0.4. T is mild mixing if and only if for any subset I" of N, there is a se-
quence { F,} of pairwise disjoint finite subsets of T such that for any finite partition §
of X, hysy (T, §) = H(E), where s; = Yyuer, a.

1. Preliminaries. In this paper, we will be dealing with a probability measure space
(X, B, 1) together with a one-to-one transformation 7: X — X which is measure pre-
serving, i.e. u(B) = p(T~'B) for B € ‘B. A partition ¢ of X is a disjoint collection of
elements of B whose union is X. #(£) will be used to denote the number of elements in
. If#(€) = k, we will call € a k-cell partition. Suppose £ and 7 are two finite partitions
of X. We write £ < n to mean that each element of £ is a union of elements of 7.

DEFINITION 1.1.  Suppose ¢ and n are two finite partitions of X. The entropy of £,
written H(¢ ), is defined by the formula

HE) = — > n(A)Inpu(A).

A€t
The entropy of £ given 7, written H({ | n), is defined by the formula:

p(AN B)
HE [ m)= =3 2 pA)In——r—
Ben A€E w(B)
DEFINITION 1.2 (KUSHNIRENKO [6]). Suppose ¢ is a finite partition of X and I' =
{tn} is an infinite sequence of positive integers. Define:

he(T.6) = T 1
n N

i=1

V T"{) and he(T) = sup hr(T, €).
3

hr(T) is called sequence entropy along I" (or I'-entropy). In particular, if ' = N, we will
call it entropy of T and denote it by h(T).

We will say that two ordered k-cell partitions ¢ = {Aj,..., A} and n =
{Bi,...,B¢} of X are equivalent if u(A;AB;) = 0 fori = 1,2,...,k. Let Z; be the
set of equivalence classes of ordered k-cell partitions. Define a complete metric on Z;
by:

k
€ —n| = ;M(A,AB,-).

A subset K C Z is totally bounded if it is totally bounded in the metric defined above.
It is easy to see that K is totally bounded if and only if for any ¢ > O there is a finite
subset F of K such that inf,cr [ —n| < € forall £ € K.

We use N,Z and ¥ to denote respectively the set of all positive integers, the set of all
integers and the set of all finite nonempty subsets of N.

The following definitions mainly come from [1], [2] and [3].

DEFINITION 1.3 (CF. [1],[2]). A setof positive integers is called an IP-set if there ex-
ists a sequence py, p2, . .. such that the set in question consists of the numbers p; together
with all finite sums p;, + p;, + -+ +p;, with i) < ip < -+ < iy.
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DEFINITION 1.4 (CF. [1]). A homomorphism1: F — F is amap such thataN g =
0 implies ¢ ()N ¥ (8) = P and Y (a U B) = Y () U $(B).

An F-sequence is a sequence { Xq,x € F } indexed by elements « € ¥. Given a
semigroup M and a sequence {x;} of elements of M, one can define an F-sequence by

‘x{i|,i2 ..... ,-k} = Xj| Xiy o+ Xiy

where i} < i < --- < i Such an F-sequence will be called an IP-system. Given
an F-sequence { x, } and a homomorphism: F — ¥, one can define F-subsequence
{Ya = Xy(a) } - In particular, if { x, } is an IP-system, we will call { y, } a sub-IP-system.
If (X, B, pt, T) is a dynamical system and I" = {#,} C N, then the IP-system of measure
preserving transformations generated by I"is defined by Xr = { Ty = Tlica T"; ¢ € F}.

DEFINITION 1.5 (CF. [1],[2] AND [3]). Let {x,} be an F-sequence in a topological
space M and x € M. We say that x is IP-limit of { x, } if for every neighborhood V of x
there exists an index 3 such that « N 3 = @ implies xo € V.

REMARK. If Mis a Hausdorff topological space, the IP-limit is unique. All the topo-
logical spaces we deal with in this paper are Haudorft.

DEFINITION 1.6 (CF. [2] AND [3]). A functionf € L*(X, ‘B, w) is called rigid if there
is an infinite subset { 7,} of N such that lim, 7"f = f in L,-norm. A measure preserv-
ing transformation T is called rigid if there is an infinite subset {7,} of N such that
lim, T"f = f in Ly-norm for all f € L2(X, B, ).

REMARK. An equivalent definition for rigid transformation is: there is an infinite
subset I' C N such that IP —limy, 5, Tof = f in Ly-norm for all f € L>(X, B, it). For
details, see [1, p.141].

DEFINITION 1.7. A dynamical system (X, B, p, T) is called mildly mixing if it has no
nonconstant rigid functions.
For the proofs of the following two theorems see [1, p. 140,145].

THEOREM 1.1.  Suppose (X, B, u, T) is a dynamical system. Then for any subset T of
N there is an IP-subsystem ¥/ of £ and an orthogonal projection P such that:

IP— lim (Tof,g) = (Bf.8) f.g € L'X.B,p).
«€ /
In particular, if Pf = f, then:

IP — li Tof — = 0.
Jim [17of =111

THEOREM 1.2. T is mildly mixing if and only if for any infinite subset I" of N, there
exists an IP-subsystem X' of r such that:

IP— lim(7af.g) = (f.1)(L.g) f.g € L'(X, B, p).
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PROPOSITION 1.3.  Let P be the projection defined as above. There is a sub-o -algebra
By such that
P(L*(X, B, p)) = L*(X, By, ).

PROOF. Let Hy = P(Lz(X, ’B,,u)) and let B be the smallest sub-o-algebra with
respect to which the functions in Hy are measurable. Then L*(X, By, ) D Hy. It is ob-
vious that all of constants are in Hy. Since ”Ta lfl — If] ”2 < || Tof — f|l2, we have that
f € Hy implies |f| € Hy (notice that f € Hy if and only if IP — lim7, ey Tof = f). So if
/.8 € Ho,

_frg+lf—sl

max{f,g} = — 5 € Ho; min{f, g} =

If f € Hy and L is a real number, then:

+ — _
f+g 2If g € Ho.

1wty = li’xln min{n(max{f, L}y — L), l} € Hy.
Suppose 14,15 € Hy. Since:
1 Talans — Lansllz < || Tals — 1all2 + || Tals — 18]

we have 14np € Hy. So Hy D L2(X, B, ).

2. Entropy characterization of mild mixing and rigidity. The followingtwo lem-
mas are generalizations of Proposition and Lemma 3 in [6].

LEMMA 2.1. For every ¢ > 0 and positive integer p there is 6 = §(e,p) such
that for any ordered p-cell partition n and g-cell partition § with p < q the inequality
H(n | €) < & implies the existence of an ordered p-cell partition £’ < & such that
In—¢'| <e.

PROOF. Fore > 0 we choose L> 1,0<§’" < 1/2and0 < é < 1/2 such that:

(D) (p+ )G+ l/L)< eand L§ < 1/2.

(2) for0<y<1,—ylny < L§ impliesy < §' or1 —y < §’.

Now we assume thatn = {A,...,A,}, €& = {Bi,...,B,} are two finite partitions and
H(n | £) < §. Define:

(AN B;)

14 .
1i(A) = forj=1,2,...
Hij 1(B)) J q

and
Hi(n) = —

P
. MI(A,) In [I,j(A,') fO[‘j = 1,2,.,‘(/.

i=1

Suppose Hj(n) < Lé for1 < j < gy and Hy(n) > Ld forgo+1 < j < g. Since
Hn | &) = XL HimuB) < 6, wehave Y37, . u(B) < ;. LetCo = UL, B It
follows from the definition that H;(n) < L6 implies —p;(A;) In p;(A;) < L5. Then by (2)
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wi(A) < §'orl — pi(A) < &' for1 <j<goand 1 <i <p.Since W; is a probability
measure, there is a unique A; such that 1 — p;(A;) < §’. Hence we can assign A; to B;.

Now we have a map 7 defined by above assignment from By, ..., B, toAy,...,A,. Let
Ci = Ur(s)=a, B; (if there is not B; satisfying 7(B;) = A, take C; to be the empty set).
Then:

p(CiNAY= > puBNA)>A-8) Y wuB)=(1-58)WuC.
T(Bj)=A; T(B))=A;

This means p(C; N AY) < &' (C;). On the other hand:

1 |
pANCH< S pANB)+p(C) < Y, §'uB)+— <8+ -
r(BY£A; T(B)#A; L L

Now taking the partition ' = { CoU C},C,...,C,}, we get:

1 1
In —¢&| 56’+p(5’+z>+z< E.

LEMMA 2.2. Suppose £ = {A,,... Ay} is a partitionof X and T = {s,} CN. If
foranyTy CT, hr(T,€) = O then { T*¢ } is a totally bounded set.

PROOF. If{T*¢} isnota totally bounded set, without loss of generality we suppose
that there exists an €y > 0 such that |T"'M§ — T*€| > €p. By Lemma 2.1 we can find a
b=6 (%" k). Now we inductively construct I'y = {#,} C T such that:

H(ree | \—/]l 1) 5.
=
Suppose we already have t; < --- < t,_;. If forany s, > t,_
H(T“""g &Y T’fg) <6
=1
then by Lemma 2.1 there is a k-cells partitionn,, < V= T%¢ such that |T*"¢ —n,| < 5.

Since V;’;,‘ T'¢ is a finite partition, there must be 7),,, = 7,m, Wwith m; # m,. This implies
| T & — T €| < go. But |T*€ — T*"&| > €. So there exists s, such that:

n—1
H(T“mg |V 1) > 8.
j=1
Put t, = s,,. Continuing in this fashion, we get a sequence I'y = {,} such that:

1.2 Jj=1
hr (T,6) = Tim— S H(T¢ |V 7€ ) = 6.
oo j=i i=1

This contradicts our assumption that for any I'j contained in I" one has hAr, (T, £) = 0.
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LEMMA 2.3. For any ¢ > 0 and integer k, there isad = 6 (e, k) (which depends
only on € and k) such that if k-cell partitions § and n satisfy | —n| < &, then 'H(§ |

m+Hm | €)| < e

For a proof, see Lemma 4.15 in [9].

THEOREM 0.3. T is rigid if and only if there exists a subset T of N such that if { F;} is
any sequence of pairwise disjoint finite subsets of " and s; = Y4er, a, then hy;, (T) = 0.

PROOF. Suppose T is not rigid. Then for any I" = { a,, }, there is an IP-subsystem ¥’
of Zr such that the range of the projection P, defined by (Pf, g) = IP —limg, ez ( Tof, g),
is not the whole space L>(X, ‘B, 1t). By Proposition 1.3, we have a sub-o -algebra B, such
that

P(L*(X. B.p)) = L*(X, By, ).

Then there is a B' € ‘B such that B’ ¢ ‘By.

Take D = {x;e < E(lp | Bo) < 1 —e} € By. Then u(D) > 0 for some e > 0.
(Otherwise E(1p | By) = 1 or O which means B € By). Let B = B'N D. Then
e <Edg| B) < l—econDandE(ls | By) = 0on D‘. Take £ = {B,B}. Our
next step is to find a sequence { &, } of pairwise disjoint finite subsets of N such that for
th = Yica,»ai{ T"€ } is not totally bounded.

Suppose aj, ..., x,—; have been chosen and:

(T B Ty B) < (l _ %E),u(B)

forall0 <i<j<n-—1.
Letfs = 13 —E(15 | By). By Theorem 1.1 we have:

IP— lim [ Tafsledy =
pim | Tofiteds =0

for all C € ‘By. Now we choose «,, such that:

M ayNaoy=0 i=1,2,....
(2) JTofTodpdp < Sep(B)forallj<n—1.
Then:

1(To, BO ToB) = /T 13T, 15 dp

= / To,E (1 | By)To1pdp + f TofsTo, 15 dpt
S =B +(1/2)epB) = {1 ~(1/2)e} u(B)

forall 0 <j < n— 1. Now we already have { «,}. Hence

11T, BAT o B) = / (T, 15 — T 15)* dpt

= 2u(B) — 2/Ta"lBTaledu > epu(B) > 0.
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This implies { 7,,£ } is not totally bounded. By Lemma 2.2 there exists '} C {1, =
Yiea, @iy such that hr (T,£) > 0.

Conversely, if T is rigid, there is a subset I' = {5, } of N such that [P — lim7, e5,. To 14
= 1, for all A € ‘B. Then for a sequence { «,} of pairwise disjoint finite subsets of
N limy—.00 Ty, 14 = 14. This implies lim,, .o H(T4,& | £€) = 0 for any finite partition £ .
Taking t, = Ticq, i, we have:

n—1

. 1 1 . 1] tj v 1
hi (T.6) = "lLrEO —H(\/ Tf{) = nll»[go;;)H(Tjg l i\:/oT f)

no Y=o

1n~l
< lim = > H(T" = 0.
_nggon;) (T €)

This proves our theorem.

LEMMA 2.4. For any Lebesgue space (X, ‘B, ), there is a countable set { &} of
finite partitions such that for any finite partition §, inf, { H(§ | &)+ H(éx | €)} = 0.

This lemma is an immediate corollary of 6.3, [7].

THEOREM 0.4. T is mild mixing if and only if for any subset U of positive integers,
there is a sequence { F;} of pairwise disjoint finite subsets of I such that for any finite
partition § of X, hy (T, &) = H(E), where s; = ¥ ucr, a.

PROOF. Suppose T is mild mixing. For ' = {a;}, we define an IP-system I =
{Ta = [lica T%; ¢ € ff}. Without loss of generality we suppose IP — limy, ey { { Tof’ &)
—{(f,1)(1,g)} = 0forallf,g € L*(X, B, u) (cf. Theorem 1.2).

Let { &} have the property described in Lemma 2.4. We define inductively a sequence
{ a,} of pairwise disjoint finite subsets of N as follows. Let o be any finite subset of N

and suppose «, ..., a,—; have been defined. Let:
n—1
N, = :‘?f%(n#[ V Talék}

i=1

and choose 6, such that

1
[u—v| < 8, imples ulogu — vlogv| < i
nN,

Choose o, such that o, N o; = @ for 1 <j <n—1and
|u(To, EN B) — p(E)u(B)| < 6,

forall E € &, B € V;’:‘O' To,&r and 1 < k < n. Then:

1
‘— S (T, ENB)Inpu(Te, EN B) + 3 p(E)u(B) ’HH(E)N(B)l <>
EB EB 5 Ny

1
n

<2
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where the sums are taken over all sets E € &, B € VI T'¢;. Note that:

2o uBE)p(B) Inp(E)yu(B) = 3 w(E)In p(E) + 3 n(B) Inpu(B).
EB E B
Therefore,

lim {—Z,u(TanEﬂ B)In (T, EN B)+ . u(E) In p(E) +Z,u(B)ln;¢(B)} =0
EB E B

n—00
ie.

n-—00

lim { -\:/1 Totl) — HC\:/: Tati) ) = H(ED

for all §. Taking s, = Yica, ai, we have hy (T, &x) = H(E) for all k. For any finite
partition £, by Lemma 2.4, there is a £, such that H(¢ | &) + H(& | €)<e. Since:

n

(Ve v o) = H(V 7€) + (Y T

i=1 i=1 i=1

Vrie)

i=1

and

H(V e v e0) = H(V Te) + 1V T

i=1 i=1 i=1

yre)

we have

) - ) < e

i=] i=1 i=1

n

\Z/l T&) + H(i\:/] ¢ ‘ \:/] T-"'gk)}
CI(H(G | TE) 4 HPE | T60) < .

i=1

IA

Hence
[hys (T, €) — iy (T, 60| < €

which implies |hg, (T, &) — H(E)| < 2¢ foralle > 0, i.e. by, (T,§) = H(E).

Conversely if T is not mildly mixing, there is a nonconstant function f and a subset
I’ = {t,} of N such that IP — limy, e5, Tof = f. By Proposition 1.3 there exists a sub-
o-algebra By such that for f € L*(X, By, p), IP —limy, cs, Tof = f. So (X, By, . T)
is rigid. By Theorem 0.3 for any ‘B, -measurable partition £, any sequence { «,} of
pairwise disjoint finite subsets of N and s, = Yicq, ti, h{s,,} (T,€) = 0. But By is non-
trivial. So there exists £ = {A,A} with 0 < u(A) < 1. Hence H(() > 0. This is a
contradiction which implies our theorem.

Appendix.

SALESKI'S THEOREM. T is weakly mixing if and only if for any finite partition &,
supren Ar(T, &) = H(§).
A proof of Saleski’s Theorem can be found in (8], p. 63.
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PROOF OF THEOREM 0.2.  Suppose T is weakly mixing. Then there is a subset J of N
having density zero such that for any A, B € ‘B we have:

Jim u(T™"AN B) = p(A)u(B).

n¢J
Hence Iy = I'MN J is an infinite subset of T. Let Ty = {s,}, then for all A, B € ‘B
we have limy, o p(T*"A N B) = p(A)p(B). Taking a sequence { &} of partitions as
described in Lemma 2.5, we define a subset I'y = {t,} of [y as follows. Let r; = s, and
suppose that 7,1, ..., t,—; have been defined. Let

1<k<n

N, = max #{f\z"/l’ T"'fk}

and choose 6, such that

- b, implies |ul —vl .
|u—v| < 6, implies |ulogu vogv[<nNn

Now choose ¢, such that ¢, > t,_; and
|u(T™"AN B) — p(A)u(B)| <&,
forall A € &, B € V! T™"¢; and 1 < k < n. Then:

1
nN,

|~ w(T"AN B)log u(T""AN B)+ 3 w(A)u(B) log p(Au(B)| <3
AB AB AB

S#{ék}%

where the sums are taken over all sets A € &, B € V7! T™"£,. Note that:

=

> uB)u(B)logu(A)pu(B) = 3~ p(A)p(B) log u(A) + 3~ p(A)p(B) log p(B)
AB AB AB
= > pu(A)logpu(A) + Y u(B)log pu(B).
A B

Therefore, it follows that

n—1

i\:/l T"”{k)} - 0.

n—oo

lim {H(\:/I T—'~gk) — H(&) — H(
So for all k, we have:

. n ~ n—1 .
sy ) - (V) < o
Therefore, hr (T, &) = H(&;) for all k. By the construction of { £}, we have Ar (T, §) =
H(&) for any finite partition & .

The proof in the other direction is contained in Saleski’s Theorem.
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