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HEIGHTS AND L-SERIES

RHONDA LEE HATCHER

0. Introduction. Letf(z) =), >, ane’™™ be a cusp form of weight 2k and
trivial character for I'o(N ), where N is prime, which is orthogonal with respect to
the Petersson product to all forms g(dz), where g is of level L < N, dL|N. Let K
be an imaginary quadratic field of discriminant —D where the prime N is inert.
Denote by e the quadratic character of (Z/DZ)* determined by e(p) = (—D /p)
for primes p not dividing D. For A an ideal class in K, let ra(m) be the number
of integral ideals of norm m in A. We will be interested in the Dirichlet series
L(f,A,s) defined by

€(m amra(m
Lif A= S (;’2—(2—3—[) ) (l#) .
m21 m=1
(m,N)=1
It is known that L(f,A,s) admits an analytic continuation to the entire plane.
The main identity of this paper is an equation representing the value of L(f, A, s)
at s = k in terms of height pairings of special points on a vector bundle V which
is associated with the quaternion algebra over Q ramified at N and oo.

In the first section, we define quaternion algebras over Q and discuss some of
their properties. We also define the Brandt matrices associated with the quater-
nion algebra B ramified at N and oco. Some properties of the Brandt matrices
are introduced in section two.

In the third section, the vector bundle V associated with the 2k—1 dimensional
representation of the group B* is defined. Special points of discriminant —D on
V and an action by elements of Pic(O) on these points are also defined. Here,
O is the order of K of discriminant —D. We also define a height pairing ( , )
onV.

Section four introduces an operator ¢,, on V whose action on Pic(V') is given
by the Brandt matrix Bo;_>(m).

After defining modular forms, the Petersson product and the Dirichlet series
L(f,A,s) in section five, we are ready to state and prove the main identity in
sections six and seven. The proof makes use of the result of Gross and Zagier [S,
p- 291, Theorem 5.6]. An important part of the proof is the computation of the
height pairing (vg, tva,;}, where vg and v4p are special points of discriminant
—D. The computation of (vg, t,,vag) for 2k = 2 was done in [4].

In section eight, we use the main identity to evaluate the L-series L(f, x,s) =
A X(AL(f,A,s) at the value s = k, where x is a complex character of the
group Pic(O), f is a normalized eigenform for the Hecke algebra T, and the sum
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is over all A in Pic(O). Note that the L-series L(f, x,s) always has an Euler
product, and when x = 1, it is the product of two Hecke L-series. We then
derive some arithmetic corollaries, some of which are in the special case x = 1.

1. Quaternion Algebras and the Brandt Matrices. A quaternion algebra
B over Q is a central simple algebra of dimension 4 over Q. Any such B has a
basis 1, i, j, k over Q, and multiplication in B is defined by the relations

2

(L) i"=a
F=b
ij = —ji =k,

where a and b are nonzero elements of Q. Conversely, given any two nonzero
elements @ and b of Q, the relations in (1.1) define a quaternion algebra over
Q. We will denote this quaternion algebra by B = (a, b).

B is said to ramify at a prime p of Q if B ®q Q, is a division algebra.
Similarly, we say that B ramifies at oo if B ®g R is a division algebra. If B
ramifies at oo, then it is called a definite quaternion algebra. Otherwise, it is
called indefinite. The set of primes which ramify in B, including the infinite
prime, is finite and has even cardinality. Conversely, given any set consisting
of an even number of primes, there exists a quaternion algebra over Q which
ramifies at exactly those primes in the set, and further, the quaternion algebra
is unique up to isomorphism.

If o« =x+yi+zj+wk € B with x,y,z,w € Q, then the conjugate & of « is
defined to be & = x — yi — zj — wk. The reduced norm N of B is defined by
N(a) = o, and the reduced trace Tr is given by Tr(a) = a + &.

A lattice on B is a free Z submodule of B of rank 4. An order of B is a
lattice of B which is also a subring containing the identity element. An order is
said to be maximal if it is not properly contained in any other order.

We will be interested in the quaternion algebra over Q which is ramified only
at the rational prime N and at oo. For the remainder, let B denote this definite
quaternion algebra.

The following results are from [7, pp. 368-369, Propositions 5.1 and 5.2].

ProposITION 1.2. Let N be a rational prime. Then the unique quaternion
algebra B over Q ramified precisely at N and 0o is given by

(-1,—-1) ifN=2

—1,—=N)  if N =3
2,—-N) if N=5(@)
N,—q) if N =1(8),

Il

B
B
B
B

(
(
(

N
where q is a prime with ¢ = 3(4) and ( ) =—1.
q
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ProposiTION 1.3. Let N be a rational prime. Let B = (a, b) be the quaternion
algebra over Q ramified precisely at N and co. Then a maximal order of B is
given by the 1 basis

ij. ok i;llk itN =2

ik, ]T+ %’5 it N = 34)
ik l+‘£+k’ i+24j+k (TN = 5@8)
k, ';~j. i;k. J +an itN = 1(8),

where n is some integer such that q|(n*p +1).

Let R be a maximal order of B. A left ideal of R is a lattice / on B such
that RI = I. The right order of / is the set {& € B : [a C I}, and it is also a
maximal order of B. Similarly, we define a right ideal and a left order. The set
17" = {a € B :lal C I} is a right ideal for R, whose left order is the right
order of /.

The norm N(/) of an ideal [ of B is defined to be the unique positive rational
number such that the quotients N(a)/N(I), o € I, are all integers with no
common factor.

Two left ideals I and J of R are said to be in the same class if / = Ja for
some o € B*. The set of left ideal classes is finite and its order n is independent
of the choice of maximal order R. The number # is called the class number of
B.

Let {I),h,...,1,} be a set of left ideals which represent the distinct ideal
classes. Let R; denote the right order of the ideal /;. Each isomorphism class of
maximal orders in B is represented once or twice in the set {R|,Ry,...,R,}.
Let ¢ be the number of distinct isomorphism classes of maximal orders in B.
The number ¢ is called the type number of B.

An element o € R; is a unit if and only if N(a) = 1. Further, N is a positive
definite quadratic form on B. Hence, the number of units in R; is finite. Let
I, = R*/(£1), then T is finite. Set w; = |T;|. Eichler’s mass formula is given

For a proof of this fact see [1, p. 147]. Also, the integer []/_, w; is independent
of the choice of R and equal to the exact denominator of the number (N — l)/l2.
We can use these facts to determine n.

There is a useful connection between the quaternion algebra B over Q which is
ramified at the rational prime N and oo, and the isogenies between supersingular
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elliptic curves in characteristic N. Let F denote an algebraically closed field of
characteristic N. Then there are exactly n isomorphism classes of supersingular
elliptic curves over F, where n is the class number of B. These isomorphism
classes can be ordered E|,E,, ..., E, so that End(E;) = R;. We have [,5"'1, =
> aby i ay € l,-’l,hA € 1;}. Then I,f"l,- is a left ideal of R; with right order R;,
and we have the isomorphism

7' = Hom(E;, E))

as a left R; module and a right R; module. Let ¢, : E; — E; be the isogeny in
Hom(E;, E;) corresponding to a nonzero element b € [ 'J;. Then

_ N(b) :(N(h))(N(lj))
N(Ij»ll,') N(Il) )

deg ¢»

The orders R; and R; are conjugate in B if and only if the corresponding elliptic
curves are conjugate by an automorphism of the field F.

Now, we will consider representations of B which will lead to the definition
of Brandt matrices.

Suppose B = (a, b). Then, by Proposition 1.2, we know ¢ < 0 and h < 0. B
can be represented by a subset of GL,(C) as follows. Consider the matrices

n=(y 5) =5 5) m=(75)

where the i above is the usual element of C. We can represent i, j,k € B by
[ 1— y/—aM, Jj— vV —bM; k — VabMs;.

Thus, the general element a = xo+.x,i+x2j +x3k with x; € Q can be represented
by

o — X()I + X1/ -(IMI + X2V —bM'_r + X3V dbM}.

where / is the 2 x 2 identity matrix. In other words, B allows a matrix repre-
sentation

|

ar— Xi(x) = ( ) € GL,(0).

—In

(8]

1

Hence, we have a representation ®; of B* on V, = C? with corresponding matrix
representation X, in terms of the basis ¢; = (1,0), ¢> = (0, 1) of V.

The representation ®; induces a representation @, of B* on the s symmetric
power of V,

Sym‘(Vg) = V2®®V2/K.
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the product s times, where K is the symmetric kernel. The set

{e1® - ®ey@e® - ®e(modK):i=0,...,s},

~~

s—I times i times

which we will write as
{ei7eh:i=0,...,s},
forms a basis for Sym*(V;). The representation ®; is given by

D(a)e ¥ Ve R®er®---Reyp)
= (D1(a)e)) ® - R (P(x)e) @ (Pr(@)er) ® - -+ R (P (a)er),

all read modulo K. Denote the matrix representation corresponding to ®; with
respect to the basis {e] e} :i =0,...,5} by X,. Let Xy denote the trivial one
dimensional representation of B*. Then, for all s 2 0, X; is an s+ 1 dimensional
representation of B*.

We can now define the Brandt matrices. As before, let R be a maximal order
of B, let {I,,1,...,1,} be a set of left ideals of R representing the distinct ideal
classes, and let R; denote the right order of /;. For any integers s =2 0, m 2 1,
and 1 =i,j = n, set

, 1
(L5)  bim= 53— 7 Xj(@,
‘ i ael

mN(;)
N(@)= =g

where ¢ means transpose. Let b2—(0) = l/2w_,- and b'};(O) be the (s+ 1) X (s+ 1)

zero matrix for s > 0. Then for any integers s 2 0, m 2 0, the Brandt matrix
Bg(m) is defined by

By(m) = (bj;(m)).

2. Some Properties of the Brandt Matrices. The Brandt Matrix B,(m) is an
n(s+1) X n(s+ 1) matrix with complex entries. For s odd, we have the following
result.

PropoSITION 2.1. If s is odd, then for all m, By(m) is the zero matrix.

Proof. For s odd, X;(—a) = —X () for all « € B. Thus, from (1.5), it
follows that b‘,-‘jl(m) = 0 for all m. Hence, B;(m) is the zero matrix. O

For a different choice of ideal class representatives /,,/,...,1,, the Brandt
matrices change only by conjugation by a matrix with complex coefficients.
Further, the Brandt matrices do not depend on the choice of maximal order R
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used to define them. For proof of these facts see [8, p. 189, Propositions 4.2
and 4.3].

Next, we will derive a formula for the trace of the Brandt matrices. By the
above comments, the trace of a Brandt matrix does not depend on the choice of
ideal class representatives or maximal order R used to define them. The formula
we arrive at will involve modified Hurwitz class numbers, so we will first define
these.

For d a negative discriminant, let #(d) be the class number of binary quadratic
forms of discriminant d. Define u(d)

1 ford < —4
ud)= ({2 ford=—4
3 ford=—-3.

Notice that if O is the order of discriminant d and rank 2 over Z, then u(d) is
the order of the group O*/(+£1) and h(d) is the order of the group Pic(O). For
D > 0, define the Hurwitz class number H (D) by

h(d)
H(D) = Z )

df?=-D

For N prime, we now define the modified invariant of the Hurwitz class number,
denoted Hy (D), as follows.

(N — 1
—— ifD =0
24 :
0 if N splits in O = O_p
H(D) if N is inert in O
Hy(D) = <

1H(D) if N ramifies in O and does not divide
the conductor of O

D
Hy (N_?) if N divides the conductor of O.

\

Since the Brandt matrix Bg(m) for s odd is the zero matrix, its trace is zero.
We now want to find a formula for the Brandt matrices B;(m) for s even. First,
we set some notation. For t € Z, with 1> < 4m, set

A=10+ V2 —am),
and for s nonnegative and even define
Pit,m) =N + XX+ + )%,
Note that in the case s = 0, we have Py(t,m) = 1. We also have

Py(t,m) = > —m

Pa(t,m) = t* = 32m + m?.

https://doi.org/10.4153/CJM-1990-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-028-x

HEIGHTS AND L-SERIES 539

In general, P(t,m) is a polynomial in ¢ and m. The trace formula for the Brandt
matrices B(m) for s even, which is a form of Eichler’s trace formula, is given
by the following proposition.

PropOSITION 2.2. For all m 2 0, s nonnegative and even
Trace(By(m)) = Hy(4m — £*)Py(t, m).

tel
*<4m

We will need the following lemma in the proof of Proposition 2.2.

LemMA 2.3. Suppose a € B* with Tr(a) = t, N(o) = m. Then Trace(X!(a)) =
Pg(t, m).

Proof. The matrix X,(a) can be transformed into

()

by conjugation by an element of GL,(C). Hence,

. A 0) 3

Trace(X(a)) = Trace ( 0 /_\) =X+
Therefore, Trace(X;(a)) = XN + X7 !X+ .-+ X* = Py(t,m), and the lemma
follows since Trace(X!(a)) = Trace(X,()). O

Define A;(t, m) = cardinality of {& € R; : Tr(ax) = 1, N(ax) = m}. Since every
a € R; has discriminant 12 — 4m < 0, it follows that A;(t, m) = 0 for > > 4m.
We will need the equality

(24) Z (Ai(t7m)> — HN(4m— t2)’

2W,‘

i=1

for 1> < 4m. This is proved in [4].
We can now prove Proposition 2.2. For s nonnegative and even,

Trace(Bs(m)) = Z Trace(b};(m))

=1

- iTrace(i Z X;(oz)>
i=1 !

a€l ', =R;
mNU;)

= NG
N(a)= g5 =m

n

_ Z (%) Z Trace(X!(a))

Wi

i=1 QER,;
N(a)=m
(1
= E E S E Trace(X{(@)).
; 2w; ’
€l i=1 a€ER;
2<am N(a)=m
Tr(c)=t
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Applying Lemma 2.3 and (2.4), we have

Trace(B,(m)) = Z(i) > Put,m)

1€l i=] a€R;
2 <4m N(a)=m
Tr(a)=t
n
Ai(t,m)
=2 2 (5 ) Pt
- 2w;
ez =1
2<am
= > Hy(@m—)P(t,m).
el
<4m

This completes the proof of Proposition 2.2.

The Brandt matrices have several other properties. Some of these are listed
in the following two propositions.

ProposiTION 2.5. Let B be the quaternion algebra over Q ramified at N and
00. Then the Brandt matrices associated to B satisfy the following properties.

(1) For m >0,
2W| > -1
I 0
(N(Il)

. 2wy,
N %)
2W|
1 0
(N(1|)>

- 2w,
0 I
N(I,)
where | is the (s + 1) X (s + 1) identity matrix
(2) BA\‘(ml)B.\‘(mZ) = B_\-(ml_mz)f()r (ml,mz) =1
(3) By(pHB,(p)) = 3" pr kB (p™ ) for p{ N
4) By(pHBs(p)) = By(p™) for p | N

(5) The Brandt matrices generate a semisimple commutative ring.

B(m)' =

X B(m)

The proof of Proposition 2.5 can be found in [2, p. 106, Theorem 2].
PRrROPOSITION 2.6. The entries of the Brandt matrix series

(e 9]

> Bymyq™,

m=0

where q = e>™, are modular forms of weight s +2 on To(N). If s > 0, they are
cusp forms.
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In fact, the entries of the Brandt matrix series above are of the form

) — I N(@N(I;)/N(})
0 =5— D g™ ~

! aer

where for a = x| +.x21 +x3j + x4k, p(a) is a harmonic homogeneous polynomial
of degree s in x|, ..., x4. For a proof of this fact and Proposition 2.6, see [7, p.
353, Theorem 2.14].

3. The Vector Bundle V and its Special Points. We will now describe
the quaternion algebra B and its orders and ideals in an adelic context. This
follows the description given in [4]. Let Z = limZ/nZ = Hp Z, be the profinite

completion of Z, andlet 0 = 7 ® Q = L1, Q, be the ring of finite adeles of
Q. Set B, = B® Q,. Then, R, = R® Z,, is the local component of R in B,,.
Let B=B®Q =[[,B, and R = R® Z = [[,R,. Every left ideal / of R is
locally principal. Therefore, for every prime p, there exists g, € R;\B; such that
I, = R,g,. Bach left ideal I determines an element g; = (... g,...) € R*\B*, and
conversely, every element g of R*\l}* determines a left ideal / = Rg N B of R.
The set of left ideals of R which represent the distinct ideal classes, I, /5, ..., 1,
corresponds to a choice of elements g;, g2,..., ¢, In f?*\é* such that

B = JireB
i=1

The right order R; of the ideal /; is given by
R =B )& 'Rei.

Suppose K is a quadratric field and f : K — B is an embedding of K into B.
Let O be the subring of K whose image under f is contained in R;. Thenf : O —
R; is called an optimal embedding of O. For any such f,f(K)ﬁg,-"Rg,- =f(0)
in B. The set of optimal embeddings of O into the orders R; modulo conjugation
by R}, corresponds to the set of elements (g, f) in (R*\B* x Hom(K B))/B* such
that f(K)N g~'Rg = f(O). The space (R*\B* x Hom(K,B))/B* is related to
algebraic curves which we will discuss next.

The quaternion algebra B over Q corresponds to an algebraic curve Y of
genus zero over Q. The correspondence is given by Y(E) = {« € BQE :
a# 0,Tr(e) = N(a) = 0} /E* for any Q-algebra E. The group B* acts on the
right of Y by conjugation o — b~'ab, and in fact, Autg(Y) = B*/Q*. For
any quadratic field K, there exists a canonical identification Y (K) ~ Hom(K, B)
as follows: for any f € Hom(K, B), let y; € Y(K) be the image of the unique
K-line on the quadric {o € B ® K : Tr(e) = N(a) = 0} on which conjugation
by f(K*) acts by multiplication by the character k +— k/k. Notice that f(K*)
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acting on Y (K) has two fixed points. One of these fixed points is y; and the
other is the image of the unique K-line on which conjugation by f(K*) acts by
multiplication by the character k — k /k.

Define a curve X by

X =R\B"xY/B".

Since B* = U, R*g;B*, we have an isomorphism

X 2]i[y/r,» = ]jx,-,
i=1 =1

where the double coset f?*g,- X y(mod B™) corresponds to the coset y(mod I7;)
on the component X; = Y /T’

A point x = g Xy of X will be called a special point of discriminant  if it lies
in the image of k*\é* x Y(K) in X(K) and if the embedding f corresponding
to y satisfies f(K)Ng~'Rg = f(O), where O is the order of discriminant d.

We can define an action of the group Pic(0) = O*\K*/K* on the set of
special points of discriminant d as follows. Let ¢ € K*, x = g x y a special
point of discriminant d, and f : K — B the embedding corresponding to y. Then
f induces a homomorphism f : K* — B*. Define

= ¢f(a) x y.

The action does not depend upon the choice of representative for x, for if
x=g' xy' then g’ = gb and f’ = b”‘fh for some b € B*. Thus, g'f"(a) x y' =
gb(b™ lfA(a)h) Xy = (gf'(a)b x y' = x,. To see that this is an action on the set
of special points of discriminant d, we need to check that x, = qf(a) X y has
discriminant d. But f(K)N (g f(a))"'R(gf (@) = (F(a) " (f(K)Ng 'Rg)f (a) =
(f(a)) l_}‘(O)f (a) = f(O). Hence, x, is a special point of discriminant d.

It is sometimes helpful to think of the points of discriminant d on the com-
ponent X; as corresponding to optimal embeddings f : O — R;. In this case, the
action of Pic(O) on the special points of discriminant d can be described in terms
of ideals. Let 2 = K NaO be the ideal which is determined by a € Pic(O), and
let x be a special point corresponding to the optimal embedding f : O — R;. Let
R’ denote the right order of the left R; module R; 4 . Since O acts on the right of
4, it follows that f induces an optimal embedding O — R’ which corresponds
to the point x,.

We will define a vector bundle V over X, but first we must make some
preliminary definitions.

Let By = {h € B : Tr(h) = 0}, and let U be the representation of B* on the
elements by € By with action by B* defined by hyy = (I/N(V))T"bmp Notice
that the center Q* of B* acts by hpx = x"2by for x € Q*. An inner product on
U is given by [u), up] = %Tr(ulﬁi).
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If W is any inner product space with inner product [x,y] for x,y € W, then
for k = 2, Sym*(W) is also an inner product space with inner product defined
by

k
G rcxeyowd =0 [T vewl,

o€S; i=1

where S; is the symmetric group on k letters. Hence [x*, y*] = k![x, y]k.

Let W = Cx @ Cy be the two dimensional representation of SU(2) with
[x,x] =[y, y] =1 and [x, y] = 0. Then Symzk-z(W) is an inner product space
with basis {x2*~2, x*~1y ... y*=2}. The elements of this basis are orthogonal,

and by (3.1) it follows that
X'y x'y] =iyl

Denote Wy_| = Sym”‘“z(W).

The space Sym‘~!(U) is an inner product space, and it can be written as an
orthogonal direct sum Sym*~'(U) = Sym* (W) @ M, where W is as defined
above. Wy is the unique irreducible summand of highest weight 2k — 2, and
it is a representation of B* of dimension 2k — 1.

The vector bundle V is defined by

V =R\B*xY x Wy_,/B",
where B* acts on the right as described earlier. The decomposition B* =
U, R*g;B* gives an isomorphism

V ﬁY X Wzkvl/r,‘ = I:[Vm
i=1 i=1

which takes f?*g,- Xy X w(mod B*) to the coset y X w(modI';) on the component
Y X W/F, =V.
We now define Pic(V). For each T; = R;/(£1), define

wlhi = {w eEW :Yw)y=wforall v € r,‘}.

Then

mwﬁ%bwﬂ

i=1

Any v € V is equivalent to the double coset (g;,y,w) for some i. Define the
class of the point v to be the projection of w in W

1
class(v) = ﬁ Z Y(w).

el
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To see what Pic(V) looks like in particular instances, we will consider two
examples.

Suppose first that N = 2 and & = 2. By Proposition 1.2, the quaternion
algebra B over Q ramified at 2 and oo is given by B = (—1,—1), so that
B = Q+ Qi+ Q)+ Qij, where i> = j> = —1 and ij = —ji. By Proposition 1.3,
a maximal order of B is given by

i
R:Zi+Zj+Zij+Z<%).

The group R* consists of those elements b € R with N(b) = =£1. In this case,
R* has order 24 and is given by

Eldit+j+if
R* = {:tl,:ti,ij,j:ij. #} .

2
Hence,

r R* Liik l+i+j+k 1—i+j+k 14+i—j+k
=— = (1,1,],k, ) )
(1) R 2 2
l+i+j—k —1+i+j+k —1—i+j+k —1+i—j+k

2 ’ 2 ’ 2 ’ 2

—l+i+j—k

In fact, it can be shown that I' = A4, the alternating group on 4 letters. Hence,
w = |I] = 12. From Eichler’s mass formula (1.4), it follows that the class
number of B is n = 1. Thus, Pic(V) = WT, where W = {b € B : Tr(h) = 0}.
By computing the action of the elements of I' on W, it can be shown that in
this example, Pic(V) = 0.

The dimension of Pic(V) is certainly not always 0. Consider the case N =5
and k = 2. By Proposition 1.2, the quaternion algebra B over Q ,ramified at
5 and oo, is given by B = (—2,—5). Hence, B = Q + Qi + Q; + Qij, where
i> = =2, j> = —5 and ij = —ji. By Proposition 1.3, a maximal order is given

by
Lo 1+j+1ij i+2j+1ij
R=Z7j+7ij+1Z —— )+ )

Therefore,

and
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Hence, w = |T'| = 3, and using Eichler’s mass formula (1.4), we see that n = 1.
Therefore, Pic(V) = WT. Checking the action of I on W, it can be shown that
Pic(V) = WI' = {aij : « € Q}, and hence, dim(Pic(V)) = 1.

A height pairing { , ) mapping V X V into Q can be defined as follows. If
V=g Xy Xw g xy xwpand vy =h Xy, X W, X g; Xy X wy, then

0, ifi#j
A I S R T W P

We will now define a special element wy of SymZA"z(W). This wy will be
used in the definition of a special point of V of discriminant —D. Fix K an
imaginary quadratic field of discriminant —D, where the prime N is inert, and
an embedding f : K — B. Let vo = v/—D € U. Then v§~! lies in Sym*~!(U).
Let wy € Sym* (W) be the component of v§~' in Sym*2(W).

The special points of V of discriminant —D are defined to be points of the
form v = g X y X wy, where x = g X y is a special point of X of discriminant
—D and wy € Wy is defined above. Pic(O) acts on the special points of V
of discriminant —D as follows. Let v = x X wy be a special point of V of
discriminant —D and a € Pic(O). Then v, = x, X wy.

Our main identity is an equation representing the values of certain Dirichlet
series in terms of the values of the height pairings of special points on V.

4. The Correspondence #,. A correspondence #, can be defined on V =
R*\B*XY xWy_, /B* as follows. For p # N, R¥\B} = GL(Z,)\GL1(Q,,) which
index lattices in Q,Z,, and locally, 1,, maps a lattice L in GLy(Z,)\GLy(Q),) to the
sum of all sublattices of index pord/"’"’. For p = N, R5\B; = Z, and locally, 1,
maps a coset A into %A, where 7 is a uniformizing parameter in R,,. This
action of ,, on R*\B* induces a correspondence on V

(g Xy Xw)= Z(hxyxw).

h€ty(g)

The correspondences ¢,, on V induce endomorphisms of Pic(V) = @:':l wri,
With a particular choice of basis, the action of t,, on Pic(V) is given by B}, _,(m),
the transpose of the Brandt matrix Bai_»(m). To study the action of ¢,, on Pic(V),
first note that

End(Pic(V)) = @) Hom(w ™", w"),
iy

and the i block of #, is a homomorphism from W' to W'/, Recall that each
right order R; corresponds to a supersingular elliptic curve E; so that End(E;) =
R;. Hence, each g; corresponds to an elliptic curve E;. Let U; = Endp—o(F;)® Q
be the endomorphisms of trace zero. Let Wi, | C Sym*~!'(U;) be the unique
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irreducible summand of highest weight 2k—2 in Sym*~!(U,) as discussed earlier.
Each isogeny ¢ € Hom(E;, E;) induces a linear map ¢, : U; — U; by a i—
¢ o a0 ¢, which then induces a linear map ¢*~! : Sym*~'(U;) — Sym*~'(U})
mapping Wi, | into W3, . The action of #, on Pic(V) is described in the
following proposition.

PROPOSITION 4.1. The ij‘h block of t,, is the homomorphism from (WZIIAfl Wi to
Wi )b
1 k—1
Y Z Prj © ¢* )

2w;
Wi $pEHom(E; E;})

deg ¢=m

where Pr; denotes the projection into (Wh,_ ) given by w — 1/|T| 2 ver, YOW).

To prove Proposition 4.1, we need to look at how ¢, acts on an element
gi Xy X w, where w € (W},_)'". We have

(@i Xy X W)= D (hXyXw)
h€tm(gi)

= Z (g xya ' x wah).

h€tn(gi)
h=ug;a

ucR* ,acB*

Therefore, we find that the (ij)th block of ¢, takes w in (Wi,_ )" to

> Prwa™),

h€ty(8:)
h=ugjo
uEIi",aGB"

which lies in (ng_‘)r/. From the definition of ¢, and Tate’s theorem that an
isogeny is uniquely determined by its action on the Tate module T,E; and
Dieudonné module Ty E;, it follows that each « in the above sum corresponds to
an isogeny ¢ € Hom(E;, Ej) of degree m, up to multiplication by R} = Aut(E)).
Further, wa™' = ¢*~!(w), and this completes the proof of Propositon 4.1.

5. Modular Forms of Weight 2k. Let f : H — C be a function on the upper
complex half-plane, € a character of (Z/NZ)*, and k 2 0 an integer. Suppose f
is holomorphic on H, at infinity, and at the cusps. Suppose, further, that

f (aZ o ) = e(d)(cz + D (2),

cz+d
for all

(“ b)eSLz(Z) with ¢ = 0 mod M.
c d
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Then f(z) is called a modular form of weight k& for ['((M) with character e. If a
modular form vanishes at infinity and at the cusps, then it is called a cusp form.
Every modular form f has a Fourier expansion f(z) = )_,>,amq",where
g = e>™ If f is a cusp form, then ay = 0, since f vanishes at infinity.
For two modular forms f(z), g(z) of weight k for I'o(M) with trivial character,
at least one of which is a cusp form, the Petersson product of / and g is defined
by

(f,g) =2*'x* // f@g@y* Pdxdy,  z=x+iy,
Co(M)\H

where the integral is taken over any fundamental domain for the action of I'y(M)
on H.

Let $32¥(I'o(M)) denote the space of cusps forms of weight 2k for I'o(M ) with
trivial character which are orthogonal with respect to the Petersson product to
all forms g(dz), where g is of level L < M, dL | M. For the next three sections,
we will fix the following notation. Let K be an imaginary quadratic field of
discriminant —D where the prime N is inert. Let f € S5 (I'o(V)). Set

(0]

€

ring of integers in K,

I

quadratic character of (Z/D Z)* determined by
e(p) = (=D /p) forp{ D,

A = ideal class in K,

h = class number of K,
2u = number of units in K,

R(m) = { number of ideals of O of norm m, form 2 1

h/Qu), for m = 0,
ra(m) = { number of integral ideals of norm m in A, form 2 1
A 1/(2u), for m = 0,

(1, ifmD)=0
5(’”)_{2, if (m, D) # 0.

We will now define a Dirichlet series associated with f and the ideal class A. Let
> n=1 amgq™ be the Fourier expansion of f. Define the Dirichlet series L(f, A, s)
by

E(m) amr’ (m)
L(f A= ) (mzxzkn ) 2 ( ,,:s ) :
m=1

m21
(m,N)=1

L(f,A,s) has an analytic continuation to an entire function of s. It also satisfies
the functional equation

G.1) LA, 9) Y @) BN DT ()’ LA, f, 5) = —e(N)L*(f, A, 2k — 5).
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For proof of these facts, see [S, pp. 267, 282-283].

From (5.1), we see that if e(N) = 1, then L(f, A, s) vanishes at s = k. We will
study the values of L(f,A,s) at s = k in the case e(N) = —1. We will restrict
ourselves to the case D prime. Our study will involve the Legendre polynomial
of degree n, which is given by

[¢]
P,,(,\') = % Z(—l)m (::l) (gﬁ;—m) xn—?_m‘

m=0
The following theorem is proved in [S, p. 291, Theorem 5.6].
THEOREM 5.2. Let €(N) = —1 and let k be an integer. For m 2 0, define
- 2nN
bm,A = (mD)k 11,42 Z 5(n)rA(mD — VZN)R(I’I)PL-,I (1 - _mD ) .

<pgmb
0sns2;

Then Y, >0 bmaq™ is a modular form of weight 2k and level N, and a cusp
form if k # 1, and

22%=2(f — 1) 1
L(f, A k) = )
(fv 9 ) (2/(—2)‘ D"'_%uz fvgo A4

In the next chapter, an alternative representation for the values L(f, A, k) will
be given.
Define the series ¢(v,w), v,w € Pic(V), as follows

For k > 1, o¢(v,w)= Z(V,,mmqm’
m21
Fork=1, (v,w)= w £ 3 (0 g™

m21
We have the following result

ProposITION 5.3. For any v,w € Pic(V), ¢(v,w) is a modular form of weight
2k for To(N). If s > 0, it is a cusp form.

Proof. Consider the basis {«ay,...,a,} of Pic(V), chosen so that the action
of t,, on Pic(V) with respect to this basis is given by B}, ,(m). If v = ¢ and
w = aj, then ¢(v,w) = 0; = Y -, Biig™, where §;; is the ji" element of the
Brandt matrix By;_»(m). It follows from Proposition 2.6 that in this case ¢(v, w)
is a modular form of weight 2k on ['((N), and a cusp form if s > 0. The result
now follows directly. o

6. The Main Identity. The main identity will give the value of L(f, A, s) at
s = k in terms of the heights of special points of V of discriminant —D.
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Let v be a fixed point of discriminant —D on V. Define

8a = Zq')(vaa VaAB),
B

where the sum is over all classes B in Pic(O). Then, by Proposition 5.3, g4 is
a modular form of weight 2k on T'o(N).
The main identity is

ProPOSITION 6.1. For e(N) = —1 and k 2 1 an integer

(fng)

L(f A k)= — 2204
(/4.0 WR2DK3 (k — 1)12

This identity relates the central critical values of L(f, A, s) with height pairings
on Pic(V). To prove this proposition, we will make use of the result of Theorem
5.2 which states

L2 2ke—1r 1
LUAK = =55 oo (f meAq)

m20

where

2nN

bua = (mD)*"u? Z 8(n)ra(mD — nN)R(n)Py_, ( — m—D)

<p< mb
0=ns%;

Further, if k # 1, then )", >, bmaq™ is a cusp form. Hence, b,, 4 = 0 for k # 1.
In the next section, we will compute the height pairing (vg, t,,vag) and show
that for all m 2 1

2k —2)!
bma = k — 1)'32% ) Z ‘thmVAB

For k = 1, the constant term in g4 is given by 4/2 = u’by 4. Combining these
results with the identity of Theorem 5.2 will prove Proposition 6.1.

7. The Height Computation. Let v be a fixed point on V of discriminant
—D, and let A and B lie on Pic(O). For m 2 1, we want to compute (vg, f,,Vag).

Write v = x X wg, vg = xg X Wy, and vap = xap X Wy, so that xz and
xap are special points of discriminant —D on X. Recall that K is an imaginary
quadratic field of discriminant —D where the prime N is inert, and O is the
ring of integers in K. K embeds in the quaternion algebra B, so that B can be
written in the form B = K + Kj, where j> = —N and jo = &j for all « € K. B
embeds in GL,(K) by

a+ﬁj»—><~_;B g), a,BEK.
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Therefore, K embeds by

a:a+0jl~—><g 0). axeKk.

Each component X; of the curve X is indexed by a supersingular elliptic curve
of characteristic N. Suppose E is the elliptic curve corresponding to x4z and E’
the elliptic curve corresponding to xz. We will denote the group Hom(E, E’) by
Hom(x4g, xp).

Let D = (v/—D) be the different ideal of O. Let 4 and B be ideals in the
classes of A and B respectively, which are relatively prime to ©. The special
point v = x X wy may be chosen so that End(x) = maximal order containing
O = R. Fix one solution ¢ to the equation €2 = —Nmod D. Then

Endx) =R ={a+8j:a,3 €D ', a=¢fmod O}.
We have the following result
ProposITiON 7.1. There exists a bijection

B _
HmmMJmH{a+m:ae®'ﬂﬁe@”§ﬂ¢hjﬂmmo}.

If ¢ € Hom(xag, xg) corresponds to o + f3j, then

deg ¢ = (Na+NNB)/NA.

Proof. Since R = End(x), the ring End(xg) is the right order of the left R
module RB. In the embedding of B into GL,(K), the ideal ‘B embeds

={(5 3)ves)

Therefore,

=
S
—~—
—

|

!
w R

)( )weaa a,feD aEeﬁmodO}
:{(—%V 7) YyeEB,a,3€ D! azeﬁmodO}.

It follows that

3

RB={a+Bj:a€D '"B,3€D 'B,a=ef mod O}.
Let Rg = End(xg) denote the right order of RB. Then,
Rz ={Y€B:RBYCRB}

B
= {a+ﬁj:a€ D' e Q)*'a,(xseﬁ mod O}.
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Hom(x4p, xp) can be identified with the left Rg module Rz 4. Hence, to com-
plete the proof we need to compute Rz 4.

R@ﬂl—){(_;B g)(g 2):76)4,0(6@-17

B
BG@"E,aEeﬁmod O}

:{(_%7 gz) Yed,aeD,

B
BeED™ ‘—g;,azeﬁmodo}.
Hence,
. —1 B
Rg,q:{o”ﬂj;ae@ a4,3€D §ﬂ7a:eﬁmod0}. a

Proposition 7.1 will now be used in the computation of (vg,#,vap). We will
show

(va, meAB>

2nN
= u’m*~[wo, wol Z S(m)ra-1(mD — nN)rsp2(n)Py—, ( — r:_D) .

0Spsml mD

Denote vqp = g X y X wy. Then

<VBathAB> = <VB, Z (h Xy X W0)> = Z <VB,(I’I Xy X W0)>

het,(g) hetu(g)

For each h € t,(g), if xg and i X y lie on the same component of X, then
RyA = Rgcy, for some ¢, € B* with N¢, = mNA4. We must deform by ¢,
before taking the inner product {vg, (h X y X wp)), and this necessitates dividing
by (N4 Y=, We have

vg,cp(h X'y X wp)
<VBythAB>: Z <B h( J 0>

1
hEtn(g) (NA)
Z (Z [wo, Yerwo] )
=1 |-
hEtn(g) \7YET; (NA)

But I'; = R}, /(£1), and the elements Yc, with Y € R}, are precisely equal to the
b € Rz A with Nb = mNA4 . Furthermore, [wg, Ycpwo] = [wo, —Ycpwo]. Hence,

_ 1 [W07bW0]
(VB tmvag) = 3 Z NAFT
bERE A

Nb=mNA2
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Applying Proposition 7.1, we have

[wo, bwo]

1
2 By ImVAB) = 5 INPEVE
(7.2)  (vB,twvan) > (N

¢€Hom(xap,¥5) e
¢—b, Nb=mN

m

For the next step in the computation of the height pairing (vg, t,vag), we will
compute the values [wg, bwg] in the above sum. Since wy is the component of
Ay)*~! in Sym*“2(W), where x, y, and A = o~ are as defined in chapter
three, and [wo, bwg] = [ACy) 1, by D] = XN {oy) ! b)), it will
suffice to compute [(xy)*~!, b(xy)*~!].

Write b = a + (), where a, 3 € K, j> = —N, and j¥ = 7/ for all ¥ € K. The
element b embeds into GL,(K) by

b — ( a_ ?) .
—N@3 «

p(3)= (s @) ()= (ards)

Therefore, the action of b on the basis element (xy)*~! is given by

Hence

)i ((ax + By)(—N Bx + ay))* .

When computing the inner product [(xy)*~!, b(xy)*~'], we need only consider
the inner product of (xy)*~! and n(xy)*~!, where n € K is the coefficient of
(xy)*~! in the expansion of ((ax + By)(—NfBx + &y))*~!. This is true because all
of the other summands in the expansion are orthogonal to (xy)*~'.

Lemma 7.3. The coefficient of (xy)*~' in the expansion ((ox + By)(—NBx +
ay))*~! is given by

ad—NﬁB)‘

- A k1
(@ + BB P ( o

Proof.
((ax + By)(—=NBx + ay)* ! = ((a@ — NBB)xy — afiNx* + apy*)*
k—1
=5 (k : : ) (@ — NBBY 1 (xy) 1" (—aBNx? + aBy?),
r=0
and

(—aBNx? + aBy?) = Z(—GBN)"_‘j(&B)i (;) XUy,

=0
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The powers of x and y in the last sum are equal only when j = r/2, so the
coefficient of (xy)*~! is given by

[‘%‘} k—1 2r - -
> ( ) (r )(ad—Nﬂﬂ)k“‘z’(—aﬁN)z"’(dﬁ)’

2r
r=0

k — = —
=> ( l) (2:)(aa—Nﬁﬁ)““”((aax—NﬁB))'-

In order to simplify the notation, let @ = a@ and b = N33. We can write the

. k—1 2r\ .
quantity in the form
2r r

k—1\ [2r) _ k — 1! @r)!

( 2r ) ( r ) Tenltk—1=2r) Flr!
k=1 (k—1—r)
TG —1—r) Flk—1-2r)

o (k=1\ [k—1—7r
B r r ’
The coefficient of (xy)*~! is given by

(=]
Z (k—]) <k_]——r)(_l)r(a__b)k—lfzr(ab)l‘.
r r

r=0

We want to show
T4 = k=1) (k1 ”) (1) (@ — by~ (aby
Y@ 2\ r ¢ ¢

a—b
= Pi_ .
¢ l(a+b)

The Legendre polynomials satisfy the recurrence relation [3, p. 1026]

1
n+1

(7.5)  Pp(x) = [2n + 1)xP,(x) — nP,_1(x)].

Hence, to show that (7.4) holds, we need only show that the left hand side is
for k = 1 and & = 2 and that it satisfies the recurrence

a__
1to Ppy | ——
equal 1o rg— a+b

—b
mmmndﬂjﬂwn:k—lkz&aMx:(a
a+b

). This is carried out

using an algebraic argument, and it completes the proof of Lemma 7.3.

https://doi.org/10.4153/CJM-1990-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-028-x

554 RHONDA LEE HATCHER

Applying Lemma 7.3 to the computation of [(xy)*~!, b(xy)*~!], where b =
a+ ), we find that

() " by ') = (@@ + NGB ' Piy (0‘5‘ - Nﬁﬁ)

ad +NpSB
X (o)1 o)L

As explained earlier, we have [wo, bwy] = Y2 [(xy)*~", b(xy)*~'] and [wg, wy] =
Y2 [(xy)* 1, (xy)*~1]. Therefore, by substituting into the above equation we obtain

_ o — N 3
[wo, bwol = (@ +N BB Py (%) [wo, wol.
Note that a& + N33 = Nb = mN4 . Hence,
] ] & — NGB
(7.6)  [wo,bwol = M '(NA) Py, (%—m—%) [wo, wol.

Combining the results of (7.2) and (7.6), we have

1 B ad — NGB
(vBy tmVag) = ) E m =Py (“———_ YT [wo, wol.
¢EHOM(x48,X8 )deg m ax BB
drb=0+Bj,Nb=mNA

Applying the correspondence of Proposition 7.1, it follows that

1 k-1 aéz—NﬂB)
7.7 ByltmVAB) = = m T Py | —————= ) [wo, wol.
(7.7 {vBytmvag) 3 (;5, kl(aéz+Nﬂﬂ [wo, wo]
a€D'2,86D(B/B)A
a=efmod O

Consider the ideals
C=@Doa~" ('=@DB3'A",
which satisfy the identity
(7.8)  NC +NNC' = mD.

Suppose n = NC'. Then, NC = md — nN. Since NC' = (NB)D(1/NA) = n,
it follows that N3 = (n/D)NA. Since NC = (No)D(1/N4) = mD — nN, it
follows that N = ((mD — nN)/D)Nﬂ[. Hence, when n = NC’,

ad —NBB  Na—NNB  ((mD —nN)/DNA —N(n/D)NA
aad+NBB  Na+NNB — ((mD —nN)/D)NA +N(n/D)NA
mD — 2nN 1 2nN

mD mD "’
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The ideal C lies in the class of A~!, and the ideal C’ lies in the class of ABZ.
Hence, the number of solutions to (7.8) with NC’ = n is given by

D
Faer(mD — nNYrag(n) if n# 0, -”—1'\,—

ra-1(mD) ifn=20
. mD . mD
aB* \ n= N

Notice that each solution C, C’ to (7.8) corresponds to a solution to the identity

Na+NNgG =mNAa

a

STRSY

(79 aeD'a, peon!

a=efmod O.

Each pair C,C’ with NC' = n # 0,(mD)/N, so that NC # 0, gives (2u)’
candidates (o, 3) for solutions to (7.9). If n = 0 mod D, then all of these can-
didates turn out to be solutions since the condition o = ¢ mod O is satisfied.
If nzf 0 mod D, then either @ = ¢ mod O or @ = —¢f3 mod O, but not both.
Hence, only one half of the candidates are actually solutions to (7.9). Summa-
rizing this information, we see that the number of solutions to the identity (7.9)
is given by

QQu)? (%) 8(n)ra-1(mD — nN)Yrag2(n) if n# 0, ";V—D
(ZU)I’A—I (mD) ]f n= O

D , D
Qu)ryp: (%) ifn= ﬂN—

Using the convention r4(0) = 1/2u for any ideal class A, the number of solutions
to the identity (7.9) is given by

2uP6(n)r -1 (mD — nN)r g2 (n).

Therefore, using this result, the fact that (a& — NBB)/(aa + NBB) = 1 —
(2nN)/(mD) when NC’ = n, and (7.7) we have

(710) <VB, thAB>
2nN

1 _
=5 Z 2u*8(n)r g1 (mD — nN)Yr g2 (mym* " Py, (1 - E) [wo, wol

<p< mb
O0sns%

_ 2nN
- l[w(th] Z S(n)ra-1(nD — nN )r4g2(n)P—1 (1 - E) .

<p<mb
Osns4g
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To complete the computation of (vg, f,,v4p), we will next compute the value
of [W(), Wo].

Let U and W be as defined in section three. If v is any vector in U @ R of
length 1, then vf~! lies in Sym*~'(U). Let w be the component of v~ in the
subspace Symzl‘_z(W) with inner product coming from Sym*~' (). In order to
compute [w,w], we will make use of the operator

0 1
£=(o o)

in the Lie Algebra SL,(C), which acts by taking x'y/ — x
component M of the decomposition Sym*~'(U) = Sym*~>(W) ® M has no
vector of weight 2k — 2, it follows that (E,*"'(v*=!) = (E,)*w. Further,
(ENT0AY = (Ev) ! in Sym* ' (U). Hence, w = E,~* " D(E, vk,

Assume now that v = xy in the representation Sym?(W) = U. Then
(E,v) = x? and [E,v,E,v] = 2!0! = 2. The vector (E,v)*"' lies in
Sym*2(W) C Sym*'(U) and [(E,v)* ', (E.v) '] = 281k — 1)!. On the
representation Sym*~!(U), E,~*~D(x%*-2) = x*~1y*~1 alters the inner product
by the factor

i+1y=1 Since the

[xk~lyk—l7xk—1yk—l] _ (/( _ 1)12

[w2h—2 x2%-2) T k=2
Hence,
R (e 01 k-1 ey 2= DY
[w,w] = k=2 EwW) L (Ew) ] = T Qk—2)

Recall that wy is the component of vi~" in Sym*2(W), where vy = v/—D.
Since [vg, vo] = 2D, we can write v = av, where v has length 1 and a = V2D.
If w is the component of vA~! in Sym* 2(W), then [wo, wo] = a® 2[w, w].
Therefore,

22k—2Dk—l(k _ 1)|3

P10 o wol = —— =,

We can now use the height computation to prove the following result.
ProposITION 7.12. For all m 2 1

Z(V.‘h fm"AB)

B
_wr(mD)y 122k — )Y
B 2k —2)!

2nN
XPk—]<l_—L>z
D

Z 6(n)ra(mD — nN)R(n)

< < mb
0sns2;

https://doi.org/10.4153/CJM-1990-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-028-x

HEIGHTS AND L-SERIES 557

where the sum is over all classes B in Pic(O).
Proof. Applying (7.10), we have

E VB, ImVaB) E w?m* ! wo, wo)

B

X Z 6(”)"/" l(mD — nN )"ABZ(H)P/\,_l (l -_— 2_nﬁ)

mD
0sns M

= u?m* " [wg, wo) Z o(n)rp-1(mD — nN)

0Spsml ml)

2nN
X (;’ABZ(’I)) P <l - m)—) .

Since Y, rap2(n) = R(n), ry-1(k) = ra(k), and by (7.11), we have

22/\'—2Dk-l(k _ 1)23
[W(h W()J - (2/\’ — 2)' 9

and the result follows. O

As explained in the last section, to complete the proof of Proposition 6.1, we
need only show that for all m = 1,

(2k —2)!
( l)";z')/\ ) Z ‘B?I‘MVAB —bm/\

By Proposition 7.12, it follows that

(2k — 2)!
(k — 1)PB2%—2 Z VB tmVaB )

' 2nN
= u2(mD)k—' Z S(n)ra(mD — nN)R(n)Py_, (1 — 7n%>

0sns 2l
= bm,A-
This completes the proof of Proposition 6.1, the main identity.
8. Special Values of L-series. Let x be a complex character of the group

Pic(0), and let f = ) -, ang™ be a normalized eigenform for the Hecke
algebra T. Define

B L9 = Y XL, A, ),
A
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where the sum is over all A in Pic(O). We are interested in the value of L(f, x, §)
at the special value s = k.

Define e, = Y, x '(A)va, and let ¢/, be the projection of the divisor e, in
Pic(V) ® C to the f-isotypical eigenspace for T.

We now prove the following result.

PROPOSITION 8.2.

_ (f>f)
L(fy x, k) = 2Dk — 1) (e erx)-

Proof. We will extend the R-bilinear pairings ( , ) and ¢( , ) to the complex
pairings which are linear in the first argument and anti-linear in the second
argument. Then

(exsex) = <Z X~ Awva, Y x"(B)vB>
B

A

= XA 'B)(va, ).

AB
Recall that the main identity states that

(f» gA)

L(f,A k) = ——=2540
AD= T e

Substituting this equality into (8.1) we have
_ (fren)
2Dk_7(k )'2

(f, >4 X(A)ga)
DK (k — 1)12°

(8.3) L<f,x,k>=z X(A) ——1—

Expanding )", x(A)ga, we see that

D x(A)ga =D x(A) Y $(v,van)
A A B

=D X(A)(vs, vap)-

AB

Let A’ = B and B’ = AB. Then

Z X(A)ga = D X(A)'B)g(var, vir) = dley, ey).

AB'

https://doi.org/10.4153/CJM-1990-028-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-028-x

HEIGHTS AND L-SERIES 559

Note that in the special case k = I, deg ¢y, = 0 since f is a cusp form. Also,
¢ is T-bilinear, and it follows that the f-eigencomponent of the modular form
¢(ey, ey) is given by

Dlerxserx) = Z<"f~xv tmef )4

mz]

= Z(e/'-xv e )and"”

m21

= <el‘.xv e_/'-,x> ' Zamqm

m21

= (erx e./'-x> -

Hence,

(f7 Z X(A)gA) = <Ef.x7€f,x> : (fvf)
A

Substituting this equality into (8.3) completes the proof. 0O

The following corollary is a direct result of Proposition 8.2 and the fact
that the height pairing ( , ) induces a positive definite Hermitian pairing on
Pic(V) ® C.

COROLLARY 8.4. L(f,x,k) 2 0 with equality if and only if e/, = 0.

For any automorphism « of C,

(erx>erx)” = (efaxas €paya).
Therefore, we have the following result.

CorOLLARY 8.5. If a is an automorphism of C, then

(f7f) (fa7fa) ’

and the ratio lies in Q(f,x), the numberfield generated by the values of x and
the Fourier coefficients of the eigenform f. Hence, L(f,x, k) = 0 if and only if
L(f* x%k)=0.

Consider now the special case x = 1. Then, L(f, x, k) can be written in the
form

L(f? X k) = L(f7 k)L(f e, k)v

where f ® € = ), >, ame(m)q™ is the twist of f, L(f,s) = )_,>, amm~*, and
L(f ®e€,5) =), ame(mm™>.
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Define ep to be the class in Pic(V') of the rational divisor
|
I
disc(yv)=—=D

Then,

ey = Z Vi = uep in Pic(V).
A

Since Pic(O)xGal(K/Q) acts simply transitively on the special points, it follows
that the points v4 and V4 lie on the same component of V. Hence, in the special
case Y = I, Proposition 8.2 becomes

COROLLARY 8.6.

p)

LUf OL(f @ €, k) = ———2 2
(FOLS © k) = o s

(ernern)-

Notice that changing the discriminant D changes the value of (e p.,e;p) by
a square in the field Q(f) generated by the Fourier coefficients of f. Therefore,
we have the following, which is a refinement of a result of Waldspurger [9].

CoroLLary 8.7. If L(f @ ep,k) # 0, then the ratio
L(f ® ep, k)D*
L(f ® epr, k)(D')3
lies in Q(f)*.
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