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Abstract

We provide sufficient conditions to factorise an equivariant spectral triple as a Kasparov product of
unbounded classes constructed from the group action on the algebra and from the fixed point spectral
triple. We show that if factorisation occurs, then the equivariant index of the spectral triple vanishes. Our
results are for the action of compact abelian Lie groups, and we demonstrate them with examples from
manifolds and 6-deformations. In particular, we show that equivariant Dirac-type spectral triples on the
total space of a torus principal bundle always factorise. Combining this with our index result yields a
special case of the Atiyah—Hirzebruch theorem. We also present an example that shows what goes wrong
in the absence of our sufficient conditions (and how we get around it for this example).
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1. Introduction

This paper is motivated by recent applications of the Kasparov product to gauge
theory [4, 7]. In particular, it becomes important to know to what degree an
equivariant spectral triple, regarded as encoding the geometry of the total space of
a noncommutative principal bundle, can be factored over the base space.

We provide sufficient conditions to factorise a G-equivariant spectral triple
(A, H, D), for G compact abelian, as a Kasparov product of a ‘fixed point’ spectral
triple for the base space and a Kasparov module constructed solely from the action of
the group on the algebra. These two components of the product represent respectively
the ‘horizontal’ and ‘vertical’ parts of the noncommutative principal bundle. More
precisely, given our sufficient conditions, we construct unbounded cycles representing
classes in KKZ™C(A, A%) and KKgd'mG(AG, C), with A the norm completion of A,
such that the Kasparov product [15] of these classes

KK3mG(A, A%) x KK ™ 9(A%,C) — KKL(A,©)
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recovers the class of (A, H, D) in KK/(A,C). The construction of these unbounded
Kasparov modules is new, although in the case G = T the cycle for KKZ™mG(4, A©)
agrees with the cycle constructed in [6, Section 2] up to sign.

In order to define the Kasparov module with class in KKgimG(A,AG), we require
that the action of G on A satisfies the spectral subspace assumption of [6]. To define
the unbounded Kasparov module with class in K KgdlmG(AG, C), we need a Clifford
action

n : CI(T.G) = Clgimg — B(H)

satisfying a few compatibility conditions. Finally, the product of these classes
represents the class of (A, H, D), provided that one positivity constraint is satisfied:
this constraint arises from Kucerovsky’s criteria [16].

Our factorisation results show that the class of our equivariant spectral triple is the
product of classes with unbounded representatives, which are defined in terms of the
original spectral triple subject to some geometric constraints. As a consequence, we
show that if our conditions are satisfied and factorisation occurs, then the equivariant
index of the spectral triple vanishes, when this is defined.

The constructive approach to the Kasparov product [4, 14, 20, 21] seeks to construct
a spectral triple from unbounded representatives of composable K K-classes. Having
obtained a factorisation, say,

[(A,H, D)] = (A, Eac, D1)] ®a0 [(A°, Ha, D),

it is natural to ask whether the constructive product of (A’, E4c, D;) and (AC, H,, D)
makes sense and recovers the original triple (A, H, D). We examine equivariant Dirac-
type spectral triples (C®(M), L*(S), D) on a compact Riemannian manifold with a
free isometric torus action, where we show that factorisation holds in our sense. As
an easy corollary we derive a particular case of the Atiyah—Hirzebruch theorem [1].
In this special case, we show that the constructive method produces a spectral triple
(C*(M), L*(S), T) whose KK-class is the same as that of (C*(M), L*(S), D). The
operator T is a self-adjoint elliptic first-order differential operator, but the difference
D —T is typically unbounded. If each orbit in M is an isometrically embedded copy
of T", we find that D — T is bounded. Thus we see evidence in these examples that the
constructive product is sensitive to metric data.

Factorisation of circle-equivariant spectral triples has also been studied in [4],
[10, 11] and the PhD thesis of Zucca [30]. The last three of these works study such
factorisations under the condition of ‘fibres of constant length’, a condition which is
also satisfied in the examples studied in [4]. Such a condition appears in Corollary
6.12, and corresponds to the isometric embedding of orbits (up to a constant multiple).

Finally, we consider in detail the factorisation of the Dirac operator over the 2-
sphere, for rotation by the circle. In this case, the circle action is not free and
factorisation for C(S?) is not possible, but we show that factorisation is nevertheless
possible if one restricts to the C*-algebra of continuous functions vanishing at the
poles.
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2. The construction of the unbounded KK-cycles

Dermnition 2.1. Let A and B be Z,-graded C*-algebras carrying respective actions
a and 8 by a compact group G. An unbounded equivariant Kasparov A-B-module
(A, Ep, D) consists of an invariant dense sub-#-algebra A C A, a countably generated
Zy-graded right Hilbert B-module E with a homomorphism V from G into the
invertible degree-zero bounded linear (not necessarily adjointable) operators on E,
a Zp-graded x-homomorphism ¢ : A — Endp(E), and an odd, self-adjoint, regular
operator D : dom(P) C E — E such that:

(1) Vy(@(a)eb) = ¢(ag(a)Vq(e)B,(b) and (Vee | Vo f)p = Be((e | f)p) for all g € G,
ac€A,eec Eand b € B;

(2)  ¢(a) - dom(D) c dom(D), and the graded commutator [D, ¢(a)]. is bounded for
alla € A,

3) ¢ + D*)~2 is a compact endomorphism for all a € A;

4) V,-dom(D) C dom(D), and [D, V,] = 0.

REmaRrK 2.2. We normally suppress the notation ¢. The unbounded Kasparov module
(A, Ep, D) defines a class in the abelian group KKg(A, B) [2].

RemMark 2.3. We will only employ unbounded equivariant Kasparov A-B-modules for
which the action of G on B is trivial. Then, for all g € G, V, is adjointable with adjoint
Ve =V

DermviTion 2.4. Let A be a Z,-graded C*-algebra with an action by a compact group
G. An even equivariant spectral triple (A, H, D) for A is an unbounded equivariant
Kasparov A-C-module. If A is trivially Z,-graded, then one can also define an odd
equivariant spectral triple (A, H, D), which has the same definition, except that
H' = {0} and D need not be odd.

Throughout this section, G is a compact abelian Lie group, equipped with the
normalised Haar measure, and (A, H, D) is an even G-equivariant spectral triple for
a Zp-graded separable C*-algebra A carrying an action @ by G. (The case where the
spectral triple is odd is considered later.)

There are some differences between the cases of G even-dimensional and G odd-
dimensional. We introduce the following notation so that we may handle both cases
simultaneously.

Derinition 2.5. Let Cl; be the Clifford algebra generated by a self-adjoint unitary c,
which is Z,-graded by _ _
Cl = span{c’}, je€Zs.

We denote by € the Z,-graded C*-algebra

6= C if G is even-dimensional,
" |Cl; if G is odd-dimensional.

We also denote by ¢ the generator of €; that is,

_J1 if G is even-dimensional,
" lc¢ if G is odd-dimensional.
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We will construct three unbounded KK-cycles. The first cycle (referred to as
the left-hand module) is constructed using the spin Dirac operator over G, and
defines a class in KK;(A,A°®€). The second cycle (which we call the middle
module) represents a class in KKg(A° ® €, A° @ CI(T,G)). The module is simply the
Morita equivalence between A® ® ¢ and A° ® CI(T,G) = A ® Cl,, and so contains no
homological information. The third cycle (the right-hand module) is constructed by
restricting the spectral triple to a spectral subspace of H, and adding a representation
of CI(T,G), so that it defines a class in KK5(A° ® CI(T,G), C).

2.1. The left-hand module. Let Char(G) be the characters of G, which is the set
of smooth homomorphisms y : G — U(1). Since G is abelian, the characters form a
group under multiplication. For each y € Char(G), let

Ay =la €At aya) = x(9)a)

be the spectral subspace of A associated with the character y. Note that P

X X x€Char(G) AX
is dense in A. For each y € Char(G), define @, : A — A by

00 = [ x @yt ds
G
Each @, is a continuous idempotent with range ®, = A, .

DermviTion 2.6. The action of G on A is said to satisfy the spectral subspace assumption
if the norm closure A A} is a complemented ideal in the fixed point algebra A for each
x € Char(G).

RemMark 2.7. A particular case of the spectral subspace assumption is if ITA; =AY
for all y € Char(G). In this case we say that A has full spectral subspaces. This is
equivalent to the action of G on A being free or saturated [23, 27]. If A = Cy(X) for
a locally compact Hausdorft G-space X, then Co(X) has full spectral subspaces if and
only if the action of G on X is free [23, Proposition 7.1.12 and Theorem 7.2.6].

We define an A%-valued inner product on A by
(a|b)se := P1(a’b) = fag(a*b) dg.
G

With this inner product, A is a right pre-Hilbert A°-module. Hence the completion of
A with respect to (- | -)4c is a right Hilbert A-module, which we denote by X. The Z,-
grading of A defines a Z,-grading of X, which makes X into a Z,-graded right Hilbert
A%-module. The action of G on A extends to a unitary action @ : G — End e (X).

Remark 2.8. Let y € Char(G), and let a,b € A,. Then a*b € AC, so (a| b)se = a*b.
Hence A, is closed in X, and so

X, = {xeX:ay(x)=x(@x}=A,.
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The following is a more general version of [22, Lemma 4.2] or [6, Lemma 2.4].
The result there is for the case G = T, but the proof is much the same as in the general
case.

Lemma 2.9. For each y € Char(G), the map @, : A — A extends to an adjointable
projection @, : X — X with range A,. Moreover,

FIae = D D) D)
x€Char(G)
forall x,y € X, and the sum 3, ccharc) @y converges strictly to the identity on X.

Let $5 be the trivial flat complex spinor bundle over G, with Dirac operator Dg. The
left multiplication of G on itself lifts to a strongly continuous unitary representation
V on L*($5) which makes (C*(G), L*($¢), D¢) into a G-equivariant spectral triple,
which is even if and only if dim G is even [28]. Then (C*(G), (L*($6)® C)¢, DG ®©)
is a G-equivariant unbounded Kasparov C(G)-€-module for G either even- or odd-
dimensional.

DermviTion 2.10. Let X ® (L?($6) ® €) be the external tensor product of X and
L*($6)® €, which is a Z,-graded right Hilbert A° ® €-module. Let E; be the
invariant submodule of X ® (L*($5) ® €) under the diagonal action g - (x® (s®2z)) =
a/g(x)@(Vgs@z). Let V| be the homomorphism from G into the unitaries of E| defined
by

Vi (B (s82)) = (1) B (s®2).

For each y € Char(G), let p)’( € B(L?*($¢)) be the orthogonal projection onto
L*$6)y, = {s € L($6) 1 Vi(s) = x(9)s),
and define p, € End¢(L*($6)® €) by p,(s®2) = p},s®z.
The following result is elementary, but will be quite useful in later calculations.

Levmva 2.11. For elements of homogeneous degree, the A ® C-valued inner product
on E| can be expressed (for x1,x, € X and sy, s, € L*($6)®C) as

(x1§s1 | x2§s2)AG?§¢ — (_1)degs1‘(degx1+degx2)

X D) Ry) B (pyisi | pyisade.
x<€Char(G)

ProrosiTion 2.12. Define an action of @XGChar(G) A, on Ey by

Z ay - (x®s) = Z ax® s,

x€Char(G) x€Char(G)

for ZaXe GD AX,x§seE1.

xeChar(G)

This action extends to a Z,-graded *-homomorphism ¢ : A — End e ¢ (E1) satisfying
Vig(d(a)e) = plag(a)Vigle), acA, eckE.
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Proor. Suppose that a, € Ay, and x = X cchar) Xv € X, Where x, € A, for all v e
Char(G). Then

lay P = > gl < llay PP
$eChar(G)
by Lemma 2.9, so a,x is a well-defined element of x.
Since ag(a;l: agla,)” :,\((g)a; =y '(g)at, it follows that a)*( € A1 Hence if
a, €A, and x;®s; € Ey, i = 1,2, each of homogeneous degree, then

(x1®s1|ay - (x2852))465¢ = X1®51 | ax2®)852) 1656
— (_1)degsl-(degx1+dega)(+degx2)(xl | asz)AG§(S1 |Xs2)kf

— (_1)deg s1-(deg x +deg a, +deg XZ)(G;X] | XZ)AG @(X—lsl | 52)6

~ _ — _
=(ayx1®x s1102®52)4056 = (@, - (X1®51) | 2@ 52)4056-

So the action of (P A, on E; defines a +-homomorphism on the direct sum (P A, —
End,c5¢(E1), which extends to a *-homomorphism ¢ : A — End cg¢(E1). That ¢ is
Z,-graded and equivariant is obvious. o

DeriNiTioN 2.13. Let Dg : dom(Dg) € L*($6) — L*($) be the spin Dirac operator
on G, and let ¢ be the generator of €. Define a closed operator 9; : dom(D;) C
E| — E; initially on the linear span of elements of the form X®(s®z), where x € X,
s € dom(Dg) and z € € are of homogeneous degree, by

D1(x®(s®2)) := (-)*Ex® (Dgs® c2),
and then take the operator closure. Since Dg is equivariant, this is well defined.

Proposition 2.14. The triple (®,A,, (E1)jcg6, D1) is an unbounded equivariant
Kasparov A-A° ® C-module if and only if the action of G on A satisfies the spectral
subspace assumption. When the action of G on A satisfies the spectral subspace
assumptionwe call the Kasparov module (&,A,, (E1) 656, D1) the left-hand module.

Proor. See [0, Proposition 2.9] and the preceding lemmas for a proof when G = T.
The general case requires only minor modifications, as in [5, Ch. 5]. O

We henceforth assume that the action of G on A satisfies the spectral subspace
assumption.

2.2. The middle module. Recall that G is a compact abelian Lie group, equipped
with the trivial spinor bundle $, and (A, H, D) is an even G-equivariant spectral triple
for a Z,-graded separable C*-algebra A. We will now construct the middle module,
whose job is to correct for the spinor bundle dimensions between the left-hand module
and (A, H, D).

Let W := ($¢)., and let p : CI(T.G) — B(W) be the Clifford representation, which is
a *-homomorphism. When G is even-dimensional, p is a Z,-graded *-homomorphism,
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but this is not the case when G is odd-dimensional. Note that we have the
x-isomorphisms CI(7,G) = Cl,, and

cl = Miime2(C) if G is even-dimensional,
" Mz(dimG—l)/Z (C) &b Mz(dimG—l)/Z (C) if G is odd-dimensional.
On the other hand,
W= ($0), = €™ if G is even-dimensional,
e T2 if G is odd-dimensional.

Let ¢ be the generator of the C*-algebra €, as in Definition 2.5. The Z,-graded -
homomorphism p : CI(T,G) — End¢(W ® €), defined on elements of homogeneous
degree by

P WB2) = p(s)w® €5z, .1

is an isomorphism.
The isomorphism (2.1) implies that W® € is a Z,-graded Morita equivalence
bimodule between CI(7.G) and €, where the left inner product is defined by

plar,ey(wi [ w))ws = wi(wa | wz)g.

Hence the conjugate module (W® €)* [24, page 49] is a Z,-graded Morita equivalence
bimodule between ¢ and CI(7,G).

The fixed point algebra A is a Z,-graded right Hilbert module over itself, and left
multiplication on itself defines a Z,-graded *-homomorphism A® — End e (A%).

The external tensor product A° ® (W ® €)* is a Z,-graded right A° ® CI(T,G)-
module, which carries a Z,-graded representation A® ® € — End,c SCUT.G)
(A°®(W®E)*). Since A° ® (W® €)* is a Morita equivalence bimodule, the triple

(AG @ G:, (AG @ (W@ Q:)*)AG @CI(TPG)’ 0)

is an (unbounded) equivariant Kasparov A® ® €-A® ® CI(T,G)-module. The C*-
algebras and the Hilbert module carry the trivial action by G. We call this module
the middle module.

2.3. The right-hand module. To define the right-hand module we require greater
compatibility between the action @ of G on A and A C A than we have assumed so far.
We say that A is a-compatible if

Ay :=ANA, is dense in A, for all y € Char(G).

Compatibility is implied by « restricting to a continuous action on A for some finer
complete topology on A.

Derinition 2.15. For each y € Char(G), let H,, = {¢£ € H : V& = x(g)¢} be the spectral
subspace corresponding to y, and define an operator O, : dom(D) N H, c H, — H,
by D, £ := D¢. The Hilbert space H,, inherits the Z,-grading of H.
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Levma 2.16. Suppose that A is a-compatible. Let AC be the fixed point algebra of
A. Then for each y € Char(G), (A, H,,D,) is an even equivariant spectral triple for
AC, where H,, inherits the action of G on H.

Proor. Since G acts on H unitarily, there is an orthogonal decomposition H =
EBXGChar(c) ‘H,. The density of dom(D) in H thus implies that dom(®D,) is dense
in H,, for all y € Char(G).

The operator (1 + D?)"/2 € B(H) is self-adjoint, and since D commutes with the
action of G, so too does (1 + D?)~'/2. Hence (1 + Z)z)‘l/zlq{x is a bounded self-adjoint
operator on H,, and (1 + D>, = (1 + D;)~"/* for all y € Char(G). Hence

Fy:=D(1+ D)y =D,(1+ D))"

is also a bounded self-adjoint operator on H,. Since D, = F,(1 - F)%)‘l/ 2, it follows
from [18, Theorem 10.4] that D, is a self-adjoint operator on H,.

Since [Dy,al = [D, ally, and a(l + D;)™'? = a(l + D*)7'?|y for all a € AC,
it follows that (ﬂG,WX,Z)X) satisfies the conditions of Definition 2.1, and hence
(A°,H,, D,) is an even equivariant spectral triple. O

We wish to use the operator 9, to construct our final Kasparov module, for
some fixed ¢ € Char(G). However, the middle module is an unbounded Kasparov
A®-A9® CI(T,G)-module, whereas (A%, H, D;) is an unbounded Kasparov AC-C-
module. Hence we need a representation of CI(T,G) on H,, which will define an
action of A°® CI(T,G) on H,. The conditions we impose below on the action and
the character  ensure that we obtain an even spectral triple for A° ® CI(T,G), and in
addition that Kucerovsky’s connection criterion is satisfied (Proposition 3.6).

Simple examples show that H, may be trivial for any given y € Char(G), including
the trivial character y(g) = 1. We therefore impose the condition A_(Hg =H on the
character £ in order to construct the right-hand module. Choosing ¢ in this way allows
us to recover the original Hilbert space H from the three modules.

Remark 2.17. Even if AH, = H for all y € Char(G), the positivity criterion may be
satisfied for some choices of ¢ but not for others. For an example, see Section 8.

DeriniTION 2.18. Suppose that A is a-compatible. Let £ € Char(G) be such that A_% =

H, and let n : CI(T,G) — B(H) be a unital, equivariant Z,-graded *-homomorphism

such that

(1) [5(s),als =0 for all s € CI(T,G) and a € A%, and

(2)  an(s)-dom(D,) c dom(D) and [D, n(s)].+aP; is bounded on H for all a € &, A,
and s € CI(T,G), where P; € B(H) is the orthogonal projection onto H;.

We call i the Clifford representation when it exists.

We define a Z,-graded *-homomorphism A° ® CI(T,G) — B(H;) by (a®s)-&:=
an(s)é. If A is a-compatible, the conditions on 7 and Lemma 2.16 ensure that
(A° ®CIT,G), H;, D) is an even equivariant spectral triple for A%, which we call
the right-hand module.
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RemMark 2.19. Condition (2) of Definition 2.18 is stronger than necessary to ensure that
we obtain an equivariant spectral triple for A® ® CI(T,G), but this stronger condition is
sufficient to prove that Kucerovsky’s connection criterion is satisfied.

Remark 2.20. The conditions of Definition 2.18 are quite restrictive. For instance,
if the group acts trivially on both the algebra and Hilbert space of (A, H, D), then
Definition 2.18 requires that we have a spectral triple (A®CUT.G), H, D), whence
the class of (A, H, D) is zero. So, as an example, the class of (C, C¢, 0) in KKT(C, ©)
does not satisfy the conditions of Definition 2.18.

3. The Kasparov product of the left-hand, middle and right-hand modules

Recall that G is a compact abelian Lie group, equipped with the normalised Haar
measure and a trivial spinor bundle $¢, and (A, H, D) is an even G-equivariant spectral
triple for a Z,-graded separable C*-algebra A. Let { € Char(G) and 7 : CI(T.G) —
B(H) satisty the conditions of Definition 2.18, so that in particular A is a-compatible.

The next result can be proved with a straightforward application of Kucerovsky’s
criteria [16, Theorem 13].

PropositioN 3.1. The product of the left-hand and middle modules is represented by
(®XAX’ (E] ®AG§(£ (AG ® (W® (S)*))AG @C](TKG)’ D] ® 1)

To determine whether the Kasparov product of the left-hand, middle and right-hand
modules is represented by (A, H, D), we first construct an isomorphism

lP . (E] §AG§€ (AG§(W§G)*))§AG§CI(T86) 7"[[ - (}—{,

which will allow us to use Kucerovsky’s criteria [16, Theorem 13]. We would like to
define the map ¥ on elements of homogeneous degree by

P(YR®u)®(@a®@W)®E)

= (-nFEeEe N, Oan(cine(xC Pl wE B)
x€Char(G)

where p, € Endg(L*($6)® €) and ®, € Endc(X) are the spectral subspace projections
of Definition 2.10 and Lemma 2.9, respectively.

To see that ¥ is well defined, even on homogeneous elements, we need to know that
the sum over characters converges. This is established by the following lemma.

Levma 3.2. For i = 1,2, let (y;®u;) ® (a; @ W;)) ® & be an element of (E; @AG§¢
(AG ® (W® G)*)) ®AG ®CIT,.G) 7-{[ Then

(P01 ®u)® (a1 ®WD)) ®E1), V(12 @ 2) ® (a2 ®W2)) ® )
= (1 ®u) ® (a1 @WN) ®&1, (2 @ U2) ® (a2 ®W2)) ®é2)

and hence ¥ is a well-defined isometry.
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Proor. Suppose that both elements are of homogeneous degree. Then, using
Lemma2.11,

(1 ®u)® (a1 ®W) ®&1, (12 ®u2) ® (a2 ®W7)) ®E2)
— (_ l)deg u;-(degy;+deg y,)+(deg u; +deg u,)-deg ar+deg wy-(deg a; +deg y; +deg y, +deg az)

X ELa D01 Oy oaeir.o Wi | Wa(pyta | pyetin)e)é)
x€Char(G)

— (_l)degu1~dega1+degu2~dega2
X Z (@, Dam(cir.ey X pyiur | w))Er, @, (v2)aan
x€Char(G)
X (1,6 (X py-1ua | w2))é2)
= (P((11 ®u) ® (a1 ® W) @), V(72 ® 12) ® (a2 ®W2)) ®E)).

The penultimate line follows from
cr.ey Wi L X pru)are (X pia | wa)
= ar.c) (W1 | wa(py-1uz | py-1ur)e)s (3.2)

which in turn follows from (x ™' p-1uz | x ™' py-1u1)s = (112 | py-1ur)s.
We have already established that the sum over characters

Z O, an(cir,e)(x ' pyru | w)é

x€Char(G)

converges. It only remains to check that ¥ is well defined with respect to the balanced
tensor products, which is a straightforward exercise. O

ProposiTioNn 3.3. The map Y is a wunitary, equivariant, Z,-graded, A-linear
isomorphism. The inverse

\Pil . 7‘{ — (El §AG§@ (AG @(W@ G)*)) §A6§CI(TFG) 7-{§'

is defined as follows. Let (xj);?zl be a G-invariant global orthonormal frame for $g,

and let (¢);, be an approximate identity for AC of homogeneous degree zero. For
& € H, choose sequences (ai),., C A and (&7, C H; such that ayé, — € as k — oo.
Then

PO = ), ) lim im (@ @) 8 (8 1) 8 (4 By, ® 1) Bé
x€Char(G) j=1

Proor. It is immediate that ¥ is equivariant and Z,-graded, and ¥ is an isometry by
Lemma 3.2. So it remains to show that (i) ¥ is A-linear, and (ii) P! is an inverse
for V.
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(i) Let b € A. Then

Vb ((BWB@BMB) = > V(Dub)ySu) 8 (@a®W) &¢)
ueChar(G)

= (-hferdes N @ (@, (b))an(cir,e (X P | W)E
X-MeChar(G)

= (=1)*ErteEe X" @, (YD, (an(cir,e (X Pyl WIE
XM

= PP(YOU)® (a®W) ®&),

so ¥ is A-linear.

(i) We first check that W~! is well defined, which means checking that the
limits exist and that the sum converges. Suppose that & € H, and choose sequences
(ar)y2, € Aand (&), C H; such that ;& — & as k — oo, which exist sinceA_?{év =H.
Since Yi_, cir,o)(x;® 1] x;®1) =1,

YD (@ @08 (8 1B @ B8 )8
=

= Z O, (ar)pen(cir.c)(x;® 1] x;® 1))é
J=1

= Oy (adeéi = Pyrlarde),

where P, € B(H) is the orthogonal projection onto H,,, and
lim lim P (@dée) = lim Pe(@é) = Pycé.

Since ¥ is an isometry, this establishes that the limits exist. Moreover,

Z Pyé = Z P =&,

x€Char(G) x€Char(G)

so the sum converges. This calculation also shows that W~! is a right-inverse for P,
so that ¥ is surjective. Since W is injective, it follows that ¥ is invertible with inverse
Pyl o

Now that we have the isomorphism ¥, we can use Kucerovsky’s criteria
[16, Theorem 13] to determine if (A, H, D) represents the Kasparov product
of the left-hand, middle and right-hand modules. More precisely, (A, H, D) is
unitarily equivalent as an unbounded equivariant Kasparov module to (A, (E1 ®,65¢
(A°@(WRE))) @Ac SCUT.G) H;, ¥-! o Do ¥), and Kucerovsky’s criteria may now be
applied to determine whether factorisation has been achieved.

TueorEM 3.4 (The criterion for factorisation). Let { € Char(G) and n : C(T,G) —
B(H) satisfy the conditions of Definition 2.18, so in particular A is a-compatible.
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Let (xj);f:] be a G-invariant global orthonormal frame for $g, and for each y €
Char(G), let P, € B(H) be the orthogonal projection onto H,,. If there is some R € R
such that

D (DEn(ciro) (X Do(xx)B e | x;8 D)Pyé)

J=1
+ Mcir.e) (X De(xx)® ¢ | x;® D)P,£ DEY) > RIENI (3.3)

for all y € Char(G), £ € dom(D), then (A, H, D) represents the Kasparov product of
left-hand, middle and right-hand modules.

Remark 3.5. Although [16, Theorem 13] is stated for the nonequivariant case, it
requires no modification in the equivariant case [17].

Theorem 3.4 is proved by showing that Kucerovsky’s domain and connection
conditions hold under the existing assumptions. The remaining positivity condition
is precisely condition (3.3).

Condition (3.3) is essentially about whether the part of the operator O which acts
in the direction of the group G is (more or less) proportional to the operator Dg. The
‘more or less’ is quantified by condition (3.3), as is the fact that the remaining part of
the operator D should (more or less) anticommute with Dg.

In practice this condition is checkable once we have identified the Clifford
representation, as all the operators are given and computable. In the final two sections
we will see that this condition is indeed checkable when we apply it in examples.

ProposiTion 3.6 (The connection criterion). For each
e€E1®uu5: (A°®(WBE)),

letT, : H; — (E; @A(;@G (A°Q(W®E)")) @Aa saur.c) He be the creation operator. The

graded commutators
YloDo¥ 0 0 T,
0 D;)'\T; 0|,

are bounded for all e € Y, where Y C E| @Ac 6 (A°® (W R C)") is the dense subspace
Y := span{(z® 5)®(@®W) € E1 ®o5c (A°@(WRC)) : z € &, Ay, a € A%).

Proor. Consider vectors ¢ = (@ 5)®(a®@wW) € Y, € dom(Py), and CELRICEDE
& € dom(¥~! o D o W), each of homogeneous degree. Then the upper entry of the
column vector

YloDoW 0 0 T\ ((G®HRDRYV)®E
0 D) \T: 0 v
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is

“P_l oDoW¥o Tel// _ (_l)degz+deg s+dega+denge o Dg“‘/’
=¥V o DoV((zB5)B(aBW)BY)
_ (_l)degz+deg s+dega+degW((Z§s)@(aﬁéw))@@gw

= (-DeEeEpTlon N D Dan(cire (X Py s W)Y
x€Char(G)
_ (_ l)deg z+deg s+deg a+deg w+deg s-dega

x¥ @ 0an(cire(x T pys | WD
x€Char(G)

= (=Dtesdeeagtt N (D, Dy (an(cire) (X Py s | WD,
x€Char(G)

and we estimate

2
vt S D0 @aneo pes Tl
x€Char(G)

= D, D ®@an(aa.c(x pyrs | WL Py
x€Char(G)

<P ) ID, D@an(cir.(x " pyrs | WLPAP,
x€Char(G)

where the sum converges since z € @, A, . Hence the upper entry is a bounded function
of . For the lower entry we have

Do T:(YRHBDBBV)®E)
=D/(z®$)®(@®W) | y®N®(B® V) s05c17,6/E)

— (_ l)deg s-(deg z+deg y)+deg w-(deg a+deg z+deg y+deg b)+deg b-(deg s+deg 1)

XY Dla O O, (X Py s I Waio x ™ Pyt 1)),
Xx€Char(G)
using Lemma 2.11 and Equation (3.2). Let (x j);?:l be a G-invariant, global orthonormal

frame for $¢, and let (¢,); , be an approximate identity for A% of homogeneous degree
zero. For each y € Char(G), let (¢});2, € A and (0});2, € H; be sequences such that

lim ciorf = D@ (bn(cir.c (X~ Pt | VE).
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Then

T; 0¥ ' o Do W((y®NB®(DBV)®E)
— (_ 1 )deg t-deg b+deg s-deg z+deg w-(deg a+deg z)

X Z Z lim " ®, ()" n(eir.c) (0w | (x;®1)

x.veChar(G) j=1

X B 1| pri ) Plc) )
— (_ l)dcg t-deg b+deg s-deg z+deg w-(deg a+deg z)

X Z Z; a0, () n(cir.eyW | (x;® 1) - (xx;® 1| py-15)¢))
X =

x DD, (Mbn(cir,e)(x ™ Pyt v)E)

where we have used

lim @,(c)of = lim Py = Py D@ 0)bcir.o (X' pyat | v)E)
= 8y DD, Mbn(cir,c) (X Pyt [ V)E).

SinCCX_le—IS = Z?Il(xj?él) : (,\ng@l | P19,

T: o¥ ' o DoP((HRNB (DY) ®E)
— (_ 1 )deg t-deg b+deg s-deg z+deg w-(deg a+deg z)

X Z a*®,(z) n(cir,c (W |X_IP)(IS))Z)((I)X()’)bﬂ(amc)(/\( _IPXflt [ v)E).
x€Char(G)

Hence the lower entry is

Do TH((RDB(BBV)®E)

_ (_ 1 )deg z+deg s+deg a+deg WT: o \P—l o D ° \I](((y @ t) @ (b @ V)) @f)
— (_ l)deg s-(deg z+deg y)+deg w-(deg a+deg z+deg y+deg b)+deg b-(deg s+deg t)

X Z D(a* @, (2)" @, bn(cir,c)(x ' P15 | W)CI(TFG)(X_IP)("I [ v)E)
x€Char(G)

_ (_ 1 )deg z+deg s+deg a+deg w+deg r-deg b+deg s-deg z+deg w-(deg a+deg z)

X Y a0 Mame™w X pr ND@bn(ar.e (X pyit |)E)
x€Char(G)

— (_ l)deg t-deg b+deg s-deg z+deg w-(deg a+deg 2)

X ) D@0 Ner.o O | Py @u0Ibcir.e) (XPyt | VE.
x€Char(G)
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The sum ., ccharicy @y Man(cir,c)( x! Py-11 | w))é converges since ¥ is an isometry, so
[D, & © () 1wt W X P19

x€Char(G)
X O, (bn(cir,c)(X ' Pyit | V))E

= (Z PD, a*®, () n(cir.c/w | v py S))]i)
X (Z O, Mbn(cir.c)(x ' pyit V))f)-
X
Thus we can estimate the lower entry by

[D, a", (2) n(cir,c)(W | X_IPX-I )]«
x€Char(G)

2

X O, (Mbn(cir.c) (X Pyt | V)E
2

< HZ PD,a* @) n(cir.cyw | v pis))]e

X Y 0 bncir.cn(x ' Pyt | vDEIR
X

2

= Z PiD,a* ®,(2) n(cir,eyW | v pr19)]
veChar(G)

NI(CEDEICERET
since ¥ is an isometry. We note that

D PAD,a 0@ neir o v Py )l
yeChar(G)

is a finite sum of bounded operators and hence is bounded. Therefore the lower entry

is a bounded function of (y®1) ® (b ®V)) ®E. O

Lemma 3.7. Let (x j);le be a G-invariant global orthonormal frame for $g, let D¢
be the Dirac operator on $¢, and let P, € B(H) be the projection onto ‘H, for
X € Char(G). Then

n
PoDe)elop!= Z ZU(Cl(TeG)(X_IDG(XXj)§C | x;®1)Py;.
x€Char(G) j=1
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Proor. Let ¢ be the generator of €, let & € dom(¥ o (D; ® 1)® 1 o ¥~1), and choose
sequences (ax);2; C A and (&3);2, C H; such that ¢;&; — £ as k — co. Then

Yo(D@D)®loP e

— n'_deuk = NS NS A T 1N S
_Txeé(@;k’l‘{nm( D*E (@ (@) B (Do (xx)B )8 (4B, 8 1) B

= Z Z klim n(cir.ey (X Do xx)®c | x;® D)D, (ar)éx
YeChar(G) j=1

= > Dinlamo (! Doy x| @ 1)PE. .
x€Char(G) j=1

ProposiTioN 3.8 (The domain criterion). For all u € R\{0}, the resolvent (iu + D)™
maps the submodule C¥(¥ o (D@ 1)® 1 0 Y~HYH into dom(¥ o (D; @ 1)®1 0 ¥7).

Proor. By Lemma 3.7 and the compactness of (1 + D)~ V2, if EeCP(Y o (D ®1)
®1 0P 1)H, then P,& = 0 for all but finitely many y € Char(G). Since (iu + D)!
commutes with the action of G, it preserves H, for all y € Char(G). Hence if £ € C°
Fo(D®)®1 0¥ )YH, then Py (iu+ D)"'¢ =0 for all but finitely many y €
Char(G). Lemma 3.7 then implies that (ju + D)~ € dom(¥P o (D; @ 1)@10¥7!). O

Since the connection and domain criteria of [16, Theorem 13] are satisfied
(Propositions 3.6 and 3.8, respectively), Theorem 3.4 is proved by combining the
remaining positivity condition with Lemma 3.7.

4. Factorisation for an odd spectral triple

Recall that G is a compact abelian Lie group, equipped with the normalised Haar
measure and a trivial spinor bundle $5. However, suppose that rather than an even
G-equivariant spectral triple, we instead have an odd G-equivariant spectral triple
(A, H, D).

The K-homology class of an odd spectral triple is defined by associating to it
an even spectral triple. Let y = (} %) € B(C?), and equip C* with the Z,-grading
defined by y. Let ¢ be the generator of the Clifford algebra Cl;, and define a Z;-
graded *-homomorphism Cl; — B(C?) by ¢+ (? ). Equip A®Cl; and H ®C? with
the obvious actions by G. Let w = (¢ /) € B(C?). Then (A®Cl;, H®C?, D® w)
is an even G-equivariant spectral triple. The class of (A, H, D) in odd K-
homology is defined to be [(A®Cl;, H®C?, D®w)] € KKG(A®CI;,C) = KK.(A,C)
[8, Proposition IV.A.13].

We make the following definition analogously to Definition 2.18.

Derinition 4.1. Let (A, H, D) be an odd G-equivariant spectral triple for a trivially
Zy-graded separable C*-algebra A, and suppose that A is a-compatible. Let { €
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Char(G) satisfy A_7’(( =H, and let n: C(T.G) — B(H) be a unital, equivariant

*-homomorphism such that

(1) [5(s),a] =0 for all s € CI(T,G) and a € A®, and

(2)  an(s) - dom(D;) c dom(P) and (Dn(s) - (—1)dee ‘n(s)D)aP; is bounded on H
for every a € ®,A,, s € CI(T,G), where P; € B(H) is the orthogonal projection
onto H;.

We define a Z,-graded *-homomorphism 7 : CI(T.G) — B(H ® C?) by 7(s) =
17(s) ® we*, where (1(s) ® W) (E®V) = n(s)é @ wesy.

It is easy to see that the pair (£,7) satisfy the conditions of Definition 2.18 for the
even G-equivariant spectral triple (A®Cl;, H®C?, D@ w).

The next result follows easily from Theorem 3.4 applied to the even G-equivariant
spectral triple (A®Cl;, H®C?, DR w).

Tueorem 4.2. Let (A, H, D) be an odd G-equivariant spectral triple for a trivially
Zy-graded C*-algebra A, and let ¢ € Char(G) and n : C(T,G) — B(H) be as in
Definition 4.1, so in particular A is a-compatible. Let (x j);le be a G-invariant global
orthonormal frame for $¢g. If there is some R € R such that

D (DE (.o (X Do(xx) | x;8 D)Pt)
=1
+Mcir.o) X Do(xx)®c| x;® )Py, DEY) = RIEIP
for all y € Char(G), ¢ € dom(D), then the odd spectral triple (A, H, D) represents

the Kasparov product of the left-hand, middle and right-hand modules for
(A®Cl, H®C?, DR w).

5. The 6-deformation of a T"-equivariant spectral triple and factorisation

Given a T"-equivariant spectral triple (A, H, D) and a skew-symmetric matrix 6 €
M, (R), one can construct the 6-deformed T"-equivariant spectral triple (Ag, Ha, Dy).
We show that if factorisation is achieved for (A, H, D), then it is also achieved for
(Ag, Hy, Dy).

We first recall the construction of a 8-deformed T"-equivariant spectral triple [9, 26].
Dermnition 5.1. Let 8 € M,(R) be a skew-symmetric matrix. The noncommutative
torus C(T")y is the universal C*-algebra generated by n unitaries Uy, ..., U, subject to
the commutation relations U;U; = X0, U jforjk=1,...,n

The noncommutative torus C(T")y carries an action by the n-torus T", which is
givenby t- U; = e U, where t = (',...,") € T" are the standard torus coordinates.

DerniTION 5.2. Let A be a Z,-graded C*-algebra with an action a by T". Let 6 € M, (R)
be a skew-symmetric matrix, and equip the tensor product A ® C(T"), with the diagonal
action ¢ - (a®b) = a,(a)® (¢ - b) by T". The #-deformation of A is the invariant sub-C*-
algebra Ag := (A® C(T")p)™".

The 6-deformation Ay carries an action o by T”, given by '”(a®b) = a,(a) ® b.
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Dermvition 5.3. Let H = H® @ H' be a Z,-graded Hilbert space with a strongly
continuous unitary representation V : T" — U(H) such that V, - H/ c H/ for t € T",
J€7Z,. Let 8 € M,,(R) be a skew-symmetric matrix. Viewing C(T")4 as a right Hilbert
module over itself, form the Z,-graded right Hilbert C(T"),-module H ® C(T")g. This
module carries an action by T”, given by ¢ - (£®b) = V,£® (¢ - b). The 6-deformation
of H is the Z,-graded Hilbert space Hy := (H ® C(T")s)"". We define a unitary
represenation V® : T — U(Hy) by VP (&®b) = Vié®b.

We now define the 8-deformed T"-equivariant spectral triple (Ayg, Hy, D).

DeriniTION 5.4. Suppose that A is @-compatible. Let (A, H, D) be a T"-equivariant
spectral triple, and let 6 € M,(R) be skew-symmetric. Represent Ag on Hy by
(@®b)(¢®c) = at®bc (fora € A, b € C(T")), and setting U* := U} - Uy fork € Z,
let

Ay = span{a @ U € Ag: ay e AN Ay, keZ")

which is a dense sub-*-algebra of Ay compatible with «®, and define an operator Dy
on Hy by Dy(®b) = DERD for & € dom(D). Then (Ag, Hy, Dy) is a T"-equivariant
spectral triple for Ay, which we call the 6-deformation of (A, H, D).

ProrosiTion 5.5. Let A be a C*-algebra with an action by T", and let 6 € M,,(R) be
skew-symmetric. Then Ay satisfies the spectral subspace assumption if and only if A
does.

Proor. Let ¢ : AT — A]" be the *-isomorphism ¢(a) =a®1. Then Y(AiA}) =
(Ag)k(Ag)z forall k € Z". O

DeriniTION 5.6. Define a unitary isomorphism u : H — Hy by

M(Z fk) = Z U™
kezr kezr

This isomorphism intertwines the actions of T", so that u : H; — (Hp), for all £ € Z".
Given 1 : CI(T?) — B(H), define ng : CI(T%) — B(Hpy) by ng(s) = u o n(s) o u*.

Prorosition 5.7. The pair (£,ng) satisfies the conditions of Definition 2.18 for
(Ag, Hy, D) if and only if (L, 1n) satisfies those conditions for (A, H, D).
Consequently, (Ag, Hy, Dy) factorises if and only if (A, H, D) does.

Proor. If f@ U= e (Hy) and a® U™ € (Ap); are homogeneous, then @®U™)
QU™ = 1aé®@ U™ for some 1€ U(l). Hence Ag(Hy), = H if and only if
AH, = H.

Recall the #-isomorphism ¢ : A™ — A", y(a) = a® 1. Then u(aé) = y(a)u(&) for
alla € AT, & € H. Hence u o [1(s), al+ o u* = [19(s), ¥(a)]. for all s € CI(T?), a € AT,
so condition (1) of Definition 4.1 is satisfied for the 8-deformation if and only if it is
satisfied for the original spectral triple.

By construction, & (Ag) = Ag. Leta® U™* € (Ay) and let s € CI(TY). IféU e
(Hy); then u*((a® U™ )nye(s)(E® U™)) = dan(s)é for some A € U(l). Since Dy =
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uo Dou*, it follows that an(s) - dom(D,) C dom(PD) for all a € & Ay, s € CI(T,) if
and only if bny(s) - dom((Dy),) € dom(Dy) for all b € Ay, s € CI(T,).
Let a® U™ € (Ag), and let s € CI(T?). Then

u* o [Dy, ()] (@®U™)P; o u = AD, n(s)].aPy

for some A € U(1) depending on k, € and 8. Therefore (¢, n) satisfies condition (2) if
and only if (£, njy) satisfies condition (2) of Definition 4.1.

Since Dy =uoDou* and 1y =u onou*, clearly the factorisation criterion
(Theorems 3.4 and 4.2) is satisfied for (£, ny) and the #-deformed spectral triple if
and only if it is satisfied for (£, n7) and the original spectral triple. O

6. Factorisation of a torus-equivariant Dirac-type operator over a compact
manifold

Throughout this section, let (M, g) be a compact Riemannian manifold with a
smooth, free, isometric left action by the n-torus T”, and let S be a (possibly Z;-
graded) Clifford module over M. We suppose that that either (i) the action of T" lifts to
an action of S, or (ii) the action of T" on M by the double covering T" — T" lifts to an
action of §, so that in either case S is a T"-equivariant Clifford module [3, page 186].
The reason why we include both these cases is that if S is the spinor bundle over M,
then the action of either T” or its double cover lifts to an action on the spinor bundle,
making the spin Dirac operator into a equivariant Dirac operator [1, Proposition on
page 22]. This more general setting will be necessary to deduce a particular case of
the Atiyah—Hirzebruch theorem in Corollary 7.2.

Remark 6.1. The results generalise easily to an action via any finite covering of T",
but in the interest of readability we restrict ourselves to the single or double cover.

We suppose that the equivariant Clifford module § is equipped with a T"-equivariant
Clifford connection V5. Then (C*(M), L*(S), D) is a T"-equivariant spectral triple,
where D is the associated Dirac operator on S. The spectral triple is even if S is
Z,-graded; otherwise it is odd.

We will show that (C®(M), L*(S), D) can always be factorised. If the torus action
is free, C(M) has full spectral subspaces (a special case of the spectral subspace
assumption) by [23, Theorem 7.2.6]. If the torus action is via the double cover, then
it is no longer free, but the spectral subspace assumption is still satisfied. This is
because the nonzero spectral subspaces of C(M) are precisely the spectral subspaces of
C(M) under the original torus action. Hence C(M),C(M); = C(M)™" if k/2 € Z", and
C(M); = {0} otherwise. We show that the remaining two conditions for factorisation
(that is, the existence of the Clifford representation 7 : CI(T") — B(L*(S)) and the
positivity criterion) are satisfied in turn. Compatibility of C*°(M) with the action is
satisfied since we assume the action to be smooth.

REmMARK 6.2. A particular case of this situation is when the Dirac operator D on the
total space M is constructed from a spin structure on the base space M/T", as in
[3, page 335]. In this case D is constructed as a Kasparov product and so it is not
difficult to see that factorisation occurs.
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6.1. The Clifford representation. We require a character £ € Z" and a map 7 :
C(T,) — B(L*(S)) satisfying the conditions of Definition 2.18 (or Definition 4.1 if §
is trivially graded). The following lemma shows that any £ € Z" satisfies the condition
if the action is free (respectively, £ € 2Z" if the action is via the double cover), and
indeed factorisation is achieved for any choice of ¢ (respectively, £ € 2Z").

Lemma 6.3. Let N be a Riemannian manifold with a smooth free left action by the
n-torus T", and let F be an equivariant Hermitian vector bundle over N. Then

Co(N)L2(F); = L*(F) for all £ € Z".

Proor. Since L*(F) = @B, _,. L*(F), it is enough to show that the subspace
Co(N)i—¢L*(F); is dense in L*>(F); for all k € Z". We show that Co(N)_¢I-(F), =
I'.(F); for all k € Z, which since T'.(F) is dense in L>(F) proves the result.

Let £ e T.(F);. Since & has compact support, there is a finite collection of
open sets (Ui)fi , Which cover the support of &, such that U; = n(U;) x T" as T"-
spaces, recalling the quotient map 7 : N — N/T". Let (¢§,,)nN:1 be an invariant
paritition of unity for Ufi 1 Ui subordinate to (U,-)?i - Foreach i=1,...,N, let
fi € Co(m(U;)) be a function such that (f; o m)¢p; = f; o m, and let a;, b; € Co(U;) be the
functions corresponding to f; ® xx—¢ and f; ® y—x respectively under the equivariant
x-isomorphism Cy(U;) = Cy(n(U;)) ® C(T"). Note that b;a;¢; = ¢; and a;& € T .(F)¢, so
=3V, i€ = XX biaigi&i € Co(N)g—Le(F)e. O

We will assume that £ € Z" (respectively, ¢ € 2Z") is fixed from now on. This choice
does not affect the factorisation. This means we could choose ¢ = 0 for convenience,
but we will leave ¢ arbitrary in order to show that factorisation is achieved for all
choices of £.

Next we define the map 5 : CI(T}) — B(L*(S)). First recall that the fundamental
vector field X € T™(T M) associated to v € T,T" is X\ = (d/df) exp(tv) - x|—o. Since
the original action of the n-torus T" on M is free, the fundamental vector field
of a nonzero vector in 7,T" is nonvanishing. The fundamental vector field map
and the canonical isomorphism TM = T*M define an equivariant, Z,-graded map
T,T" — I'(T*M). However, this map need not be an isometry and hence need not
extend to a *-homomorphism CI(T}) — I"°(Cl(M)). We will modify this map to
obtain a *-homomorphism. For j=1,...,n, let X; € T*(TM)™" be the fundamental
vector field associated to 8/0t € T,T". Observe that {X;(x),..., X,(x)} is a linearly
independent set for every x € M. For each x € M, let W(x) = (Wfk(x))’]?’k:1 € M,(R) be
the inverse square root of the positive-definite matrix (g(X;(x), Xk(x)))?,k:r Letting x

vary, we obtain functions W/ € C*(M)™ for jk=1,...,n. Let
n
_ b ik 00 [k ™ _
vk_ijWf er>T'm™, k=1,...,n (6.1)
=1

where TM — T*M, X +— X" is the canonical isomorphism. Then the set
{(vi(x), ..., va(x)} is orthonormal for all x € M. We call the functions W/ € C*(M)™",
J.k=1,...,nthe normalisation functions.
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Derinition 6.4. The map

n
T,T" 5 di* s —v; = — Z XWH* e (T M)™
=1

is now not only equivariant and Z,-graded (when S is Z,-graded) but also an isometry.
It therefore extends to a unital #-homomorphism n : CI(T7) — I'*(CI(M)) c B(L*(S)).

Remark 6.5. The action of the torus on sections of the Clifford module S is
Vexpyt(x) = exp(tv) - u(exp(—tv) - x), explaining the appearance of a minus sign in
the definition of 7. So the more natural convention to define 7 is to use the vector field
Y\ = (d/dt) exp(-tv) - xli—o = —X\".

As functions are central in the endomorphisms, 7 satisfies condition (1) of
Definition 2.18, so it remains to check condition (2). Since the image of n consists
of smooth sections of CI(M), n(s) - dom(D) N L*(S), ¢ dom(D) for all s € CK(TY).
Before showing that [D, n(s)]. P, is bounded for all s € CI(T%), we prove a lemma.

Lemma 6.6. Let N be a Riemannian manifold, and let G be a Lie group acting smoothly
by isometries on N. Let F be an equivariant Hermitian vector bundle over N. This
defines a unitary representation V : G — U(L*(F)).

Let veg, and let X € T°(TN) be the fundamental vector field associated to
v. Define a one-parameter unitary group on L*(F) by v,(t) = Vexpa)- Let A be the
infinitesimal generator of y,, characterised by y,(t) = . Then

(1) A:T*(F)—->TI®F)and
(2) iA + Vo € I'™(End(F)) for any connection V on F.

In particular, if N is compact, then iA + Vxw € B(L*(F)) for any connection V.

Proor. Let u € I°(F). Working on a local trivialisation of F, we can view u as a C-
valued function on N. Since vy, (H)u(x) = exp(tv) - u(exp(—tv) - x), in this trivialisation,

d
iAu(x) = =y (Du(x) | = Bu(x) - XY (),
1=l
where B € M;(C) is the derivative at ¢ = 0 of the curve ¢ — exp(¢v) € My(C). This
shows (1) and (2), since if V is a connection then locally Vyw» = X" + w, where w is a
locally-defined M, (C)-valued function on N. O

The next result shows that the pair (£, 7) satisfy the remaining condition (2) of
Definition 2.18.

ProrosiTion 6.7. Let n be as in Definition 6.4 and € € 27" (or € € 2Z" if the action is
via the double cover of T"). Then the graded commutator [D,n(s)]. P, is bounded for
all s € CI(T%).
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Proor. For j=1,...,n,let X; be the fundamental vector field associated to d/ ot/, and
letv; =37, XkW i be the normahsed vector field as in (6.1). Let U c M be an open
set such that M|y is parallelisable, and choose vector fields (wy,...,wy,_,) C (TU)
(where m := dim M) such that (vi,..., Vv, Wi,..., Ws_y) 1S an orthonormal frame for
TU. We can locally express the Dirac operator D as

n

m—n
Dly = Y c0hHVS + > Vs,
j=1 i=1

where v > V' is the isomorphism TM — T*M determined by the Riemannian metric,
and ¢ denotes Clifford multiplication.

Since the C*-algebra CI(T7) is generated by (c(dtk))zzl, we need only show that
the anticommutator {D, c(v?.)}Pg is bounded for j = 1,...,n. Letting V€ be the Levi-
Civita connection on T* M and using the compatibility between V5 and V¢, we have

(D, cOly = D cNOHVS + > eV + D cve(VEV))

i=1 i=1 i=1

+ Z c(w?)c(Vlv;inlj’-) + Z c(v?-)c(v?)Vf{ + Z C(V?-)C(W?)va‘_
i i i=1

= -2V + Z cOe(VEV) + Z c(W)e(VECY?),

i=1

The second and third terms are smooth endomorphisms which are independent of the
choice of (fi,..., fn-n), and so globally

{D, c(vg-)} = —Zij + bundle endomorphism

=-2 Z Wi V‘;{k + bundle endomorphism.
k=1

Since M is compact, every endomorphism is bounded, and so it is enough to show that
V;g(ng is bounded. By Lemma 6.6, V;g(j = —iA; + w for some w € [°(End(S)), where

Aj is the infinitesimal generator of the one-parameter unitary group s — Vexpsa/ar)) €
U(L?(S)). Since

P
exp(a/) ©,...,0, s ,0,...,0), seR,

——
jth

Vexp(s(@/ary) = 2kezn €% Py, where we note that Py = 0 if the action is by the double

cover of T" and k ¢ 2Z". Hence A = }yczn 21k ; Py, and thus
Vx,Pe = =iAjP¢ + WPy = =27l ;P¢ + wPy

is bounded, and so we have shown that {D, c(vg.)}Pg is bounded. O
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6.2. The positivity criterion. Now that we have a pair (£,7n) satisfying the
conditions of Definition 2.18, it remains to check the positivity criterion. To this
end we derive an explicit formula for ¥ o (D, ® 1)® 1 o ¥~!, recalling from (3.1) the
isomorphism

lP . (E] @C(M)T" € (C(M)Tn @(W@ (S)*)) §C(M)T" @CI(TZ) LZ(S)g il LZ(S ),
where we recall W = ($1+),.

Lemma 6.8. For j=1,...,n, let X; e I'°(TM) be the fundamental vector field
associated to 8/0t € T,T", with corresponding covector field X'J’., and let Aj be
the infinitesimal generator of the one-parameter unitary group t v Veo/ory) €
U(L*(S)). Let Wi* € C*(M)™ be the normalisation functions. Then

n
Yo (DBN®1 0¥ =i ) WIc(X))(A; - 2xt)).
Jjr=1
Proor. Let ()cr)f:i2J be an invariant, global orthonormal frame for $1, corresponding
to some orthonormal basis for ($7+).. By Lemma 3.7,

olnf2]

Yo (DBDE1oW ! = 3" 3 nicim (X Do) 8| 8 1)Per.
kez r=1

Since we are using the trivial flat spinor bundle over T, Dx, = 0 for all r, and

[Dro,xi] =27 Y kjyre(dt)).

n
=

Recall  : CI(T?) — B(L*(S)) is defined by c(dt/) — — I c(XE’)W’j . Hence

o2l g
Yo (D®N@loW ! =21 »° > " kimlcm(e(di)x, 8| x,8 D)Prs
kezr r=1 j=1
o2l g
=2mi ) 30 kle(dt ) mieim (6 @ 1] %8 1)Pie
kezr r=1 j=1
=—2mi 3 N kWX Py = —i )| We(X2)(A; - 2nt)). o
k jp=1 Jir=1

THEOREM 6.9. The positivity criterion is satisfied; that is, there is some R € R such that
(DEY o (DIBNBLo¥ ) +(¥o(DI®D®1 0¥ 'E DE) > RGP

for all ¢ € dom(D) N P(dom((D; ® 1)® 1)). Thus (C*(M), L*(S), D) factorises.
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Proor. For j=1,...,n, let X; e (TM) be the fundamental vector field
corresponding to 8/dt/ € T,T", and let v; = 2t X, WP/ be the normalised vector
field as in (6.1). Let U Cc M be an open set such that M|y is parallelisable,
and choose vector fields (wy,...,w,_,) CI'(TU) (where m := dim M) such that
(V1sevs Vs Wi, ..., Wy_y) 1s an orthonormal frame for 7U. Recall that we can locally
express the Dirac operator D as

n m—n

Dly = D ch)VS + 3" cwhVs.
i=1

J=1

Since M is compact, by using a partition of unity it is enough to prove the positivity
for sections with support in an open set V with V c U.

Let A; generate the one-parameter unitary group s — Vexp(sajany € UL*(S)) for
j=1,...,n. Then for ¢ € dom(D) N ¥(dom((D; ® 1) ® 1)) with support in V,

(DEY 0 (D1®DN@1o P 'E) +(Po (D@11 0P E DE)
= D UOHVS £ —ic(h) (A, = 21,)€)
P

+ D (WS £, —ic(h)(A, - 21,)E)
ip

+ Z(—ic(vg)(Ap = 2nl))E, c(vg)vfﬁ)

Jp
+ Z(—ic(V;)(Ap = 2rly)E, C(W[J)‘)va/§>'

Jp

Given X € (T M), the (formal) adjoint of Vy is (V§)* = =V} — divX. Using the
compatibility between V¥ and the Levi-Civita connection V€ on T*M, we compute

(DEY o (D1®NB1 oY) + (Po (DB 1 0 V& DE)
=dni )" (k; = )& V5 Pig) = 2mi ) (k= )
X (&, (C(VEVDCOD) + c()e(TEEV)) + (div v ))e(V)e(v)) Peé)

+ (&, (VWD) + cW)e(TEV)) + (div w e () Pié)).

j W
Letw; = Vf(j +1iA; € I'*(End(S)), as in Lemma 6.6. Since A ;P = 2nk;Py,
(DEYo(DI®DNBL oV e+ (Po(D®1)R1 0¥ ¢, DE)
=87 3 kplkj = E)E WP PEY + i ) (kj = C)E WPw, Pi)
= 2ri Y (kp = £)
X (&, (C(VEVDCOD) + c()e(TEEV)) + (div v))e(V)e(v)) Peé)

+ (€, (VWD) + cW)e(TEV)) + (div w e () Pié)).
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We estimate
(DEPo(DI®DNRL 0P ) + (Po (D, ®1)®1 0P e DE)
> 877 > kylk; — £)(Pit, W'”Pkf>—2|k — £y | Cp(Pi, Pid),

Jpk

for some constants C), € [0,00), p=1,...,n, which are based on the norms of the
endomorphisms such as W/Pw,, and (divw j)c(wg)c(v%) on the compact set V.
For x € M, let A(x) > 0 be the smallest eigenvalue of the positive-definite real matrix

(ij’(x));’q:l. Then 3, - kjk, WP (x) > A(x) P kj, and so we can estimate

(DEY o (DIBNBIoP'E) +(Po (D1®1)®1 0¥ g, DE)
> 8 inf (400} Z KPP

=8 supllt, | sup(I W () Z I

- Z |ka 4 |cx 1P
> (e Zk2 bZIkI dZIk G)ipel,

kezZn

where we have relabelled some constants and set d := sup,{Cp}. Since M is compact,
the constant a = 872 inf ¢ j;{A(x)} is strictly positive, and so the function

0:Z2' >R, QK)=a) ki—b) lki-d) k-
J J J
is bounded from below by some R € R. Hence

(DEY o (D11 oW E) + (Po (D @1)®1 0¥ ¢ DE)
>R ) IIPIP = RIEIP. 0

kez"

6.3. The constructive Kasparov product for manifolds. Recall that (M, g) is a
compact Riemannian manifold with a free, isometric left action by T”, (S, V%) is an
equivariant Clifford module over M with Dirac operator D, for either the free action
of T" or via the double cover T" — T", and ¢ € Z" (respectively, € € 2Z") is fixed.

We have seen that (C*(M), L*(S), D) represents the product of the unbounded
Kasparov modules

@C (M), (E1 8¢y g6 (CDT 8WBE))) iz iy D1® 1)

(the product of left-hand and middle modules) and (C*(M)™ ® CI(T"), H,, D;) (the
right-hand module). We now show that the constructive Kasparov product [4, 14, 21]
can be used to produce a representative of the product of these two cycles. The
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representative thus obtained is unitarily equivalent to' (C*(M), L*(S), T) for some
self-adjoint, first-order elliptic differential operator 7 on §. If the orbits of T" are
embedded isometrically into M, then T is a bounded perturbation of the original
operator D.

DermviTion 6.10. Let G be a compact group, and let A and B be Z,-graded C*-algebras
carrying respective actions & and 8 by G. Let E4 be a Z,-graded right Hilbert A-module
with a homomorphism V from G into the invertible degree-zero bounded operators on
E such that Vy(ea) = Vy(e)ay(a) forall g€ G, a € A and e € E, and let (A, Fp,T) be
an unbounded equivariant Kasparov A-B-module. There is a natural action of G on
E®, Endg(Fp) given by g - (e®B) = Vg(e)§ UgBU_l, where U is the action of G on
Fp. A T-connection on E, is a linear map V from a dense subspace & C E4 which is a
right A-module into E®, Endg(Fp), such that g - V(e) = V(V,(e)) forallge G, e € E,
and

V(ea) = V(e)a + (-1)*2%eQ[T,al., ec&E,acA. (6.2)

We define a closed operator 1 ®y7 initially on span{e® f : e € &, f € dom(T)} € E®4F
by
1@y T)e® f) = (-1)*Q@Tf + V(e)f.

The equivariance of V ensures that 1 ®y7 is equivariant. We say that V is Hermitian if

(e1 | Ve2)Endy(ry) — (Ver | endry = (=D T, (e1 | e2)als, e1,e2 €E.

If V is Hermitian, then the operator 1 ®y7 is symmetric.

Let x € M. Choose tangent vectors (vy, ..., V,,—,) spanning the subspace span{X; (x),
ooy Xy (X)) € TyM, where we recall that X is the fundamental vector field associated
to 0/0¢ € T, T". Let (x',...,x",y',...,y™") be the geodesic normal coordinates
around x corresponding to the tangent vectors (Xi(x), ..., X,(X),Vi,..., V). There
is a neighbourhood U of x and V of e € T" such that U = n(U) x V as T"-spaces,
where 7 : M — M/T" is the quotient map (if the action is free we may take V =
T"), so the standard coordinates (¢',...,#") € (0, 1)" on T" give us coordinates
(t',..., " y',...,y™™") in a neighbourhood of x. Since g(X;(x),v,) = 0 and X; = 8/0¢/,
it follows from the fact that a geodesic is orthogonal to one orbit of T" if and only
if it is orthogonal to every orbit of T” that it intersects [25, Proposition 2], that
g(0/0t/,0/8yP) = 0 on the coordinate chart for j=1,...,n,p=1,...,m—n.

"Here we replace the algebra @,C(M); by @&, C*(M);, and even by C°(M). The distinction between
these algebras is unimportant for K K-classes, but may produce differences for (unitary equivalence classes
of) spectral triples, where the choice of smooth algebra enters. We will ignore numerous subtleties
involved in the choice of smooth algebra, which is harmless in the context of first-order differential
operators on compact manifolds.
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Let (U, i)f\i , be a finite cover of M by such coordinate neighbourhoods, and for each
keZ' i=1,...,N,define y;x € C*(U;) by

1 1 - i " kit
Xik@ ...y, YT =e i Yt kit!

Observe that if g € C(M); has support in U;, then g)(gli e C(M™. Let (¢)Y, be
an invariant partition of unity subordinate to (U,-)fi 1 and foreach i=1,...,N, let
Y; € C*(M) be an invariant function with support in U;, such that ; is 1 in a
neighbourhood of supp ¢;.

Then, for f € C(M),
Of) = . gi®u(f) = > dixis( @u(HYX ;).

n/2) . .
Let (x,)f:"1 be an invariant orthonormal frame for $1» of homogeneous degree,

such that x; is of even degree (in the case where $1+ is Z,-graded). Then, given
(fOu)®he®w)®&in
(E1 cuuym g6 (CODT @(WBE)) B¢y g i LS e

we may write

o2l N
(fBwBHEMBE= > > > ($xi® (%, 81)B(18x1®1)
kezr r=1 i=1
& DN (i 8 (4 8 1| xg " pyri)s | wE. (6.3)

Define a D,-connection on E; @C( wr e (C(M @ (W E)*) by
V(feu®hew))
o2l N
=0 D DM (Gis 8 (rax 8 D) B (1811 B 1)
kezr r=1 i=1

® [D, (Dk(f)ll/i/\/;klhn((fl(’]l“ﬁ)(xl ®(x®1 |X;1PX;1M)¢ [ W)z

That V is equivariant and satisfies (6.2) follows from (6.3). Since V is built from a
frame [21], it is also Hermitian.

Writing 18y Dy = (18 1)®y Dy and D; ® 1 = (D; ® 1)® 1 for short, the following
result shows that the constructive Kasparov product yields a spectral triple.

Theorem 6.11. For j=1,...,n, let X; e '(M) be the fundamental vector field

associated to d/0t/ € T,T". Let (hjk)’}kzl = (g(Xj,Xk))’j’.kzl, (hi*) = (hjk)_l, and let

(ij);? =1 be the normalisation functions. Then

Yo(l®yDr+D@1)o¥ =D+ Z(W’j - K)e(X))V5, + B,
Jr=1
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where B € T®(End(S)). Thus ¥ o (1®y D, + D, ® 1) o ¥~ is a first-order, self-
adjoint, equivariant, elliptic differential operator. Hence the data (C*(M), L*(S),¥ o
(1®y Dy + D1 ®1) o ¥ defines an equivariant spectral triple representing the
Kasparov product (which is also represented by (C*(M), L*(S), D)).

Proor. Given ¢ € L*(S),

2Ln/2]

wE) = Z DD Wixine ® (e B 1NBUB %, 8 1) B i 4iPik

i=1 kez r=1

Using this, we can compute

o2l N

Pol@yDro¥ ! = Z Z Z(_l)degxr‘piXi,k—é’U(Cl(TZ)(xr@1 | x;® 1))
kezr =1 ij=1

XD, jx ja—etbix (i (61 @ 1| %, @ 1)L ek Pr
N 2[11/2j

+ Z Z Z YiXir-en(cier (- ® 1| x,® 1)) Dyir-ihi P
i=1 kezr =1

o2l
= Z Z Z(—1)degx’¢i)(i,k—€’7(©1(1rg)(xr@1 | x1®1))
kezr =1 ij=1

XD jx jk-eix i (cicrn (1 ® 1| %, ® D)y je—« P
N

+ Z ZXi,kff[zl YiXie-k1PiPr + D, (6.4)
i=1 kezr

where we have used Zf:i” amy(®1x;®@1)=1and Y¥, ¢ = 1. Let I denote
the first term of (6.4). By several applications of the graded commutator relation
[a,bcle = (=1)%ebp[a, c]. + [a, b].c, the first term of (6.4) can be simplified to

221 N
I= Z Z[D VX j-elX je-kPiPr + Z Z Z( D @y
kezr j=1 kezr =1 i

X (i (6 ® 1] x1 ® D)[D, l//iX,-_,k_g]U(CI(Tg)(xl ®1|x®1)P;

oln/2]

+ Z (=D (i (x5, @ 1 | x1 @ DD, ncaern (1 ® 1] x,® )]
r=1
With respect to the (¢,...,#,y',...,y"™) coordinates on U, y;x = e "2 ki and

SO

XA 1D, wixixl = Xi cldxig) = —2mZk c(dr)).
j=1
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Write D = Z:Ll c(dtj)Vf(j + c(dyS)Vf;yS. Since g(d,i, 0y») =0 and X*]’ =
22:1 hjk dr*, the Clifford vector ¢(dy”) anticommutes with c(XB’.) and hence graded
commutes with the image of CI(T7) under 7 for each p = 1,...,m — n. Using this fact

as well as the compatibility of V¥ with the Levi-Civita connection, the first term of
(6.4) is locally

I=-2ni Z Z c(dt’)(k; — €;)Py

kezZr j=1
2L11/2J n
#2mi 33T (=D oy (4 8 1 1 8 1)
kezZr r=1 j=1
X c(dt (i1 ® 1 | x,® D)(k; — £;)Px
2[11/2J n
+ Z Z(—l)degx’ﬂ(m(ﬁrg)(xr§1 | x1®1))
r=1 j=1

X [e( )V, nlcirn(n @ 1] %, ® D)l

22—

Y D e (0 8 1 x ®1)

r=1 p=1 j=1
X [e(dy")V5,, n(cirn(n ® 1] x, @ D).

o2

- Z Cd))(V§, + wj =2l = ) Y (—1)E

‘=i =1 j=1
X (e (- ® 1| x1 @ D)e(dt) (e (xi @ 1| x, ® 1))(V§(j +w;j—2nl))
a6 ®1 | x @ 1))C(dfj)V;L(jC(77(Cl(T3)(X1 ®1|x®1))
—n(cierny (% ® 1| x1® D)[e(dt), n(cirm (i ®1 | x, ® 1))]1V§j)

2121 yy—p

£ =D amy (6 B 1] x 8 D)e(dy”)

r=1 p=1
X Vg (e (i ® 1] x,® 1))

for w; e '*(End(S)) for j=1,...,n, using A; = 27 3;c7» kjPy and Lemma 6.6. Here
VEC denotes the extension of the Levi-Civita connection on the cotangent bundle to
the Clifford bundle. Using

2Ln/2]
Z ar( @1 x ® Dey(x @1 x,®1) =1

r=1
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and the fact that c¢(dy”) graded commutes with the image of 7, we can make some
cancellations and, working locally, simplify the first term of (6.4) to

n L2t gy
1= cdt)w;-2mt) ~ Y 3 (~1kew
j=1 r=1 j=1

X ((ciery (% ® 1] x1 ® D)e(dt (i (x1 ® 1| x,® D)(w; — 27€)
a6 ® 1] x ® 1))C(dt])V;L(f(77(01(Tg)(x1 ®1|x®1))

221 gy

£ = D*E i (x5, 8 1| x1 @ 1)e(dy”)
r=1 p=1

X Véﬁ a1 ® 1] x,®1)))

€ T(End(S)).

The second term of (6.4) is

N n
Z ZXi,k—[[Ds YiXie-kl@iPr = 2mi Z Z c(dt))(kj =€) Py
i=1 kez" kezr =1

ANV, + w; =218 = = " WXV + w; = 2L))

J=1 Jq=1
for some w; € I'*(End(S)) by Lemma 6.6. Putting the expressions for (6.4) together
with Lemma 6.8 and Lemma 6.6 yields

Yo (I8 D+ D@1 oW =D+ > (W= he(X)V + B

Jir=1
m-n n
S rj S
= > @V, + > Whee(d)V5, + B
p=1 Jrq=1

for some B € I°(End(S)), which establishes that ¥ o (1®y D, + D1 ® 1) o ¥ ! is a
first-order differential operator. Since (W'/ )fj: , and (h,q):”q:1 are invertible, this also
shows that the operator ¥ o (1®y D, + D ® 1) o ¥~ ! is elliptic. Since V is Hermitian,
1®y Dy is symmetric, and so 1 ®v Dy + D; @1 is the sum of a symmetric operator with
a self-adjoint operator, which is symmetric. Elliptic operator theory [13, 19] implies
that ¥ o (1®y Dy + D; ® 1) o P! is essentially self-adjoint with compact resolvent,
and hence (C®(M), L*(S),¥ o (1®y D, + D;®1) o P~') is an equivariant spectral
triple. That (C®(M), L*(S),¥ o (1®y Dy + D; ® 1) o P7!) represents the product is
now a straightforward application of Kucerovsky’s criteria. O

CoroLLARY 6.12. Suppose that each orbit is an isometric embedding of T" in M. That
is, the fundamental vector fields T,T" 3 v — X" € T™(T M) satisfy (X" | X")car) =
IVII>. Then

D-Yo(1®y D+ D1 ®1) 0P eI™(End(S)).
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Proor. In this case, the normalisation functions are W/ = §*, and so Lemma 6.11
becomes W o (1®y Dy + D; ®1) o P! = D + B where B € I'*(End(S)). o

7. Applications to index theory

As an easy application of factorisation, we can say that when an even equivariant
unital spectral triple factorises by our method, then its equivariant index is zero.

ProrosiTiON 7.1. Let G be a compact abelian Lie group of positive dimension, and let
(A, H, D) be an even G-equivariant spectral triple for a Z,-graded unital G-algebra
A. Suppose that the spectral subspace assumption and the conditions of Theorem 3.4
are satisfied, so that factorisation occurs. Then the equivariant index of D is zero; that
is,

indexg (D) := [(C, H, D)] =0 € KKs(C,C) = R(G).
Proor. Since the spectral triple (A, H, D) factorises, the index is given by
indexg(D) = [(C,(ENpo56 D) ®uoz6 Vs

where y is the Kasparov product of the middle and right-hand modules. The class of
the module (C, (E) 6 5¢, D1) is represented by

(C, (ker D)) go5¢,0) = (C, (A ® (ker D6 ® €)) 4656, 0)-

It is clear that (C, (A° ® (ker Z)(;@(S))Ac s¢,0) is the external Kasparov product of

(C, Agc, 0) and (C, (ker D¢ ® €)¢, 0). The spinor bundle over G is $; = G x W, where

W = ($5).. Since

dimG
Dg = Z c(X))X;
j=1
for an orthonormal invariant frame {Xi, ..., Xgmg} for TG, ker Dg is precisely the

sections of G x W which are constant on each connected component of G, and so
ker Dg = CV ® W, where N is the number of connected components of G. Because
G is abelian, its action on W is trivial [28], and hence its action is also trivial on
ker D ® €. 1t follows that the even and odd parts of ker D ® € are equivariantly
isomorphic as Hilbert €-modules (for dim G > 0). For dim G even, this is because
Clifford multiplication by a vector in 7,G of norm 1 defines a unitary isomorphism
between the even and odd parts of W, and hence the even and odd parts of ker Dg
are isomorphic. For dim G odd, ker Dy is trivially graded, and the Hilbert module
isomorphism between the even and odd parts of ker D ® Cl; is implemented by the
generator ¢ of Cl;. Hence (C, (ker D ® €)¢, 0) defines a trivial class in KKg(C, ).

Thus indexg(D) = ([(C,A%;,0)]®0) ®o5¢ y = 0. O

Combining this result with Theorem 6.9 recovers a special case of a theorem of
Atiyah and Hirzebruch [1].

CororLARY 7.2 (Atiyah and Hirzebruch). Let M be a compact spin manifold which
admits a free isometric action by a torus. Then the spin Dirac operator has zero
equivariant index, and hence A (M) = (.
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Proor. Either the torus action or the action of its double cover lifts to the spinor bundle,
and in either case the spin Dirac operator is equivariant. The spectral triple defined by
the Dirac operator factorises by Theorem 6.9, and the spin Dirac operator has trivial
equivariant index by Proposition 7.1. O

8. Example: the Dirac operator on the 2-sphere

The spinor Dirac operator D on the sphere S? defines an even spectral triple
(C*(5?), L*($52), D). The circle acts on S by rotation about the north—south axis,
and there are countably infinitely many lifts of this action to L?($52), such that
(C*(5?), L*($52), D) is an equivariant spectral triple. One can then ask whether any of
these spectral triples can be factorised, but since the action of T on S? is not free we
cannot apply the earlier theory.

In fact, we cannot factorise (C*(S?), L*($52), D), since the spectral subspace
assumption is not satisfied, and, more seriously, K'(C(52)") = K'([0, 1]) = {0}. Since
the class of the triple (C*(S?), L*($52), D) in K°(C(S?)) is nonzero, it is impossible
to recover this class under the Kasparov product between KK'(C(S?), C(S*)") and
KK'(C(SHT,C) = {0}.

Instead, we remove the poles, restrict the spectral triple to the complement and
consider (CZ(S2\{N, S }), L*($52), D), and ask whether this equivariant spectral triple
can be factorised. The circle now acts freely, and hence the spectral subspace
assumption is satisfied.

We show that factorisation is achieved for (C°(S 2\(N, S)), L*($52), D) for every
possible lift of the circle action. Unlike for a free action on a compact manifold,
the positivity criterion is satisfied for precisely two choices of the character £ € Z of
Definition 2.18 used to define the right-hand module.

We will describe the Dirac operator D on the spinor bundle $5- over §2 [12, 29].

Let N be the north pole of S2, and let Uy be S?\{N}. A chart for Uy is given by
stereographic projection onto C. This chart defines a trivialisation of the spinor bundle
$52. All work will be done in the Uy trivialisation unless explicitly stated otherwise.
We will work in the standard polar coordinates (6, ¢) € (0, ) X (0, 2x).

The spinor Dirac operator is given by

0 € (i0y + csc(0)dy + i cot(6/2)/2)

D= €7 (i0y — csc(0)dy + i cot(6/2)/2) 0

The Hilbert space L*($52) is graded by y = 6 9). The action of the circle T on S 2is
t-(6,¢) = (0,9 + 2nt). There are countably infinitely many lifts of this action which
make (C*(S?), L*($52), D) into a T-equivariant spectral triple.

ProposITION 8.1. Any even unitary action of T on L*($52) which commutes with D and
which is compatible with the action on C(S?) is equal to Vi : T — U(L*($52)) for some
k € Z, where
v (f (0, ¢)) . ( ™M f(6, ¢ — 21) )
“\g0.9)) 456, - 2n1)"
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Proor. We require the action of T on L?($52) to be compatible with the action a of T
on C(S?), which is a,(f)(8, #) = f(8, ¢ — 2nt). Hence the action on spinors is of the

form
v, (f(e, ¢)) _ (a b) (f(o, ¢- 2m>)
g(99¢) d h g(9’¢_2ﬂt) ’
where a, b,d and h can a priori depend on 6, ¢ and ¢. Since the action of T should
commute with the grading, we require b = d = 0. Requiring that the action is unitary,
that it commutes with 9 and that it is a group homomorphism determines that a = ¢
and h = " *~1" for some k € Z. O

Remark 8.2. None of these actions preserve the real structure on $s2, so they are spin®
but not spin actions. There is, however, a unique lift of the action of T via the double
covering T — T, ¢ - (0, ¢) = (6, ¢ + 4nxt), to a spin action given by setting k = 1/2 and
replacing ¢ by 2t in Proposition 8.1.

We fix k € Z for the remainder of the section, fixing a representation V; : T —
U(L*($52)). The spectral subspaces of C(S?) are

s, < (F©@: fecqoin ifj=0,
S {]‘(Q)e"'ﬂ’5 : feCo((0, 1))} if j#0.
Hence
c{o,1]) ifj=0,
Co((0,1)) ifj+0.

Since Cy((0, 1)) is not a complemented ideal in C(S?)" = C([0, 1]), C(S?) does not
satisfy the spectral subspace assumption, and so we cannot define the left-hand module
if we use the C*-algebra C(S?). However, the spectral subspace assumption is satisfied
for Co(S2\{N, S}), since the action on S2\{N, S} is free, by [23, Theorem 7.2.6].

By taking the fundamental vector field map and normalising as in Section 6, we
define the map 7 : CI(T,) — B(L*($5:)) by

C(Sz)jC(Sz)j, = {

_ol®
He(dn) = - () = ( % o )
Vg(dg,do) ¢
We check that 5 satisfies the conditions of Definition 2.18. Clearly n(c(dt)) commutes
with the algebra, so condition (1) is satisfied. Since an(c(dt)) is a smooth bundle
endomorphism for all a € C°(S 2\(S, N}), an(c(dt)) preserves dom(D). It remains to
check the commutation condition. We compute
2 csc(0)0y — icsc(O) 0
(D, nlctdn)} = ( o 2 csc(6)d, + icsc(H)) :

Hence if f(8)e "/ € C=(S?\{S, N});, then
(D, n(c(d))}f(O)e P,

_ [2icse(@)(k — € — j)—icsc(6) 0
a 0 2icsc(@)(k—€— j—1) +icsc(d)

= —icsc(0)(2) + 2L — 2k + 1) f()e ¢ Py.

) f@)e P,
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Since f € C.((0,)), this is bounded, and so condition (2) of Definition 2.18 is satisfied.
Therefore (¢, n7) satisfy the conditions of Definition 2.18 for any ¢ € Z.

Let n, € € Z, and let & = (/1" "1,) € dom(D) N L2($52)ysr. Then the positivity

criterion reduces to
(DE, inn(c(dt))Ppief) + (inn(c(dt))Pyieé, DE)
=dmnn—k+€+1/2) f do (If @) + |gO)%).
0

If p(n) =2n(n—-k+ ¢+ 1/2) is nonnegative for all n € Z, then the factorisation
condition is satisfied. Conversely, since foﬂ do(|f(O) + |g(0)?) is not bounded by ||€]%,
if p(n) < 0 for some n € Z, then (DE&, —inn(c(dt))P,+¢&) + (—inn(c(dt)) P €, DE) is
not bounded from below and the factorisation condition is not satisfied.

Since ¢ € Z has thus far not been fixed, we will determine for which values of £ the
polynomial p : Z — R is nonnegative. As a real-valued polynomial, p has a minimum
atx=(k—¢)/2-1/4.

Suppose that k — € is even. Then the integer values of n either side of this
minimum are n = (k — €)/2 — 1 and n = (k — £)/2, at which p(n) has respective values
——-k+2){—k-1)/2 and —(£ — k + 1)({ — k)/2. The smallest of these two values
isp(tk=€)/2)=—-({ - k+ 1)({-k)/2. Asafunctionof £, g({) = —-(L -k + 1)(€ - k)/2
has a maximum at £ = k — 1/2. The integer values on either side of this with k — £ even
are ¢ = k and € = k — 2, at which ¢(£) has respective values 0 and —1. Therefore if k — £
is even, then p(n) is nonnegative if and only if £ = k.

Suppose now that k — € is odd. Then the integer values of n either side of the
minimumn = (k—¢€)/2—-1/4aren=(k—{€)/2—-1/2andn = (k—£)/2 + 1/2, at which
p(n) has respective values —(€ —k + 1)({ —k)/2 and —(€ — k +2)({ —k — 1)/2, the
smallest of which is p((k—£€)/2 - 1/2) = —-(£ -k + 1)(€ — k)/2. As a function of ¢,
r(€) = —(€ -k + 1)(€ — k)/2 has a maximum at £ = k — 1/2. The values on either side
such that k — € is odd are £ = k — 1 and £ = k + 1, at which r(£) has respective values 0
and —1. Therefore if k — £ is odd, then p(n) is nonnegative if and only if £ = k — 1.

Thus factorisation is achieved for the nonunital equivariant spectral triple
(CZ(S2\IN, S}), L*($52), D) for any lift V; of the circle action to L*($52), by choosing
the characters ¢ = k or £ = k — 1 when constructing the right-hand module.

We conclude the 2-sphere example by examining the operator on the right-hand
module, which, upon identifying Co(S2\{N, S })T with Cy((0, 7)) and CI(T,) with Cl,,
defines a spectral triple for Cy((0, 7)) ®Cl;. One might wonder whether it can be
obtained from an odd spectral triple for Cy((0, 7)), such as that defined by (some self-
adjoint extension of) the Dirac operator on (0, 7). We show that this is not the case; for
each ¢ € Z there is no odd spectral triple (C2°((0, 7)), H’, D’) such that the right-hand
module is the even spectral triple corresponding to (C°((0, 7)), H', D’).

Let k, £ € Z be fixed, where V; : T — U(L*($52)) is the representation and (¢, 7) is
the pair of Definition 2.18. Define F : H; — L2([0,7]) ® C2 by

F (( f(@)e*=0¢ ))  Vend (if(e)) _

g(0)ek==he g(0)
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The map F is a Cy((0, 7)) ® Cl;-linear Zy-graded unitary isomorphism between
L*($52); and L*([0,7]) ® C?, where the latter space is graded by 1®(} ) and the
action of Cl, is given by ¢ = 1® (0 }). We can compute

FoDoF '=-ify@w—(k—€—-1/2)csc(d)Rc,

where w = (¢ o). Hence the right-hand module is unitarily equivalent to the spectral
triple

(CX((0, 1) ®Cly, L*([0, 7)) ® C?, —idg @ w — (k — £ — 1/2) csc(0) @ ¢).

If (CX((0, m)), L*([0,]), D) is an odd spectral triple, then the corresponding even
spectral triple is (C°((0, 1) ®Cly, L2([0, 7)) ® C2, 9 ® w). The presence of the
(k — £ = 1/2) csc(h) ® ¢ factor means that the right-hand module is not the even spectral
triple corresponding to any odd spectral triple.
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