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Matrix quadratic equations

W.A. Coppel

Matrix quadratic equations have found the most diverse applications.
The present article gives a connected account of their theory, and

contains some new results and new proofs of known results.

1. Introduction

An autonomous linear hamiltonian system of differential equations has

the form
-1
(1) ' =4J Hx ,

where x € R2n and

I 0 B C

are constant 2n X 2n real matrices which are respectively skew-symmetric,

1

symmetric. It is well-known, and easily established, that there is a

close connection between the solutions of (1) and the solutions of the

n X n matrix Riccati equation
(2) RIW] =W + A+ WB+ B* + WCW =20 .

The constant solutions of (2) are just the solutions of the matrix

quadratic equation
(3) QW] = A + WB + B*W + WCW = 0 .

Largely as a result of this connection, the matrix quadratic equation (3)

has found applications in many different fields; for example, optimal
Received U February 197h.

The conjugate transpose of a matrix is denoted by an asterisk.
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control, stability theory, filtering theory, network theory and
differential games. In these applications it is the symmetric solutions of
(3) which are of interest. The object of the present article is to give a
connected account of the theory of the equation (3). References to

previous work are made at various places in the text.

The following identities are easily verified. If W, and W, are

1 2
solutions of (3) then their difference D = Wé - W, satisfies
(%) D(B+CW1) + (B*+W20]D =0,
(5) D(B+CH,) + (B*+H C)D + DCD = 0 .

Conversely, if Wl is a solution of (3) and if D satisfies (4) or (5},

then W2 is also a solution of (3).

The coefficient matrix

1 B c
(6) M=J"H=
-A -B*]
has the property
(7 IM = -MAJ .

It follows that the characteristic polynomial

(8) o(s) = det(sI-M)
is an even function of s . If W is a solution of (3) then
(9) ¢(s) = det(sI-B-CW)det(sI+B*+WC) ,
since
I 0 I O} [|B+CW c
M =
W I W I 0 —B*_WC

Finally we recall some standard definitions. A matrix is said to be
stable if all its eigenvalues have negative real part. The inequality

Wé > Wl between two symmetric matrices Wl’ Wé means that Wé - Wl is

non-negative definite. If B is an n X7n matrixand C an n xm

matrix the ordered pair (B, C) is said to be controllable if the n x mn
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block matrix (C BC ... Bn—lC) has rank 7n . For further discussion of
this concept see, for example, Kalman et al [3]. If the pair (B, C) is
controllable then for any m X n matrix W the pair (B+(W, C) is also
controllable. If C =C* =0 +then (B, C) is controllable if and only if

_4B#4
ce Bat > o

T
(20) Q=- I o8

0

for some, and hence every, T > 0 .

LEMMA 1. I1f (B, C) 1is controllable and C <0 then B=B+cat
i8 stable.

Proof. We have

T *
Ba + aB* = | |L o~ tBpotB| gt
dt
0
- - *
- T T
and hence
~ Fad - - *
Bo + 9Bt = e PP 4 ¢ .

Let A be an eigenvalue of B* and { a corresponding eigenvector. Then

(MR)g*r = gH (BB )z

- - *
o4 (B 7B,

0.

C)t

1A

Since 2 > 0 it follows that RA

=0 . Moreover, if equality holds then
C; =0 . From the definition of B this implies B*; = AZ . Hence

Since T # 0 , this is a contradiction. Hence B is stable.

A somewhat different proof of Lemma 1 is given by Lukes [7].

2. txtreme solutions

Throughout this section it will be assumed that € < 0 and that
(B, C) 1is controllable. Moreover by a solution of (3) we will always mean

a symmetric solution, and we will assume that (3) has at least one solution
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THEOREM 1. The matrix quadratic equation (3) has maximal and minimal
solutions W+ and W_; that is, every solution W satisfies

W =Ws=s W+ .

All eigenvalues of B + CW_ have non-positive real part and all eigen-
values of B + CW_ have non-negative real part.

We give two proofs. The first uses the relation with the Riccati

equation (2). Let W be a solution of (3) and put

-~

B=B+cW,

[
u(t) [ eTBCeTB dr .
0
Since ¢ <0 and (é, C) is controllable, the symmetric matrix U(%¢) is
a strictly decreasing function of ¢ . In particular, U(¢) > 0 for

t<0 . As ¢+t > — , U-l(t) decreases and is bounded below by O . Thus

lim U-l(t) exists and is non-negative.

=0

The function g(¢) is the solution of the linear differential
equation
(11) U' =BU + UB* + C

which vanishes at ¢ =0 . For any T > 0 put
~ -1
Wp(t) =W+ U (t-1) .

Using (11), it is easily verified that Wf(t) is a solution of (2) on the

interval [0, 7) . The representation
~ -1
Wplt) = [ (t-r)+1lU ~(¢-T)
shows that WT(t) is non-singular on a small interval [T-§, T) and

W;l(t) +0 as t-+T . If Vi(t) is the solution of the 'inverse!

Riccati equation
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V' -C~-VB*-BV -VAV =0
such that VT(T) = 0 it follows that Vf(t) is non-singular and

V;l(t) = WT(t) on [7-8, T) . This shows that Wb(t) can also be defined

~

independently of W . The existence of W simply guarantees the existence
of WT(t) over the interval [b, T) . As T » o, WT(t) converges
uniformly on compact ¢-intervals to the constant matrix

(12) W, = W+ lim U

t)
+ v

Thus W,_ is a constant solution of the Riccati equation (2); that is, it
is a solution of the quadratic equation (3). Moreover W,z W for any

solution W of (3). Since (ﬁ, C) 1is controllable it follows from Lemma
1 that

Tox r. o1-1
e BB dT]

B + CWp(0) = B - c”
0

is a stable matrix. Hence, letting T =+ «® , all eigenvalues of B + CW+

have non-positive real part.

By replacing W by -W we see that (3) also has the minimal solution

(13) Wo= W+ 1im UN(e) ,
_ lin

and all eigenvalues of B + CW_ have non-negative real part.

The second proof provides a practical algorithm for the determination

of the maximal and minimal solutions. It is based on the identity
(14) W(B+CW) + (B+CW)*W - WCW = W(B+CH) + (B+CW)*W ~ WCW + (W-R)C(W-W) ,

valid for arbitrary symmetric matrices C, W, ﬁ , and on the following

simple
LEMMA 2. Suppose C < 0 and the linear equation
(15) WB + B*W = C

has a solution W =0 . If B has an etgenvalue A =4 + 1V with u =0
arnd if r 1s a corresponding eigenvector then C(Cr = 0 .
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In fact from (15) we obtain at once
Ly = 2ug*Hg .

Since the left side is non-positive and the right side is non-negative they

must both be zero. Since C =0 this implies (7 = 0 .

We now continue with the second proof of Theorem 1. By Lemma 1 there

exists a symmetric matrix WO such that B + CWO is stable. We define a

sequence {Wv} of symmetric matrices inductively by the linear equations

(16) B+CW\)) + (B+CW\)) 4

W4 ( ey = PO, - A (vz o).

Suppose WQ has been defined and B + CNQ is stable. Then (16) has a

-~

unique and symmetric solution Wv+1 . By the identity (1k4), with W =W

and W = Wv R

(17) -A = FJ(B+CW\)) + (B+cH ) W - W W+ (Wv-iz)c(wv-w]

Adding this to (16) we get

(18) (W 4q W) (B+CW, ) + (BecW ) * (W, -H) = (W -#)c (v -#)
Therefore
. o t(BsCW )* . t(BecH )
Wiy = W=~ fo e (W, -W)c(w,-F)e dt
20

By the identity (14) also, with W =W and W= W, s

1
* - =
(19) W \q (B¥CH, 1) + (BHCH )W ) = W CF

= -4+ (Wv ﬂ-wv)c(wv +1_W\))
Adding (17), with v replaced by v + 1 , we get

(20) (W ,q-R) (B+cW ) + (BecW,,.)* (W 1Y) =

=W . -Ww)c(W

v+l W)+ (W-Hy, ) C (-

v+l Ty w§+1)
Suppose B + CWv+1 had an eigenvalue X with non-negative real part, and

let I ©be a corresponding eigenvector. Then, by Lemma 2,
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c(w,,, " )t = c(W-

v+l £=0.

Hoay)
Therefore

(B+cW )T = (B+CW\)+1)§ = .

Since B + CWv is stable, this is a contradiction. Thus B + CW\)+1 is
stable.
Subtracting (16) from (19) with Vv replaced by v - 1 we get

(21)  (w,-W,,,) (B+cW ) + (B+cwv)*(wv-wv+l) = (W,_,-w e, ;-#)} (v=1).

V+1 v-1""v
Therefore
©  t(B+cW, ) * t(B+cH, )
Wy = Wy = - J e (W, -# e, -W )e dt

=20 .
Thus, after the first term, the sequence {Wv} is monotonic decreasing and
bounded below by W . It therefore converges to a limit W+ . Letting
v > o in (16) we see that W+ is a solution of (3). Since W+ > W for

any solution W of (3) it is in fact a maximal solution. Since

B + CW+ = lim(B+CWv) , all eigenvalues of B + CW+ have non-positive real
part.

The existence of extreme solutions seems to have been first
established by Reid [11], to whom the formulae (12), (13) are also due
(Reid [12]). The algorithm used in the second proof was introduced in a
special case by Kleinman [4] and further developed by Wonham [16]. TIts

applicability in the general case is mentioned by Willems [15].
Our next result relates two arbitrary solutions of (3).

THEOREM 2. et Wy» W, be any two solutions of (3) and set

o =W s B =B+CW , B,=B+CW,.

Let N denote the nullspace of D and let? m, P, q be the dimensions of

2 m, p,and q are the number of zero, positive,and negative eigenvalues

of D.
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the largest subspaces invariant under D on which D=0, D>0,
D<O0.

Then N 4is inmvariant under Bl and Bl=32 on N . Let

Al, cees )\m be the eigenvalues of the restriction of B, to N and let
)‘m+1’ cees )\n be the remaining eigenvalues of B1 . Then the eigenvalues

of B, are )‘1’ cees A, =A

- 1 Tt -)\n . Moreover among the p + q

2

eitgenvalues A cies )‘n erxactly p have positive real part and q

mel’”

have negative real part.

Proof. We can assume p + g > 0 , since the assertion is trivial for

D=0 . The difference D is a solution of the quadratic eguation

* =
(22) DB1 + BlD +DCD =0 .

-

Moreover (Bl, C) is also controllable. If & € N then, on postmul-
tiplying (22) vy & , we obtain DBl«E =0 . Thus N is invariant under

Bl . Since 32 = Bl + CD it is obvious that Bl = 32 on N .

By replacing D, B

s € by T, T‘lBlT, 7ler#1 | unich does not

alter the hypotheses, we can assume that

where Dl is non-singular. The nullspace N now consists of all vectors

whose last p + q coordinates vanish. Let the corresponding decomposit-

ions of Bl and C be

B B (
00 01 COO COl
17 I PP
0 11 01 11
Then, putting G = DI , we have
G+ GB* + (C._ = .
(23) B+ @BL*p=0

Moreover
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Boo Bo1*Co1P1
B. =B, + (D=
2 1
+

0 Bll CllDl

-1
. = _rR# . . .
Since Bll + CllDl GBllG , this proves the assertion concerning the

eigenvalues of 32 .

We are going to show now that Bl has no pure imaginary eigenvalues.

1

Suppose on the contrary that Bilcl = iucl ,» Where Y 1is real and
() # 0 . Then from (23) we obtain
* =
ClCllal 0

Since C = 0 +this implies Cllgl =0 , and also COlCl =0 . Thus if wve

put
0
C:
El
then
£*B) = ~tug* , ¢ =10
Hence

z(c Bc ... ") =0 .

Since 7 # 0 , this contradicts the hypothesis of controllability.
Put

Bll(s) = B11 + G .

Then, by (23), Bll(e) is a solution of the linear equation

L3 - =

Bll(e)G + GBll(e) + 0, 26 =0 .

By a generalisation of Ljapunov's Lemma (see Ostrowski and Schneider [10],
Lancaster [6]) it follows that for € >0 , Bll(s) has no pure imaginary
eigenvalues and further that it has p eigenvalues with positive real

part, q eigenvalues with negative real part. Since Bll has no pure
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imaginary eigenvalues, the same holds by continuity for it.

COROLLARIES. (i) If W is a solution of (3) such that all eigen-
values of B + CW have nompositive real part then W =W, . (Take

Wy =W, W1=W.)

(ii) If W 1is any solution of (3) then the nullspace VO of
W, - W_ is invariant under B + W and the restriction of B + CW to VO

has only pure imaginary eigenvalues. No other eigenvalues of B + CW are
pure imaginary.
Proof. If £ €U, then W(E = WE

W E , since

0 = E*(W,-W)E

IA

gr(W,-w )E=0.

Since UO is invariant under B + C'W+ it is equally inveriant under

B+ CW . By Theorem 1 the restriction of B + CW+ to VO has only pure
imaginary eigenvalues. By Theorem 2, B + CW+ has no other pure imaginary

eigenvalue. If B + W had an additional pure imaginary eigenvalue then,

by Theorem 2 again, it would be associated with the nullspate of W+ - W

and therefore be an eigenvalue of B + CW+ .

The second corollary has been stated without proof by Willems [15].
It will now be shown that all solutions of (3) can be expressed in

terms of the extreme solutions. Put

A=W -W_, B =B+CW , B_=B+CW_ .

By (4) we have
(2k4) Bih = ~AB_ .

The nullspace VO of A is invariant under B+ and, by what we have just

proved, there is a unique subspace V+ invariant under B . such that the

whole space V = R' satisfies

(25) V=Vv_+V .
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A1l eigenvalues of the restriction of B . to Vo are pure imaginary and

all eigenvalues of the restriction of B . to V+ have negative real part.
LEMMA 3. Let V, be a subspace invariant under B, . If
VOnVl=0 then VIEV+.

Proof. Suppose &£ # 0 € Vl . Then § = F’O + £+ s where EO € VO and

£ ¢ V+ . Since Vo n Vl = 0 we must have E+ #0 . Let p(s) be the

polynomial of least positive degree such that p(B+) £+ =0 . Then p(s)

+

has only roots with negative real part and
p(8,)5 = p(8,)E, -
Since Vo is invariant under B+ and VO n Vl =0 it follows that
p[B+)Eo =0 . Therefore §; =0 , and Ul cV, .
THEOREM 3. Let Vl be an arbitrary subspace of V_ invariant under
B+ . If V2 18 the subspace of all vectors & such that BOF 1is
orthogonal to Vl then

Let P be the corresponding projection of  onto Vl . Then
(26) W=WP+W_(I-P)

i8 a solution of the quadratic equation (3). Moreover all solutions of (3)
are obtained in this way, and the correspondence between V1 and W ig

one-to-one.
Proof. Evidently Vo < V2 . If E € Vl n V2 then E*AE = 0 . Since
A =20 it follows that AE = 0 . Since Vo n Vl = 0 this implies £ =0 .

Thus Vl n V2 =0 . We have also

dimAV = n - dimVo ,

1
d1mVl =n - dil .
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and hence

aim(aVnV)) = n - ainV, - dinV, .

Therefore

dimV2 = dimVo + dim(AVnVI) >n - dimV1 .

It follows that

V1 + V2 =V.

If gl € V. and £, € v2 then, by (2L),

1

* = _FAB% =
ESAB E, = -E3BIAE, = O,

since Vl is invariant under B+ . Thus V2 is invariant under B

Hence the projection P satisfies

(27) PB.P = B.P

and
(I-P)B_(I-P) = B (I-P) ;
that is,

(28) PB P = PB

Since AV2 is orthogonal to Vl we have also

P*(I-P) = 0 ;
that is,

Pip = PAAP
Since the right side is symmetric this gives
(29) P*A = AP .

By (27) and (28),

(r-P)B, = (1-P)B,(I-P)

(I-P)(B_+CA)(I-P)
B_(I—P) + (I-P)ca(z-P) .

Therefore, by (24),

https://doi.org/10.1017/5S0004972700041071 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041071

Matrix quadratic equations 389

A(I—P)B+ + E:A(I—P) = A(I-P)CA(I-P) .

If we define W by (26) then

D=W+-W=A(I—P).

By (29), D is symmetric, and hence W is also. Moreover W is a
solution of the quadratic equation (3) if D is a solution of the

quadratic equation

Ap - =
DB+ + B+D DCD =0 .

But we have just shown that this 1s the case.
Furthermore
WE = W;E for § € Vl , WE = WE for £ ¢ U2 .
Therefore Vl and V2 are invariant under B + CW and all eigenvalues of
the restriction of B + CW to Vl, V2 have respectively negative, non-
negative real parts. This proves that Vl is uniquely determined by W .
Conversely, let W be any solution of (3). Then we have a unique

direct decomposition

where Vl and V2 are invariant under B + CW and all eigenvalues of the

restriction of B + CW to Vl, V2 have respectively negative, non-
negative real parts. It follows from Theorem 2 that

Wg = W g for £ € Vl » We=WE for E¢ V2 .

Thus if P is the corresponding projection of U onto Vl then W
satisfies (26). Moreover V1 is invariant under B+ and VO n Vl =0 .
Therefore, by Lemma 3, Vl cV,. Since W _-W= A(T-P) is symmetric,
(29) holds. Therefore, since P is a projection,

P*A = P*AP
that is,

P*p(I-P) =0 .
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Thus AV2 is orthogonal to Vl

first part of the proof that V2 is the subspace of gll { such that AE

. Since U = Vl + V2 it follows from the

is orthogonal to Vl . This completes the proof.

In particular, if A > 0 then Vo =0, V. is an arbitrary

1
N . _ -1VL

invariant subspace of B+ , and V2 = A 1 Theorem 3 was proved for
this case by Willems [715].

In the statement and proof of the following result we use the notation

of Theorem 3.

THEOREM 4. Let W, W be solutions of (3) corresponding to the
Arnvariant subspaces V v of B _. Then W =W if and only if

1’ 1
vlgvl.
Proof. Suppose first that Dl g_Vl . Then, by Theorem 3, V2 9,02 .
On T/l we have WE =W(E =WE . On V, wve have WE=WE=0E .
Therefore Dl ¥ V2 is contained in the nullspace N of W - W and is
invariant under B + CW . The remaining eigenvalues of B + CW have

negative real part, whereas the remaining eigenvalues of B + CW have non-

negative real part. Hence N = vl + V2 . It follows from Theorem 2 that

W=W.

Conversely, suppose W = W . The nullspace N of their difference is

invariant under B + cW , and hence has a unique direct decomposition
N=N_+N_,

where N+, N_ are invariant under B + CW and all eigenvalues of the

restriction of B + cw to N+, N_ have respectively negative, non-

negative real part. By the proof of Lemma 3 we have N+ E.Vl . N+ 5'01 .

By Theorem 2 the eigenvalues of B + Cﬁ not belonging to N have positive

real part. Therefore dimN = dimp1 . Thus N = vl and Dl E.Vl .

It follows at once that the set of ald solutions of (3) is a complete

lattice. This is rather remarkable, since the set of all symmetric n x n
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matrices is not a lattice if »n > 1 .

3. Existence of solutions

In this section we drop the hypotheses and convention imposed at the
beginning of Section 2. If W 1is a solution of (3), not assumed

symmetric, such that B + cW is stable then the characteristic polynomial
¥(8) = det(sI-B-CW)

is relatively prime to ¥(-s) . Since, by (9), ¥(s) divides
¢(s) = det(sI-M) , and o¢{s8) is even, it follows that

(30) o(s) = (-1)™(s)W(-s) .

On the other hand it is clear that ¢(s) admits a factorisation (30),
where the (real) polynomial WY(s) is monic and relatively prime to
Y(-s) , if and only if M has no pure imaginary eigenvalue. Moreover it
is possible to choose Y(g&) so that all its roots lie in the left half-

plane.

THEOREM 5. Suppose of(s) has a factorisation (30), where Y(s) <ie
monie and relatively prime to W(-s) . Then there exists a non-gingular

matrix X such that

(31)3 X*JX = J ,
T 0
(32) MX = X s
0 -T*
(33) det(sI-T) = y(s) .

Proof. There exist polynomials Xl(s), x2(s) such that
(31) 1=x(shpls) + xz(s)w(-s)
The on
n for any vector gz € R ’

(35) x = xl(M)w(M)x + )(Q(MNJ(-M)::: .

Let Vl denote the subspace of all vectors « such that w(M)x =0 , and

let V2 denote the subspace of all vectors z such that P(-M)z =0 .

3 A matrix X satisfying (31) is said to be symplectic.
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From (35) we obtain at once

v V. =
17 %270
v+ v =R,
2
Moreover Ul and V2 are invariant under M .
Let xl, cees X be a basis for Vl and xm+l’ fees x2n a basis for

V2 , and let X be the non-singular matrix whose k-th column is zp,

(k=1, ..., 2n) . Then

MX =X
o S
where T is an m X m matrix, S is a (2r-m) X (2n-m) matrix, and
W(T) =0, P(-S) =0 . Thus the minimal polynomial of T divides y(s) .
Since every prime factor of the characteristic polynomial of a matrix
divides its minimal polynomial, it follows that det(sI-T) is relatively

prime to Y(-s) . On the other hand, det(sI-T) divides

o(s) = (-1)™9(s)¥(~s) . Therefore det(sI-T) divides W(s) . Thus m > O
implies m < »n . Similarly m < 2n implies m 2 n ., Hence m=n and
(33) holds.

It follows from {(3L4) that Y(-T) and Y(S) are non-singular. Also,
by (7),

(36) X*JX = XAJMX
0 8
= “XAMAJX
_TJ(' 0 - -
= X*JX
L0 -5*
Since Y(T) =0, YP(-S) =0 it follows that
. fo o (W(-T)* o). .
(31) X*JX = X*JX .
o ¥s) | o o

Write, in partitioned form,
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U U

L 1 12
X*JX = )
U21 U22
* = i i = = i
where U12 U21 . Then (37) implies that U11 o, U22 0 . Since

X*JX is non-singular it follows that U12 is non-singular. From (36) we

now obtain

Then (31) and (32) hold. This completes the proof.

Write in partitioned fora

Yl Y2
X =
Zl ZQ
Then (31) is equivalent to
£y = YA
Z1Y1 121 ?
Ay = Y*
(38) 22Y2 Y222 >
AY _ Y43 =T
ZZYl YZZl ’

and (32) implies

BYl + CZl = YlT R

(39)

- - B* ]
AYl B Zl Z2.T

1

is non-singular, and put Wl =7 y1 . Then, by (38)1,

Suppose Y 117

1
Wl is symmetric. By (39),

-1
=y 7Y
B+ CW =Y T¥]

s
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-1
= _y#* %7 %
A+ WlB Yl T Zl .

Hence det(sI-B-CWl) = Y(s) and

oW} =4+ WiB + (B*+H.C) W)

[t}

-1 -1
=Y* 274 4 * Xy £
Yl T Zl [Yl T Yl]wl
=0.

Let W be any solution of (3) such that Y(s) = det(sI-B-CW) . Then

(T (I
M = (B+CW)
\W \W
and hence
I} (1)
P(M) = Y(B+CW) = 0 .
W‘ WJ

Consider in general the linear equation

T
(ko) Y(M) =0.
W
Writing (M) = W(MX.X"1 , vhere
o 0
W(Mx = x
0 y(-7)*
and
Z* _Y*
2 15
P A ,
RS TRE]

and recalling that y(-T) is non-singular, we see that (40) is equivalent
to
* =
W Yl Zl .
Since X 1is non-singular there is no vector £ # 0 such that

Y1£ = ZIE =0 . It follows that (4O) is soluble only if Yl is non-

singular, and it then has the unique solution ¥ = Wl .
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Thus the equation (3) has a solution Wl such that

Y(s) = det(sI—B-CWl) if and only if Y, is non-singular. When such a
solution exists, it is unique and symmetric. Similarly the equation (3)

has a solution W, such that (-1)"¥(-s) = det (sI-B-CW,) if and only if

Y2 is non-singular. Moreover W2 is then the unique solution of the

linear equation
(-W I)y(M) =0 ,

with the same coefficient matrix as (L0). If Wl and Wé both exist then

W2 - Wl is non-singular, since by (38)3s,

Some results in this direction have been stated by Roth [14] and Bucy
and Joseph [1]. However Theorem 5, which underpins the method, is absent

in these references.

THEOREM 6. Suppose o(s) has a factorisation (30), where Y(s) <s
monic and relatively prime to Y{(-s) . Further suppose C =0, C # 0.

Thus we can write C = -ER ‘E* , Where E dis an n xm matrizx (m < n)

and R=R*>0 1e an m Xm matrix. Then either

(i) for any m xn matrix F , det(sI-B-EF) has a fixed factor
of positive degree in common with Y(-s) , or

(i) the quadratic equation (3) has a unique, symmetric solution
W, such that det(sI-B-CWl) = Y(s) .

Similarly, either

(i)' for any m xn matriz F , det(sI-B-EF) has a fixed
factor of positive degree in common with Y(s) , or

(i)' the quadratic equation (3) has a unique, symmetric solution

n
W, euch that det(sI-B-CW,) = (-1)"y(-s) .

Both (ii1) and (11)' hold if and only if (B, E) <is controllable;
that is, if and only if (B, C) <s controllable.
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Proof. Let

be the matrix whose existence was established in Theorem 5. We have

already seen that if Y. is non-singular then (7<) holds.

1
Suppose Yl is singular, and let & € Rt be any vector such that
Yl£ =0 . From (39); and (38): we obtain
Ay % + EA7A = rAz#
E*ZIBY E + EYZCZ € = EAZ3Y TE
= EAYA
EXY3Z TE .
Since YlE = 0 it follows that E*Z{CZIE = 0 . Therefore, since R >0 ,
(k1) E*le, =0,
Putting n = ZlE , we now obtain from (39),
(k2) Yth: =0,
-B*n = ZlTE .

This shows that we can replace & by T in the preceding argument. Thus
for any non-negative integer k ,
B = 0
(43)
=0 .

For any m X n matrix F ,

N*(BYEF) = -EXT*23 + EXZ3EF

_EATAZ %
EAT Zl .
By induction on k , using (43) and (39),, it is easily shown that

k

n#(B+F)* = (-1)%e8(r)has

Hence for any polynomial p(S) s
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n*p(-B-EF) = gip(r4)zf .
if le(T)E; =0 then p(T)f =0 , since Ylp(T)E =0 and X is non-
singular.
Fix a particular ¢ # 0 in the nullspace of Y, and let w(s) be

the monic polynomial of least positive degree such that w(T)Z = 0 . Then
w(s) divides the minimal polynomial of T , and hence also y(s) .

Purthermore w(s) is the monic polynomial of least degree such that
n*w(-B-EF) = 0 .

Thus w(-s) divides the minimal polynomial, and also the characteristic

polynomial, of B + EF . This proves (7). Since

- —1*
B+CW1-B+E'[—R EWl] .

and Y(8) is relatively prime to Y(-s) , it is clear that (Z) and (i1)

cannot hold simultaneously.

1 2 22 we obtain

(Z)" and (ZZ)'. Suppose now that (B, E) is controllable. Then by a

By replacing ¥(s) Dby (—l)nw(—s) and Yl, Z. by Y

well-known property of controllability (see, for example, Heymann [21),
neither (Z) nor (Z)' holds. Therefore both (7Z) and (%)’ hold.
Conversely, suppose that (B, E) is not controllable. Then there exists a

non-singular 7 X n matrix P such that

B B E

-1 11 12 1
PBP = N PE = s
0 By 0
. - .
where dlmB22 21 . Write
F= (F F)P.
Then
I e PR S PR
P(B+EF)P — = >
B
0 22
end hence
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det(sI-B-EF) = det(sI—Bll-ElFl)det[sI-B22)

If both (i%) and (i4)' hold then, taking F = —R_lE*Wi (£ =1, 2) , we see

that det(sI-B divides both Y(s) and ¢(-s) . Since they are

22)
relatively prime and det(sI—Beg) is of positive degree this is a

contradiction.

COROLLARY. Suppose C < O . Then the following statements are

equivalent:

(i) (B, ¢) <is controllable and M has no pure imaginary

etgenvalues;

(ii) the equation (3) has a solution Wl such that B + CWl
is stable and a solution W, such that -(B+CW,) is
stable.

This Corollary has been established by Molinari [§1, [9] by a rather
long argument involving spectral factorisation of matrices of rational
functions. The key idea in the proof of Theorem 6, namely, the derivation
of (b1) and (42), is due to Kucera [5]. However Kucera treats only a

special case and uses the Jordan canonical form.

We next use Theorem 5 to discuss the applicability of an algorithm
introduced by Roberts [13].

LEMMA 4. Let A be a linear transformation of the vector space V

which has no pure imaginary eigenvalues, and let V = V_ + V, be the

direct decomposition of V into subspaces invariant under A such that

the eigenvalues of the restriction of A to V_, V_ have respectively

negative, positive real parts. Set

(4h) A=A, A, = [Av+A;l)/2 (v=o0).

Then the sequence {Av} 18 defined for all v and Av > Aw a v -+,

where Aw 18 the linear transformation defined by

(45) AE=-E if E€V_, AE=E if EEV, .
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Proof. Since the effect of changing A

suppose that A4 is stable.

(k =1, ..., n) then

A= (a2

has the eigenvalues
X, = (At (k=1
k k "k i

Hence Z is also stable.

singular and

into

e, M)

-A

If A has the eigenvalues

(A+1)(A-1)"Y = [(a+T) (4-1)"Y)2 .

399

is obvious we may

A

It follows that A - I and Z - I are non-

Therefore the sequence {Av} is defined for all v and

(4,41 (a,-1) ™ = [(asD)(a-)

-1]2V ‘

Since all eigenvalues of (A+I)(A—I)_1 have absolute value less than 1

this shows that LAv+I)(Av—I)_1 + 0 , and hence A4, > -I .

It is easily seen that if 4 has at least one pure imaginary

eigenvalue then the sequence

{4}

lim Av does not exist.

Then, by Theorem 5, there exists a symplectic matrix X

is either not defined for all v or

such

Vo0
Suppose now that the matrix M in (6) has no pure imaginary
eigenvalues.
that
r o) ,
M=X X
0 -T4
where T 1is stable. Hence
\
-I o)
Mb =X X .
0 I
Writing
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B ¢ o5
M = ’ X = ’
A A a
4 -B 2, 2,

we get

2 = * A = * = *
4 =12.23% + 2,23 = 22,2% = 22,23 ,

o>
[}

- & _ * = _ * _ = - *
Y 23 - Y23 = -2y, 2% - T = -2Y 22+ T,

o
1}

X4 Y Y* = oY Y = -
noLr, oY Iy = 2h )13

If Y and Y are non-singular then ( is non-singular and the linear

1 2
equations
(46) CWw=-I-B, CW=1I-8
have the unique solutions W. =2 Y_l W, =2 Y-l Thus whenever (3)
1 11 2 272

has both stabilizing and antistabilizing solutions they can be found by
Roberts! algorithm. This result is independent of whether C =0 , and

consequently should be useful in the applications to differential games.
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